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THE QUADRATIC MOMENT MATRIX E(1)

CuunJt L1 AND MUNEO CHO*

ABSTRACT. For the quadratic moment problem v;; = [ z'27 du(z) (0 <i+j < 2,]i —j| < 1),
we showed that the necessary and sufficient condition for the existence of representing measure
w is E(1) > 0. In particular, we also obtained the equivalent conditions for the existence of
representing measure supported in the unit circle T and in the closed unit disc D.

1. INTRODUCTION AND PRELIMINARIES

Given a collection of complex numbers

(2n)

(1) Y=Y * 700,701,710, " ,70,2n, V1,2n—1,""" , V2n—1,1, V2n,0

with vpo > 0 and yj; = 7;;. The truncated complex moment problem entails finding a positive
Borel measure p supported in the complex plane C such that

Tig = / z2dp(z) (0 <i+j<2n);

and p is called a representing measure for . This truncated complex moment problem was
first considered by R. Curto and L. Fialkow and has been well-established (cf. [5], [6], [7],
8], 9], [10], [11], [13], [14], [16], [18]).

We recall first some notation from [7] and [8]. Forn € N, let m = m(n) = (n+1)(n+2)/2.
For A € M,,,(C) (the m x m complex matrices), we denote the successive rows and columns
according to the following lexicographic-functional ordering;:

1,2,2,7* 27,7, --- , Z", ZZ" ' ... [ 2" 7, 7

The authors in [7] defined the moment matrix M (n) := M(n)(y) € M, (C) as follows: for
0<k+1<n,0<i+j<n,theentry in row Z*Z" and column Z'Z7 is M(n) (i) =
Vi+i,j+k- These matrices come from Bram-Halmos characterization for a cyclic operator T'
satisfying 7;; = (T*'Tz0, o), where z¢ is a cyclic vector for T' ([3] or [4]). Recently, the
authors in [15] considered moment matrices corresponded by Embry characterization for
subnormality of such operators ([12]). We will write such matrices by E(n).

Given a collection of complex numbers v = {v;;} (0 <i+j < 2n, |i —j| < n), with
Yoo > 0 and 7;; = 7;. The truncated compler moment problem which considered in [15]
entails finding a positive Borel measure p supported in the complex plane C such that

@) vﬁz/é%hm@> (0<i+j<2m, |i—j|<n);
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i is called a representing measure for .
We recall some notation from [15]. For n € N, we let

m=mtl = ([5]+1) (|| +1)-

For a matrix A € M,,,(C), we first introduce the following order on the rows and columns
of

A:1,2,7% 77,23 22,2, 2723, 2°Z*,2°, - - - .

We denote the entry of A in row Z*¥Z! and column Z'Z7 by Ay n =2k k=
1,2,---, let

SP, ={p(z,2) = ago + ap1z + a2z + a112z + ag3z® + a0z2® + - + akkékzk};
ifn=2%+1,k=0,1,2--, let
1,

SPn={p(z,2) = apo + o1z + agaz> + a1122 + ag3 2 + a1022> + -+ + a/k7k+12kz

where a;; € C. It is clear that SP,, is a subspace of P,, the vector space of all complex

polynomials in z, z of total degree < n. For p € SP,,, let p = (ago,ao1, - ,arx)” (which
means the transposed) or (ago, ao1, - ,ak r+1)’ in C™. We define a sesquilinear form (-, -) 4
on SP, by

(0, 0)a = (Ap,q) (p,q € SPy).

In particular, (2127, zF2!) 4 = Arpyiygy, for 0<i+j<n,i<jand 0 <k+1<nk<I.

For the truncated complex moment problem (2), we define the moment matrix E(n) =
E(n)(v) € My (C) as follows: E(n)ky(ij) := N+ij+k- In E(n), for 0 <i+j <n,Z'ZI
denotes the unique column whose initial element is 7;;. For example, if n = 1, ie., v :
Y00, Y01, Y10, V11, the quadratic moment matrix is

E(l) _ {700 701] )
Y10 Y11

If E(n) is a moment matrix with representing measure p for v, then by direct computation
we have that

(En)p,p) = / p(z,2)Pdu for p(z,2) € SP,.
Thus, we have the following
Theorem 1.1. If v admits a representing measure u, then E(n) > 0.
But the converse implication is not always true (cf. [15, Example 3.2]).
For p € SP,, let Z(p) = {z € C: p(z,2) =0}.
Lemma 1.2. ([15, Lemma 3.1]) Let v = {;;} (0 <i+j <2n, [i—j| <n). Assume that
v has a representing measure u. For p € SP,, supp u C Z(p) <= p(Z,Z) = 0.

