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THE QUADRATIC MOMENT MATRIX E(1)

Chunji Li and Muneo Ch�o�

Abstract. For the quadratic moment problem 
ij =
R
�zizj d�(z) (0 � i+ j � 2; ji� jj � 1);

we showed that the necessary and suÆcient condition for the existence of representing measure

� is E(1) � 0: In particular, we also obtained the equivalent conditions for the existence of

representing measure supported in the unit circle T and in the closed unit disc D :

1. Introduction and preliminaries

Given a collection of complex numbers

(1) 
 � 
(2n) : 
00;
01; 
10; � � � ; 
0;2n; 
1;2n�1; � � � ; 
2n�1;1; 
2n;0

with 
00 > 0 and 
ji = 
ij : The truncated complex moment problem entails �nding a positive
Borel measure � supported in the complex plane C such that


ij =

Z
�zizj d�(z) (0 � i+ j � 2n);

and � is called a representing measure for 
: This truncated complex moment problem was
�rst considered by R. Curto and L. Fialkow and has been well-established (cf. [5], [6], [7],
[8], [9], [10], [11], [13], [14], [16], [18]).

We recall �rst some notation from [7] and [8]. For n 2 N, letm � m(n) = (n+1)(n+2)=2:
For A 2Mm(C ) (the m�m complex matrices), we denote the successive rows and columns
according to the following lexicographic-functional ordering:

1; Z; �Z;Z2; �ZZ; �Z2; � � � ; Zn; �ZZn�1; � � � ; �Zn�1Z; �Zn:

The authors in [7] de�ned the moment matrix M(n) := M(n)(
) 2 Mm(C ) as follows: for
0 � k + l � n; 0 � i + j � n; the entry in row �ZkZl and column �ZiZj is M(n)(k;l)(i;j) =

l+i;j+k : These matrices come from Bram-Halmos characterization for a cyclic operator T
satisfying 
ij = (T �iT jx0; x0), where x0 is a cyclic vector for T ([3] or [4]). Recently, the
authors in [15] considered moment matrices corresponded by Embry characterization for
subnormality of such operators ([12]). We will write such matrices by E(n).

Given a collection of complex numbers 
 � f
ijg (0 � i + j � 2n; ji � jj � n); with

00 > 0 and 
ji = 
ij : The truncated complex moment problem which considered in [15]
entails �nding a positive Borel measure � supported in the complex plane C such that

(2) 
ij =

Z
�zizj d�(z) (0 � i+ j � 2n; ji� jj � n);
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� is called a representing measure for 
:
We recall some notation from [15]. For n 2 N, we let

m = m[n] =
�hn

2

i
+ 1

���n+ 1

2

�
+ 1

�
:

For a matrix A 2 Mm(C ); we �rst introduce the following order on the rows and columns
of

A : 1; Z; Z2; �ZZ;Z3; �ZZ2; Z4; �ZZ3; �Z2Z2; Z5; � � � :

We denote the entry of A in row �ZkZl and column �ZiZj by A(k;l)(i;j). If n = 2k; k =
1; 2; � � � ; let

SPn = fp(z; �z) = a00 + a01z + a02z
2 + a11�zz + a03z

3 + a12�zz
2 + � � �+ akk�z

kzkg;

if n = 2k + 1; k = 0; 1; 2; � � � ; let

SPn = fp(z; �z) = a00 + a01z + a02z
2 + a11�zz + a03z

3 + a12�zz
2 + � � �+ ak;k+1�z

kzk+1
g;

where aij 2 C : It is clear that SPn is a subspace of Pn; the vector space of all complex
polynomials in z; �z of total degree � n: For p 2 SPn; let bp = (a00; a01; � � � ; akk)

T (which
means the transposed) or (a00; a01; � � � ; ak;k+1)

T in Cm :We de�ne a sesquilinear form h�; �iA
on SPn by

hp; qiA := hAbp; bqi (p; q 2 SPn):

In particular, h�zizj ; �zkzliA = A(k;l)(i;j); for 0 � i+ j � n; i � j and 0 � k + l � n; k � l:

For the truncated complex moment problem (2), we de�ne the moment matrix E(n) �
E(n)(
) 2 Mm(C ) as follows: E(n)(k;l)(i;j) := 
l+i;j+k . In E(n), for 0 � i + j � n; �ZiZj

denotes the unique column whose initial element is 
ij . For example, if n = 1; i.e., 
 :

00; 
01; 
10; 
11; the quadratic moment matrix is

E(1) =

�

00 
01

10 
11

�
:

If E(n) is a moment matrix with representing measure � for 
, then by direct computation
we have that

hE(n)bp; bpi = Z
jp(z; �z)j2d� for p(z; �z) 2 SPn:

