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ABSTRACT. Let T'(t),0 <t < oo, be a one parameter C'-semigroup of bounded linear
operators on a Banach space X, and A be the generator of T'(¢). Let R(\, A) be the
resolvent operator of A. It is known that for exponentially bounded C-semigroups,
[|R(X, A)C|| < ﬁ for A > w. The object of this paper is to study such an inequality
for the (p, ¢)-summing norms. Further, we give some conditions for a C-semigroup to

be in the ideal of (p, ¢)-summing operators.
O.Introduction. Let X* be the dual of the Banach space X, and L(X) be the space
of all bounded linear operators from X into X. For T' € L(X), ||T| denotes the operator

norm of T.
An operator T € L(X) is called (p,q)-summing if there exists A > 0, such that

M (ZITWI}’) p <\ sup (Zmﬁﬂq)"

le*I<1 \ 5=

for every finite set {21 x2,....,2,} C X and z* € X*. Let II, ;(X) denote the set of all
(p, ¢)-summing operators in L(X). For T € II, ,(X), the (p,¢)-summing norm of T is
1T Ml1¢p,q) = inf{A : (1) holds}. It is known that II, ,(X) is an ideal of operators in L(X),
and ”'Hn(p,q) is an ideal norm on II, ((X). If p = ¢ we write I, (X) for II, ,(X).

A omne parameter family T(¢), ¢+ € [0,00), of bounded linear operators from X into
X is called a one parameter C-semigroup of operators on X if : (¢) T(0) = C and (i)
CT(s+1t)=T(s)T(t) for all s, in [0,00), where C is an injective bounded linear operator
on X. A C-semigroup, T(t) is called strongly continuous if tgrél+T(t)x = (Cuz for every

z € X. A C-semigroup for which there exist constants M > 0 and w € R (the set of real
numbers) such that |7(¢)|| < Me“" is called an exponentially bounded C-semigroup. The
linear operator A defined by:

D(A)={reX:C7"lim w exists} and Az = C~' lim w
t—0t ’ t—0t '

for € D(A), is called the generator of the C-semigroup T'(¢) and D(A) is the domain of A.
The resolvent set of A is denoted by p(A) and for A € p(A), the operator R(\, 4) = (A—A)~!
is the resolvent operator of A. It is known,[3] , for exponentially bounded C-semigroups, that
D(A) is dense in Range(C') and A is a closed operator, and the resolvent operator R(\, A)
is a bounded operator for all A € p(A). We refer to [2] and [3] for excellent monographs on
C-semigroups.

It is known,[2] , that the resolvent operator R(\, A) of the generator A of an exponentially
bounded C-semigroup T'(¢) satisfies the inequality:

R\, A)C|| < s for w and M as above and for A > w with A € p(4) (2)

w
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The norm of the resolvent operator in (2) is the usual operator norm. However, there are
many important norms on different classes of bounded linear operators on X. It is natural
to ask: Does inequality (2) hold true for norms other than the operator norm ?

In this paper we address two questions:

() I T(t) €I, o(X) C L(X), can we prove HR(/\,A)C’HH(%@ <M for wand M as
above and for A > w with A € p(A)?

(1) When can a C-semigroup be in the ideal II, ,(X)?

Pazy,[10], studied the problem for cg-semigroups and the case of the ideal of compact
operators, K(X) C L(X) for any Banach space X and Khalil and Deeb,[7], studied the
problem for the ideal of Schatten Classes C,(H) C L(H), where H is a Hilbert space.

Throughout this paper, the dual of a Banach space X is denoted by X*, and B;(X)
is the open unit ball of X. For «* € X* and 2 € X the value of «* at « is denoted by
< x*,2 > . The set of real numbers will be denoted by R, and the set of positive integers
by N.

