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Abstract. In the previous paper [1], we de�ned the approximately order derivative.

But it is so to be regreted that we did not show the uniqueness of the derivative, that

is, the derivative turned out to be the set. In this paper, we show that the derivative

consists of one point.

1 Introduction Let X be the N-dimensional Euclidean space, Y a complete vector lat-

tice, � the Lebesgue measure on X, �� the Lebesgue outer measure on X and A the family

of all Lebesgue measurable sets in X. Let EX be the family of all Archimedean units in

X, that is, EX = f(x1; � � � ; xN )jxi > 0 for all ig. Let L(X;Y ) be the family of all linear

operators translated bounded sets in X to bounded sets in Y . Then for l1; l2 2 L(X;Y ) we

de�ne that l1 � l2 if l1(x) � l2(x) for any x 2 X with x � 0. With regard to this order,

L(X;Y ) is a complete vector lattice.

We say that x is a right density point in E � X if for any real number " > 0 there exists

some e 2 EX such that ��(EC \ [x; x + h]) < "�([x; x + h]) for any h 2 EX with 0 < h � e;

and, that x is a left density point in E � X if for any real number " > 0 there exists some

e 2 EX such that ��(EC \ [x � h; x]) < "�([x � h; x]) for any h 2 EX with 0 < h � e;

moreover, that x is a density point if it is a right density point and a left density point. We

say that x is a right dispersion point in E � X if for any real number " > 0 there exists

some e 2 EX such that ��(E \ [x; x + h]) < "�([x; x + h]) for any h 2 EX with 0 < h � e;

and, that x is a left dispersion point in E � X if for any real number " > 0 there exists

some e 2 EX such that ��(E \ [x � h; x]) < "�([x � h; x]) for any h 2 EX with 0 < h � e;

moreover, that x is a dispersion point if it is a right dispersion point and a left dispersion

point. When we consider the density and the dispersion, in [1] we assume that E 2 A, but
in this paper we assume only that E is a subset of X. Under this situation we can prove

the all statements in [1] similarly.

There is no point that it is a right density point and a right dispersion point, or a

left density point and a left dispersion point, simultaneously. However any points are not

always either a right density point or a right dispersion point, a left density point or a left

dispersion point.

2 Main result In this section for l 2 L(X;Y ), F : E �! Y and x 2 E we use the

symbols de�ned in [1], E+
sup(l;F; x), L

+
sup(F; x), o-AD

+
F (x), o-AD+F (x), o-ADF (x), etc.

Lemma 2.1. Let X;Y be vector lattices and l 2 L(X;Y ). Then if fxng in X converges to

0, fl(xn)g converges to 0.
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Proof. We assume that fxng converges to 0, that is, there exists some x0 2 X with x0 > 0

such that, for any natural number m there exists some natural number N such that jxnj �
1

m
x0 for any natural number n > N .

There exists a monotone increasing sequence frng of real numbers divergent to the

in�nity such that frnxng converges to 0. In fact there exists a monotone increasing sequence

fN(m)g of natuaral numbers such that jxnj �
1

m2
x0 for any n > N(m). Let

rn =

�
1 if n � N(1);

m if N(m) < n � N(m+ 1) (m = 1; 2; � � � ):

Then since

jrnxnj =

(
jxnj if n � N(1);

mjxnj �
1

m
x0 if N(m) < n � N(m + 1) (m = 1; 2; � � � );

we get that frnxng converges to 0 and frng diverges to the in�nity.

frnxng is bounded because frnxng converges to 0. Since l 2 L(X;Y ), frnl(xn)g is also

bounded, that is, there exists some y0 2 Y with y0 > 0 such that rnjl(xn)j � y0. If for

m we select N satis�ed rN+1 � m, for any n > N we get jl(xn)j �
1

rn
y0 �

1

m
y0, that is,

fl(xn)g converges to 0.

Lemma 2.2. Let l 2 L(X;Y ) and E 2 A.

(1) For a right density point x0 2 E

o-AD
+
l(x0) = o-AD+l(x0) = flg:

(2) For a left density point x0 2 E

o-AD
�

l(x0) = o-AD�l(x0) = flg:

Proof. We get that l 2 o-AD
+
l(x0) because l is satis�ed the following conditions for F = l.

(a-SUP1R) For any l
0 2 L(X;Y ) with l0 > 0, there exists some l00 2 L+sup(F; x0)

such that l � l00 < l + l0.

(a-SUP2R) For any l
00 2 L+sup(F; x0), l

00 6< l.

Similarly we get that l 2 o-AD+l(x0), l 2 o-AD
�

l(x0) and l 2 o-AD�l(x0).

If l00 > l, E+
sup(l

00; l; x0) = fxjx 2 E;x � x0; l(x�x0) = l00(x�x0)g. Then the dimension

of E+
sup(l

00; l; x0) is less than N and x0 is a right dispersion point of E+
sup(l

00; l; x0).