Thus, we have the following

Theorem 1.1. If 
 admits a representing measure �, then E(n) � 0:

But the converse implication is not always true (cf. [15, Example 3.2]).
For p 2 SPn; let Z(p) = fz 2 C : p(z; �z) = 0g:

Lemma 1.2. ([15, Lemma 3.1]) Let 
 � f
ijg (0 � i+ j � 2n; ji� jj � n): Assume that


 has a representing measure �: For p 2 SPn; supp � � Z(p)() p(Z; �Z) = 0:

For example, if we consider the moment problem for

E(2) :=

2
64

1 0 i 1
0 1 1 + i 1� i

�i 1� i 3 �3i
1 1 + i 3i 3

3
75 :
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We note that Z2 = i1+(1+ i)Z and �ZZ = 1+(1� i)Z. Thus, if there exists a representing
measure �, then Lemma 1.2 shows that z2 = i+(1+ i)z; jzj2 = 1+(1� i)z; on supp �, that

is, the atoms are z0 =
(1�

p
3)(1+i)
2 ; z1 =

(1+
p
3)(1+i)
2 . It is easy to check that the representing

measure � = (1+
p
3)

2
p
3

Æz0 +
(�1+

p
3)

2
p
3

Æz1 .

The following conjecture is a core problem in [15].

Conjecture 1.3. ([15, Conjecture 1.2]) Let 
 � f
ijg (0 � i+ j � 2n; ji� jj � n) be a
truncated moment sequence. The following statements are equivalent.

(i) 
 has a rank E(n)-atomic representing measure;

(ii) E(n) � 0 and E(n) admits a 
at (i.e., rank-preserving) extension E(n+ 1):

The conjecture doesn't hold in general but for even number n (cf. [15, Example 3.7]).
Thus, we give the following theorem in sharpness.

Theorem 1.4. ([15, Theorem 4.1]) The truncated complex moment sequence 
 � f
ijg

(0 � i + j � 2n; ji � jj � n) has a rank E(n)-atomic representing measure if and only if

E(n) � 0 and E(n) admits a double 
at extension E(n+2); i.e., rank E(n) = rank E(n+2):

In this paper we answer to the quadratic moment problem, and consider it on the unit
circle T and closed unit disc D :

Acknowledgment. The �rst-named author is grateful to Research Institute for Mathe-
matical Sciences at Kyoto University and Kanagawa University for their hospitality and
support during his visit.

2. The quadratic moment problem

Let 
 : 
00; 
01; 
10; 
11 with 
00 > 0; 
10 = 
01 and 
11 2 R: The quadratic moment

problem entails �nding a positive Borel measure � supported in the complex plane C such
that


ij =

Z
�zizjd�(z); (0 � i+ j � 2; ji� jj � 1):

As in section 1, we can obtain the moment matrix

E(1) =

�

00 
01

10 
11

�
:

Let r = rank E(1): We can obtain the following results similar to [7, Theorem 6.1].

Theorem 2.1. The following statements are equivalent.

i) 
 has a representing measure;

ii) 
 has an r-atomic representing measure;

iii) E(1) � 0:

In this case, if r = 1; there exists a unique representing measure � = 
00Æ 
01

00

; if r = 2;

the 2-atomic representing measures contain a sub-parameter by a circle.

Proof. i) ) iii): From Theorem 1.1.

ii) ) i): Trivial.
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iii) ) ii): First, if r = 1; i.e., detE(1) = 
00
11� 
01
10 = 0; we claim that � := 
00Æ 
01

00

is the unique representing measure of 
: In fact,Z
1d� = 
00;Z
zd� = 
00

�

01


00

�
= 
01;Z

�zd� = 
00

�

10


00

�
= 
10;Z

�zzd� = 
00

�

01


00

��

10


00

�
=


01
10


00
= 
11:

Thus, � is an 1-atomic representing measure for 
: If � is any representing measure for 
,
then the relation Z = �1 and Lemma 1.2 imply supp � = f


01


00
g; whence � = �:

If r = 2; i.e., E(1) is positive and invertible, then Æ := 
00
11 � 
01
10 > 0. If a 
at
extension E(2) of E(1) can be obtained, by [15, Lemma 3.6], E(2) admits a 
at extension
of the form E(4). Then, by Theorem 1.4, 
 has a rank E(2)-atomic (i.e., E(1)-atomic)
representing measure. Therefore we construct a 
at extension E(2) of E(1). Let

E(2) :=

2
64

00 
01 
02 
11

10 
11 
12 
21

20 
21 c11 c12

11 
12 c21 c22

3
75 ;

where 
20 = 
02; 
21 = 
12; c21 = c12. Then by Smul'jan's result (cf. [7, Proposition 2.2]),
rank E(2) = rank E(1) if and only if