For example, if we consider the moment problem for

1 0 1 1
0 1 1+7 1-1
—i 11— 3 -3t
1 147 3 3

E(2) :=
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We note that Z2 = i1+ (1+i)Z and ZZ = 1+ (1 —1)Z. Thus, if there exists a representing
measure y, then Lemma 1.2 shows that 22 =i+ (1+1)z,|2/?> = 1+ (1 —4)z, on supp u, that
is, the atoms are zg = w, z1 = w
_ (1+V3) (=1+v3)
measure j = === 050 + Ve 0z, -

The following conjecture is a core problem in [15].

Conjecture 1.3. ([15, Conjecture 1.2]) Let v = {v;;} (0 <i+j <2n, |i—j| <n)bea
truncated moment sequence. The following statements are equivalent.

(i) v has a rank E(n)-atomic representing measure;

(ii) E(n) > 0 and E(n) admits a flat (i.e., rank-preserving) extension E(n + 1).

. It is easy to check that the representing

The conjecture doesn’t hold in general but for even number n (cf. [15, Example 3.7]).
Thus, we give the following theorem in sharpness.

Theorem 1.4. ([15, Theorem 4.1]) The truncated complex moment sequence v = {vi;}
(0 <i+j<2n,]i —j| <n) has a rank E(n)-atomic representing measure if and only if
E(n) > 0 and E(n) admits a double flat extension E(n+2), i.e., rank E(n) = rank E(n+2).

In this paper we answer to the quadratic moment problem, and consider it on the unit
circle T and closed unit disc .

Acknowledgment. The first-named author is grateful to Research Institute for Mathe-
matical Sciences at Kyoto University and Kanagawa University for their hospitality and
support during his visit.

2. THE QUADRATIC MOMENT PROBLEM

Let v : v00,%01,710,711 With 700 > 0,70 = o1 and 711 € R The quadratic moment
problem entails finding a positive Borel measure p supported in the complex plane C such
that

s =/zizfdu<z>, O<itj<2 |i—jl<1).

As in section 1, we can obtain the moment matrix

E(l) — {’Yoo 701] )
Y10 Y11

Let r = rank E(1). We can obtain the following results similar to [7, Theorem 6.1].

Theorem 2.1. The following statements are equivalent.
i) v has a representing measure;
ii) v has an r-atomic representing measure;
iii) E(1) > 0.
In this case, if r = 1, there exists a unique representing measure i = 7006%; if r =2,

the 2-atomic representing measures contain a sub-parameter by a circle.

Proof. i) = iii): From Theorem 1.1.
ii) = i): Trivial.
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iii) = ii): First, if r = 1, i.e., det E(1) = Y0011 — Yo1710 = 0, we claim that g := 900201
Y00
is the unique representing measure of . In fact,

/1d,u = Y00;

_ o o1 Y10\ _ 7Yoi7i0
/ZZd,U = 700 <—> <—> = =711-
7Yoo Yoo “Yoo
Thus, p is an 1-atomic representing measure for «. If v is any representing measure for =,

then the relation Z = a1 and Lemma 1.2 imply supp v = {%}, whence v = p.

If r = 2, i.e., E(1) is positive and invertible, then d := y00711 — Yo1710 > 0. If a flat
extension E(2) of E(1) can be obtained, by [15, Lemma 3.6], F(2) admits a flat extension
of the form E(4). Then, by Theorem 1.4, v has a rank E(2)-atomic (i.e., E(1)-atomic)
representing measure. Therefore we construct a flat extension E(2) of E(1). Let

Yoo 7Yor Yo2 Y11
E(2) — Yo Y11 Y12 721
Y20 721 €11 Ci12
Y11 Y12 €21 C22

b

where v20 = %02, Y21 = 712,21 = ¢12- Then by Smul’jan’s result (cf. [7, Proposition 2.2]),
rank FE(2) = rank E(1) if and only if