If l00 = l, E+
sup(l

00; l; x0) = fxjx 2 E;x � x0g. Then x0 is not a right dispersion point of

E+
sup(l

00; l; x0).

Next note that every x 2 X is represented by

x = f(r; �1; � � � ; �N�1)

= r(cos �1 � � � cos �N�1; cos �1 � � � sin �N�1; � � � ; sin �1)

for r � 0; 0 � �1 < 2�; 0 � �i < � (i = 2; � � � ;N � 1).
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If l00 6� l, there exists some f(r0; �1;0; � � � ; �N�1;0) with r0 > 0 and 0 � �i;0 �
�

2
(i =

1; � � � ;N � 1) such that

l00(f(r0; �1;0; � � � ; �N�1;0)) 6� l(f(r0; �1;0; � � � ; �N�1;0)):

There exists some �i with 0 < �i + �i;0 <
�

2
; �i 6= 0 such that for any �i with j�i � �i;0j �

j�ij; 0 � �i �
�

2
for i = 1; � � � ;N � 1

l00(f(r0 ; �1; � � � ; �N�1)) 6� l(f(r0; �1; � � � ; �N�1)):

If not, let �i;0 6= 0 for i = 1; � � � ;N�1, and for a sequence f�i;kg with 0 < �i;k+�i;0 <
�

2
; 0 <

j�i;kj �
1

2
j�i;k�1j for i = 1; � � � ;N�1 there exists �i;k with j�i;k��i;0j � j�i;kj; 0 � �i;k �

�

2
such that

l00(f(r0; �1;k; � � � ; �N�1;k)) � l(f(r0; �1;k; � � � ; �N�1;k)):

The above sequence ff(r0; �1;k; � � � ; �N�1;k)g converges to f(r0; �1;0; � � � ; �N�1;0), but it is

contradictory from Lemma 2.1. Thus there exists some �i with 0 < �i + �i;0 <
�

2
; �i 6= 0

such that for any �i with j�i � �i;0j � j�ij; 0 � �i �
�

2
for i = 1; � � � ;N � 1

l00(f(r0 ; �1; � � � ; �N�1)) 6� l(f(r0; �1; � � � ; �N�1)):

Since l00 and l are linear, the above inequality is held for arbitrary r0 > 0. Let

W = ff(r; �1; � � � ; �N�1)jr > 0; j�i � �i;0j � j�ij; 0 � �i �
�

2
(i = 1; � � � ;N � 1)g:

Then E \ (x0 + W ) � E+
sup(l

00; l; x0). Let El(h) = El(h1; � � � ; hN) be the intersection

of an ellipsoid, which radii are h1; � � � ; hN , and f(x1; � � � ; xN )jxi > 0 for any ig. Then

x0 +El(h) � [x0; x0 + h]. From the above

��(E+

sup(l
00; l; x0) \ [x0; x0 + h]) � �(E \ (x0 +W ) \ (x0 +El(h))):

Since x0 is a right density point in E, that is,

�(EC \ (x0 +W ) \ (x0 +El(h))) � �(EC \ [x0; x0 + h])

< "�([x0; x0 + h]);

if

�(E \ (x0 +W ) \ (x0 +El(h))) < "�([x0; x0 + h]);

then

�((x0 +W ) \ (x0 +El(h))) < 2"�([x0; x0 + h]):

On the other hand,

�((x0 +W ) \ (x0 +El(h))) �
j�1 � � ��N�1j

2�N�1
�

�
N

2

� (
N

2
+ 1)

� h1 � � � hN

=
j�1 � � ��N�1j

2�
N

2
�1� (

N

2
+ 1)

h1 � � � hN

=
j�1 � � ��N�1j

2�
N

2
�1� (

N

2
+ 1)

�([x0; x0 + h]);
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where � is � -function. It is contradictory and x0 is not a right dispersion point of

E+
sup(l

00; l; x0).

Therefore l00 2 L+sup(l; x0) if and only if l00 > l. Let l1 2 o-AD
+
l(x0). For any l0 > 0

there exists l00 2 L+sup(l; x0) such that l1 � l00 < l1 + l0. Since l0 is arbitrary, we get that

l � l1. Since from Theorem 3.1 in [1] any di�erent points in o-AD
+
l(x0) is incomparable,

we get that l1 = l.

Similarly we can prove the rest.

Theorem 2.1. Let E 2 A, F : E �! Y .

(1) Let x be a right density point in E. If F is approximately right order di�er-

entiable at x, then o-AD+F (x) consists of one point.

(2) Let x be a left density point in E. If F is approximately left order di�eren-

tiable at x, then o-AD�F (x) consists of one point.

Proof. We put F1 = F;F2 = �F for Theorem 4.3(1) in [1]. Then from Lemma 2.2

o-AD+F (x) � o-AD+F (x) = o-AD+0(x) = f0g:

Therefore o-AD+F (x) consists of one point.

Similarly we can prove that o-AD�F (x) consists of one point.
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