�
c11 c12
c21 c22

�
= W �E(1)W;

where

W = E(1)�1
�

02 
11

12 
21

�
:

Let �
�

�

�
= E(1)�1

�

02

12

�
=

1

Æ

�

11
02 � 
01
12

00
12 � 
10
02

�
;�

a

b

�
= E(1)�1

�

11

21

�
=

1

Æ

�

211 � 
01
21


00
21 � 
10
11

�
:

Then E(2) will be of the form of a moment matrix if and only if c11 = c22: That is,

�
20 + �
21 = a
11 + b
12:

It is equivalent to


311 � 
11j
02j
2 + 2Re(
01
12
20 � 
01
11
21) = 0:

Let 
12 = 0: Then we have j
02j = 
11: Therefore, E(1) has a 
at extension E(2):
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Now we construct a representing measure. Since Z2 = �1 + �Z and �ZZ = a1 + bZ;

Lemma 1.2 implies that the two atoms z0; z1 of representing measure are the roots of

z2 � (�+ �z) = 0; and �zz = a+ bz:

We �rst show that z0 6= z1: If, z0 = z1; i.e., Z = z01; whence rank E(1) = 1: This is a
contradiction.

De�ne
� := �0Æz0 + �1Æz1 ;

where

�0 =
z1
00 � 
01

z1 � z0
; �1 =


01 � z0
00

z1 � z0
:

Under the assumption of �0; �1 2 R, we next check the moments of � :Z
1d� = �0 + �1 = 
00;Z
zd� = �0z0 + �1z1 =

z1
00 � 
01

z1 � z0
z0 +


01 � z0
00

z1 � z0
z1

=
(z1 � z0)
01
z1 � z0

= 
01;Z
�zd� = �0�z0 + �1�z1 = (�0z0 + �1z1) = �
01 = 
10;Z
�zzd� = �0jz0j

2 + �1jz1j
2 = �0(a+ bz0) + �1(a+ bz1)

= a(�0 + �1) + b(�0z0 + �1z1)

= a
00 + b
01 = 
11:

Let

f0(z) =
z � z1

z0 � z1
; f1(z) =

z � z0

z1 � z0
:

Then f0(z0) = 1; f0(z1) = 0 and f1(z0) = 0; f1(z1) = 1: Since E(1) is positive and invertible,

0 < hE(1) bf0; bf0i = 
00jz1j
2 � 
01z1 + 
11 � z1
10

jz0 � z1j2

=

Z
jzj2 � z1�z � z1z + jz1j

2

jz0 � z1j2
d�

=

Z
jf0j

2d� = �0:

Similarly, we have

0 < hE(1) bf1; bf1i = Z
jf1j

2d� = �1:

Thus � is a 2-atomic representing measure. �

3. On the unit circle T

In this section, we consider the quadratic moment problem on the unit circle T := fz 2

C : jzj = 1g as in [10, Theorem 3.1].
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Theorem 3.1. (Unit Circle) Let r = rank E(1): The following statements are equivalent

for 
:

(i) There exists a representing measure supported in T;

(ii) There exists a rank r-atomic representing measure supported in T;

(iii) E(1) � 0 and 
11 = 
00.

Proof. (i) ) (iii): From Theorem 1.1 or Theorem 2.1, we have E(1) � 0, and


11 =

Z
T

�zzd� =

Z
T

1d� = 
00:

(ii) ) (i): Trivial.
(iii)) (ii): By Theorem 2.1, we have that there exists an r-atomic representing measure

for 
. Therefore our goal is construct an r-atomic representing measure supported in T.
Without loss of generality, we let 
00 = 1. .

If r = 1; then j
01j
2 = 
11 = 
00 = 1: So � = Æ
01 and supp � � T.

If r = 2; then detE(1) = 1� j
01j
2 > 0: Let

E(2) =

2
64

1 
01 
02 1

10 1 
01 
10

20 
10 c11 c12
1 
01 c21 c22

3
75 ;

where 
20 = 
02; c21 = c12. Then rank E(2) = rank E(1) if and only if

�
c11 c12
c21 c22

�
= W �E(1)W;

where

W = E(1)�1
�

02 1

01 
10

�
:

Let �
�

�

�
= E(1)�1

�

02

01

�
=

1

1� j
01j2

�

02 � 
201


01 � 
10
02

�
;�

a

b

�
= E(1)�1

�
1

10

�
=

1

1� j
01j2

�
1� j
01j

2

0

�
=

�
1
0

�
:

Then E(2) will be of the form of a moment matrix if and only if c11 = c22: That is,

�
20 + �
10 = 1:

It is equivalent to
1� j
02j

2 + 2Re(
201
20 � j
01j
2) = 0;

i.e.,
j
02j

2
� 2Re(
201
20) = 1� 2j
01j

2:

Let 
01 = c+ di; 
02 = r + si: Then

(r � c2 + d2)2 + (s� 2cd)2 = (1� c2 � d2)2:
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For each 
02 = r + si; the corresponding 2-atomic representing measure is supported in
T, since �ZZ = 1:

Furthermore, the 2-atomic representing measure

� := �0Æz0 + �0Æz1 ;

where z0; z1 are the roots of z
2 � (�+ �z) = 0 and �zz = 1, and

�0 =
z1 � 
01

z1 � z0
; �1 =


01 � z0

z1 � z0
:

The proof is complete. �

Example 3.2. (Unit Circle) Let

E(1) =

�
1 1+i

2
1�i
2 1

�
:

Then we have

r2 + (s�
1

2
)2 =

1

4
:

� = �i; � = 1+ i: So, z2� (1+ i)z+ i = 0: We obtain the two atoms z0 = i; z1 = 1; both
on the unit circle T: And �0 = �1 = 1

2 : Thus we obtain a 2-atomic representing measure

� = 1
2Æi +

1
2Æ1:

4. On the unit disc D

In this section, we consider the quadratic moment problem on the unit disc D := fz 2

C : jzj � 1g as in [10, Theorem 1.8].

Theorem 4.1. (Unit Disc) Let r = rank E(1): The following statements are equivalent for


:

(i) There exists a representing measure supported in D ;

(ii) There exists an r-atomic representing measure supported in D ;

(iii) E(1) � 0 and 
11 � 
00.

Proof. (i) ) (iii): From Theorem 1.1 or Theorem 2.1, we have E(1) � 0, and


11 =

Z
D

�zzd� �

Z
D

1d� = 
00:

(ii) )(i): Trivial.
(iii) ) (ii): Assume E(1) � 0; and 
11 � 
00 = 1:
If r = 1; then 
11 = j
01j

2 � 
00 = 1: So � = Æ
01 :

If r = 2; then detE(1) = 
11 � j
01j
2 > 0:

To �nd a 2-atomic representing measure � = �0Æz0 + �1Æz1 ; we shall solve the following
equations

�0 + �1 = 1;

�0z0 + �1z1 = 
01;

�0jz0j
2 + �1jz1j

2 = 
11:



238

Let �0 = �: Then from second equation, we have

z1 =

01 � �z0

1� �
:

Take it into third equation, we have

(1� �)jz0j
2
� z0
01 � z0
10 + �jz0j

2 + j
01j
2 =

1� �

�
(
11 � j
01j

2);

i.e.,

jz0 � 
01j
2 =

1� �

�
detE(1):

Since detE(1) > 0; we may put

t :=

r
1� �

�
detE(1); ) � =

detE(1)

t2 + detE(1)
:

Let z0 = x + yi; 
01 = a + bi: Then we have, (x � a)2 + (y � b)2 = t2: Thus, x =
a+ t cos �; y = b+ t sin �: Hence,

z0 = x+ yi = a+ t cos � + bi+ ti sin �

= 
01 + tei�;

z1 =

01 � �z0

1� �
=


01 � �
01 � �tei�

1� �

= 
01 �
detE(1)

t
ei�:

We want to make jz0j � 1 and jz1j � 1:
Since

jz0j
2 = j
01j

2 + 2tRe(
10e
i�) + t2;

jz1j
2 = j
01j

2
�

2

t
detE(1)Re(
10e

i�) +
detE(1)2

t2
:

Hence jz0j � 1 and jz1j � 1 if and only if (t; �) 2 R(t; �); where

R(t; �) := f(t; �) 2 (R+; [0; 2�])j t2 + 2tRe(
10e
i�) + j
01j

2 � 1 and

j
01j
2 �

2
t
detE(1)Re(
10e

i�) + detE(1)2

t2
� 1g:

We can show that the set R(t; �) is not empty as in the proof of [10, Theorem 1.8]. Thus
we can obtain a 2-atomic representing measure. The proof is complete. �

Example 4.2. (Unit Disc) Let 
01 = 0: Then

R(t; �) := f(t; �) 2 (R+; [0; 2�])j detE(1) � t � 1g:

Let

E(1) =

�
1 0
0 1

2

�
:
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Then

R(t; �) := f(t; �) 2 (R+; [0; 2�])j
1

2
� t � 1g:

Take t = 2
3 : Then � = 9

17 ; and

z0 =
2

3
(cos � + i sin �);

z1 = �
3

4
(cos � + i sin �); 8� 2 [0; 2�]:

Thus, we obtain a 2-atomic representing measure

� =
9

17
Æz0 +

8

17
Æz1 :
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