[011 012} :W*E(l)W
C21  C22 ’

where

W = E(l)fl |:702 '711:| .
Y12 Y21

Let

Q| _ -1 |Yo2 | _ 1 [ y11702 — 01712
- E(l) S )
B Y12 4 | Y0012 — V10702

[a] :E(l)_l {711] — 1 [ ’7121 — 7o1721 ] ]
b Y21 d | 00721 — V10711
Then E(2) will be of the form of a moment matrix if and only if ¢j1 = ¢22. That is,
ay20 + Y21 = a1 + byio.
It is equivalent to
7?1 - ’711|’702|2 + 2Re(v01712720 — Yo1711721) = 0.

Let 712 = 0. Then we have |yp2| = 711. Therefore, E(1) has a flat extension E(2).
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Now we construct a representing measure. Since Z? = al+ 3Z and ZZ = al + bZ,
Lemma 1.2 implies that the two atoms zg, z; of representing measure are the roots of

22— (a+B2)=0, and Zz=a+bz.

We first show that zo # 2. If, 29 = 21, i.e., Z = 291, whence rank E(1) = 1. This is a
contradiction.
Define

M= pO(szo + p16217

where
__ *1%00 — 701 __ 7o1 — 20700

o Z1 — 20 ’ ! Z1 — 20
Under the assumption of pg, p1 € R, we next check the moments of u :
/ldu = po + p1 = Y00

2170 — 7Yo1 Yo1 — 20700
20 + 21
21 — 20 21 — 20

/zd,u = pozo + p121 =

_ (21 - 20)701
Z1 — 20

= Yo1;
/fdu = poZo + p1Z1 = (Pozo + p121) = Fo1 = Y10;

[z = mlaal? + prlaal = po(a -+ b20) + pr 0+ b21)
= a(po + p1) + b(pozo + p121)
= a”oo + byor = 11

Let
zZ—zZ1 zZ— 20

fo(z) = fi(z) = — -
zZ1 20

Then fo(z0) =1, fo(z1) = 0and fi(z0) =0, fi(z1) = 1. Since E(1) is positive and invertible,

20—2’1,

o~ ~ 2 J— > —_
0 < (E(V)fo, fo) = Yoolz1|* — Y0121 + 711 — 21710

|20 — 21]?
P 2
:/|z| 212 z1z2+|z1| du
|20 — 21]

= /|f0|2du = po.

Similarly, we have
0 < (BT = [ 1fiPdu=p.
Thus p is a 2-atomic representing measure. [

3. ON THE UNIT CIRCLE T

In this section, we consider the quadratic moment problem on the unit circle T := {z €
C: |z| =1} as in [10, Theorem 3.1].
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Theorem 3.1. (Unit Circle) Let r = rank E(1). The following statements are equivalent
for .

(i) There exists a representing measure supported in T;

(ii) There exists a rank r-atomic representing measure supported in T;

(111) E(l) Z 0 and Y11 = Y00-

Proof. (i) = (iii): From Theorem 1.1 or Theorem 2.1, we have E(1) > 0, and

Y11 :/szu:/ldu:'yog.
T T

(if) = (i): Trivial.

(iii) = (ii): By Theorem 2.1, we have that there exists an r-atomic representing measure
for . Therefore our goal is construct an r-atomic representing measure supported in T.
Without loss of generality, we let 790 = 1. .

If r = 1, then |01/ = 711 = Y00 = 1. So u = 6., and supp u C T.

If r = 2, then det E(1) = 1 — |y01|* > 0. Let

1 v1 72 1
B(2) = Yo 1 71 70
Y20 Yo €11 C12
1 vo1 e co

)

where v20 = 7032, ¢21 = €12. Then rank E(2) = rank E(1) if and only if

C21 (22
where
W — E(l)—l |:702 ]- :| )
Y01 710
Let
{a] = EB(1)™" [702} _ 1 { Yo2 = 101 ]
B Yo1 1 —|y01]? [ 701 — V10702