I. C-Semigroups and (p,q)-Summing Operators.

Let X be a Banach space and C be an injective bounded linear operator on X with
dense range. Thus by Theorem 2.4 in [3], D(A) is dense in X.
Lemma 1.1. Let T, € II, ,(X) for which supHTnHH(p S ¢ for some £ > 0. If

lim T,z = Ta for all © € X, then T € II,, ((X) and ”T”H( ) <&
p,q

n—> 00

Proof. Let (T;, ) be a sequence in II, ,(X) such that sup||Tan(pyq) < ¢ for some
¢ > 0and lim T,z = T for all = € X. Then for all finite sequences (1,22 ,...,%y,) and
all n € N we have :

1

(E1mel’) 1Tl s (£ ool

lle*|I<1

Q=

NgE!

1

< ¢ sup (f: |<-77ia-77*>|q>q

Jla* <1 \i=1
1

‘p> p

1

Since lim Tp,x = Tz for all x € X, we get :
n—>o0
= tin (£ 1ol

(& |T($i)|p>; -(&

T

<¢ s (S
llzll<1 \a=1
This implies T € II,, ,(X) and HTHH(p’q) <¢(om
Lemma 1.2. Let T(t) be a strongly continuous C-semigroup of bounded linear

operators on X. If T'(to) € II, ((X) for some tq > 0, then CT(t) € II,, ((X) for all ¢ > tq.
Proof. Suppose T(ty) € II, ,(X) for some ¢y > 0. Then,
CT(t) = CT(t—to +to) = T(t — t0)T(to)-
Thus CT(t) € II, ((X) for all t > ¢;. W
Lemma 1.3. Let T(¢) be a strongly continuous exponentially bounded C-semigroup of
bounded linear operators on X with generator A. If for A € p(T'), A > w, Ali_{r;@ IR, A)|| =0

then, )\lim AR\, A)T(t)r = T(t)r forall x € X.
—o0
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Proof. Let A € p(A), and # € D(A). Then,

AR A)T(He =Tz || = [[ARA, A)T(#)x]|
[R(A, A)AT (#)z]|
< RO ANAT (#)z]] -

But D(A) is dense in X, and Alim IR(X, A)|| = 0. Hence;
—00
}\lim ARN A)T(t)x = T(t)x
—00
forallz € X. =
Now we prove one of the main results of this paper.

Theorem 1.4. Let T'(¢) be an exponentially bounded strongly continuous C-semigroup
of bounded linear operators on X with generator A. If T'(¢) € II, ,(X) and HT(t)Hn( : <¢

in [0, 6) for some € > 0, then C?R(\, A) € I, ,(X) for all A € p(A4) and for A > w > 0,
||C2 H”( )<iw for some g > 0.

Proof Let z € X and A € p(A), A € R, A > w > 0. Then by Theorem 3.3, [3] we have
CR(\,A)x = R\, A)Ca = [ e T(s)xds.
0
For t € (0, )and/\>w>0 define

RN A) = C’f e_xsT(s) ds

e CT(s—t+1t)ds

~—g g

e_AsT(s —H)T(t)ds

~

(t) [ e 2T (s —t)ds.

w%g

Since [ e=**T(s —t)ds is a bounded operator in L(X) for A > w and T(t) € IT, ,(X),
t
the operators Rt()\,A) €Il (X)for \é R, A>w >0 andt € (0,¢). Further :

[Re(X, A) = C2RON A, HCfeAST s)ds —C’fe*)‘ST (s)ds

Mp.a)
t
= HC[ e *T(s)ds

0

Mip,q)

< c| fe‘”\s 1T, ds
el .fe**“fd&

Since hm HCer_)‘sfds =0, Ry(N\A) € II, ((X) for all t € (0,¢), and II, ((X) is a
Banach space, then C*R(\,A) €11, (X) for all A € R, A\ > w > 0. Further:
IR0 Ay, = HCfe-*sns)ds

p,q)

o<

Je )‘SCTs—t—I—t)ds

t

Mip,q)
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— | T eme(s = 0yrt) s

t

m

(p,q)
< [T =0Ty, ds

< e ITs =D)INTO)n,, ,, ds.

t
Since T'(t) is an exponentially bounded C semigroup, then || T(s — t)|| < Me*(5=9 . Thus
) - - Me
[ Re(A, 4) ||1‘[(p’q> <Eemt }f e N Mew® ds = ﬁ e M,
Consequently,

2Ry, = | tm R 4)

. Mip,q)