K R P e e

Then E(2) will be of the form of a moment matrix if and only if ¢j1 = ¢22. That is,

ayp + By = 1.
It is equivalent to
1 — Joal® + 2Re(75,720 — |01 /%) =0,
ie.,
102> = 2Re(7§1720) = 1 — 2|01/
Let Yo1 = c+ di,’)/()Q = r + si. Then

(r—c®+d*? + (s — 2cd)® = (1 — & — d*)%.
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For each o2 = r + si, the corresponding 2-atomic representing measure is supported in
T, since ZZ = 1.
Furthermore, the 2-atomic representing measure

W= podz, + podz,,
where zg, 21 are the roots of 22 — (o + 82) =0 and zz = 1, and

21 — o1 701 — 20
- pP=—————-

pPo = )
21 — 20 21 — 20

The proof is complete. O
Example 3.2. (Unit Circle) Let

Then we have

a=—i,f=1+1i.S0, 22— (1+1i)z+i = 0. We obtain the two atoms zp = 4, z; = 1, both
on the unit circle T. And py = p1 = % Thus we obtain a 2-atomic representing measure
n= %61 + %51

4. ON THE UNIT DISC D

In this section, we consider the quadratic moment problem on the unit disc D := {z €
C:|z| <1} as in [10, Theorem 1.8].
Theorem 4.1. (Unit Disc) Let r = rank E(1). The following statements are equivalent for
5.

(i) There exists a representing measure supported in D;

(ii) There ezists an r-atomic representing measure supported in D;

Proof. (i) = (iii): From Theorem 1.1 or Theorem 2.1, we have E(1) > 0, and

1 Z/szué/lduzwo-
D D

(ii) =(i): Trivial.

(iii) = (ii): Assume E(1) > 0, and 711 < Y00 = 1.

If r = 1, then Y11 = |’)/01|2 S Yoo = 1. So o= 6701.

If r = 2, then det E(l) =11 — |’)/01|2 > 0.

To find a 2-atomic representing measure p = pod., + p19.,, we shall solve the following
equations

pPo+p1= ]-7
Pozo + P121 = Yo1,

polzo® + pilzi]® = 1.
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Let pp = p. Then from second equation, we have

212’701—920_
1-p

Take it into third equation, we have
2 — 2 2_1—=p 2
(1 = p)lz0l” —Z0v01 — 20710 + Pl20|” + [Y01]" = 7(711 = [o1l%),

ie.,

1—
120 — 012 = —2 det E(1).
)
Since det E(1) > 0, we may put

det E(1)

1—p
p tB), = t2 + det E(1)

Let 20 = = + yi,701 = a + bi. Then we have, (z — a)?> + (y — b)?> = t>. Thus, z =
a+tcosf,y =0b+ tsinf. Hence,

Zo=x+yi=a+tcosf + bi + tisinf

= Yo1 +tei0,
_ 701 — P20 _ Yo1 — PYo1 — ptet®
zZ1 = =
1—p 1—p
det E(1) .
=01 — - ( )629‘

We want to make |z9| < 1 and |z;| < 1.
Since

12012 = |y01]? + 2tRe(vy10e") + 2,

2 o det B(1)2
|211? = o |* — 7 det E(1)Re(moe?) + %
Hence |z9] < 1 and |z;| < 1 if and only if (¢,6) € R(t,6), where

R(t,0) :={(t,0) € (R4, 0, 2])| t% + 2tRe(y10€”) + [701|> < 1 and
: 2
[01]? — 2 det E(1)Re(y10e??) + 2HELT < 13,

We can show that the set R(t,6) is not empty as in the proof of [10, Theorem 1.8]. Thus
we can obtain a 2-atomic representing measure. The proof is complete. [

Example 4.2. (Unit Disc) Let 91 = 0. Then

R(t,6) := {(t,6) € (Ry,[0,27))| det B(1) < ¢ < 1}.

Let

&

—~

—_

~—

I
—
O =
Wi O
|
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Then
0) :={(¢,0) € (R+,[0,2n])]

R(t, <t<1}.
Take t = % Then p = %, and

DN | =

2
20 = g(COSG-H'sinH),

z1 = —Z(cosﬂ—kisint‘)), Vo € [0, 2x].

Thus, we obtain a 2-atomic representing measure

9 8
n= ﬁézo + 1_7621-
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