= lim [ReA Ay,
: ME —xt _ B

< lim 5Zoem = 5

Now let A\, it € p(A) and A > w > 0. Then the resolvent identity
C2R(j1, A) = C*R(\, A) + (A — 1) C2R(\, A)R(y1, A)

and the fact that IT, ,(X) is an ideal in L(X) implies C?R(p, A) € I, ,(X) for all u € p(A).
|

Theorem 1.5. Let T(#) be an exponentially bounded strongly continuous C-semigroup
of bounded linear operators on X with generator A. If R(A\, A) € II,, ,(X) forall A € p(A)
and HR(/\,A)HH(M) < % for A > w, then T'(t) € II, ,(X) and ||T(t)HH(M) <¢ in (0,¢)
for some ¢ > 0. Further CT(t) € II, ((X) for all ¢ > 0.

Proof. Let A € p(A), A > w > 0. Since R(\, 4) € II, ,(X) and T(¢t) € L(X) for
all t > 0, it follows that AR(X, A)T(¢) € II, (X). But HR(/\,A)Hn(p ” < )fw Thus by

Lemma 1.3 we get :

lim AR(A\, A)T(¢)x = T(¢)x,

A= o0

for all x € X and so,

B
IR AT, < IO, Al 17O < 22 [T

Consequently, since T(t) is exponentially bounded there exist v > 0 and ¢ > 0, such
that [[AR(A, A)T(¢ HH " < 7y ﬁ)‘ for all t € (0,¢), and A > w. Lemma 1.1 implies
that T'(t) € II, ,(X) for all t € (0,6) and Lemma 1.2 then implies CT(t) € II, ((X) for
all t > 0. Further, since {2~ : A > w >0 } is a bounded set, it follows that ||T(t)\|n(p o S

’ysup% fort € (0,e). m
A

Theorem 1.6. Let T(t) be a differentiable strongly continuous exponentially bounded
C-semigroup on X with generator A. If there exists A\g € p(A) such that R(Ag, A) € TI,, ,(X),
then T'(t) € II, (X)) for all ¢ > 0.

Proof. Let A\g € p(A4) and A\g = 0. Define B(t f Ja ds. Then B € L(X) and

0

AB(t T—AfT Jeds=T(t)r — Cx=(T(t)— C)x

-~

for all = € X, (Lemma 2.7,[3]). Hence
—AB(t)r = (0— A)B(t)z = (C = T(¥))x.
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So B(t ) A)C=T(t))z for all 2 € X. Thus B(t) = R(0, A)(C =T(t)). But R(0,A) €
Il (X SOB()G ( ) for all ¢ > 0.
)i

Now, since T(t is tlonglw continuous, then for = € D(A) B (t)r exists and

4 _ 1:... B(t+h)z—B(t)x
B (t)z = %13%)7,1

= limn (B(t + 71—1)‘,0 _ B(t)x)

n—>00

= lim n (R(0, A)(C — T(t + L))o — R(0, A)(C — T(t))x)

n—oo

= lim nR(0,A) (T(t)e — T(t+ L)) .

n—>00

Define Dn(t)x = nR(O,A) (T( ) T(t + ) ) Since R(O A) ell,, q( )7 it follows that
D,(t) € II, ((X) for all > 0 and all n € N. Buf

'

B (t)z = dth Yeds = T(t)x.

Consequently, since T'(¢) is differentiable, then lim n (T(f) — T+ l)) =T (t) and

n—r00 n

T(t)z = lim D,(t)z = —R(0, A)T'(t)a.
n—oo
But D(A) is dense in X. Thus T'(¢) € II, ,(X). Further :

1T, < [-ROAT @] < IR0 Ay, |70 <

Tip,a)

For \g # 0, define S(t) = ¢*!T(t). Then if G is the generator of T(t), then G — Xy is
the generator of e=**T(#). So if \g € p(G — \g), then 0 € p(G). =

IT. C-semigroups and Uniformly Dominated Sets of II,(X).

Let X be a Banach space and C be an injective bounded linear operator on X. We start
with the following definition.

Definition 2.1. A subset E C I, (X) is called uniformly dominated, if there exists a
probability measure p on By(X™*), such that :

1Tal < ar | [ o) )

B1(X*)

forallz € X and all T € E.
Now we prove another main result of this paper.

Theorem 2.2. Let T'(¢) be an exponentially bounded strongly continuous C-semigroup
on X with generator A. If {T'(t), ¢+ € (0,00)} is uniformly dominated set in II,(X), and

fe_AS ||T(5)Hn(p) ds < oo for all A > w, then {CR(X A), A € p(A)} is uniformly domi-
0
nated set in II,(X).
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Proof. Let € X and A € p(4), A € R, A > w > 0. Then by Theorem 3.3, [3] we have :

ICR(N, A)z|| = e MT(s)x ds

IN

*IT(s)|| ds

[
[~

=

IN

[ i@, | [ )| o
0

Bi(X*)

Al

[ g ds | [ 1t dute

0 By (X*)

But fe AT (s $)|ln(p) ds < oo. Thus using Pietsch Dominated Theorem, [12], for p-summing

operators we get: CR(N, A) € II,(X) and {CR(\, A), A € p(4),\ > w > 0} is uniformly
dominated set in IT,(X).
Now let A\, it € p(A) and A > w > 0. Then the resolvent identity

CR(u, A) = CR(\, A) + (A — )CR(A, A)R(s, A)

and the fact that I1,(X) is an ideal in L(X) implies CR(p, A) € II,(X) for all p € p(A).
Further :

ICR(u A)e| < [CR(A A)e]| + o = Al | R(u, A)CR(N, Ae|
< JICRO A)e]| + |1 = Al | R(, Al [CRO\ A)a|
= (14 = ARG A)) [CRON A)e]
< (L i = MR A ICRO A, / (e du (o) |

Bi(X*)

which implies that {C'R(u, A), 1 € p(A)} is uniformly dominated set in II,,(X). m
Theorem 2.3. Let T(¢) be a differentiable strongly continuous exponentially bounded
C-semigroup on X with generator A. It Range(C) is dense and {R(\, A), X € p(A4)} is
uniformly dominated set in II,(X), then {T'(¢), ¢ € (0,00)} is uniformly dominated set in
I, (X).
Proof. With no loss of generality, assume 0 € p(A). For + € X and ¢ > 0 define,

B(t)r = [T(s)r ds. Then B € L(X) and

o o

AB(t)z = (s)rds=T(t)r —Cx = (T(t) — C)x

for all # € X, (Lemma 2.7,[3]). Hence

or\_‘

—AB(t)r = (0— A)B(t)z = (C = T(t))x.
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So B(t)x = R(0,A)(C—T(t))z for all # € X. Thus B(t) = R(0, A)(C —T(t)). But R(0, A) €
II,,4(X). SoB(t) € I, ,(X) for all t > 0. Consequently, B(t) is uniformly bounded in IL,(X)
for ¢t € (0,%p) for some tg > 0.

Now, since T(t) is strongly continuous, then for = € D(A), B (t)x exists and

/ _ 1. B(t+h)z—B(t)x

= Zlir%cn (B(t+ L)z — B(t)z)
= nli_}ngcn (R(0,A)(C —T(t+ %))7 — R(0,4)(C — T(f))T)

lim nR(0,A) (T(t)r — T(t+ 1))
Define D, (t)z = nR(0, A) (T(f)r —T(t+ %)T) . Since R(0, A) € II,(X), it follows that
D, (t) € I(X) for all t > 0 and all n € N. But
B'(t)x = T(s)xds = T(t)x.
it follows that
T(t)e = & ftT(s)x ds = limn(B(t+ )z~ B(t)z) = —R(0, A)T (t)z.

0
But Range(C) is dense. So by Theorem 2.4,[3], D(A) is dense. Consequently, since T(¥)
is differentiable we get T'(¢) € IL,(X) and

d
dt

STSNN

IT)z| = |—R(0.A)T (t)z
< || IR0, )2
< r im0 A, | [ e r )

Bi(X*)

Hence : {T'(t), t € (0,00)} is uniformly dominated in II,(X). &
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