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ABsTRACT. The notion of (positive implicative) pseudo-ideals in a pseudo-BCK algebra
is introduced, and several properties are investigated. Characterizations of a pseudo-
ideal are displayed. Conditions for a subset to be a pseudo-ideal are given. The concept
of pseudo-homomorphism is discussed.

1. INTRODUCTION

G. Georgescu and A. Iorgulescu [1] introduced the notion of a pseudo-BC K algebra as
an extended notion of BC K-algebras. In [4], Y. B. Jun, one of the present authors, gave
a characterization of pseudo-BC K algebra, and provided conditions for a pseudo-BCK
algebra to be A-semi-lattice ordered (resp. N-semi-lattice ordered). In this paper, We
introduce the notion of (positive implicative) pseudo-ideals in a pseudo-BC K algebra, and
then we investigate some of their properties. We display characterizations of a pseudo-
ideal, and provide conditions for a subset to be a pseudo-ideal. We also introduce the
notion of pseudo-homomorphism between pseudo-BC K algebras. We prove that every
pseudo-homomorphic image and preimage of a (positive implicative) pseudo-ideal is also a
(positive implicative) pseudo-ideal.

2. PRELIMINARIES

The notion of pseudo-BCK algebras is introduced by Georgescu and Torgulescu [1] as
follows:

Definition 2.1. A pseudo-BCK algebra is a structure X = (X, <, %, ¢,0), where “<” is a
binary relation on X, “*” and “o” are binary operations on X and “0” is an element of X,
verifying the axioms: for all z,y,z € X,
(al) (z*xy)o(z*2) R zxy, (zoy)*x(zoz) X z0y,
(a2) zx(zoy) Sy, zo(zxy) <y,
(a3) = <z,
(ad) 0 <z,
(ab) x<y, yrx ==y,
(ab) s Xy<= axy=0< zoy=0.
If X is a pseudo-BC K algebra satisfying v xy = x oy for all z,y € X, then X is a BCK-
algebra (see [1, Remark 1.2]).
In a pseudo-BC K algebra we have (see [1])
(pl) 2 Ry = z*y <z%z, zoy<zox.
(p2) v 2y, y2z= =z
(p3) (*y)oz=(zoz)*y.
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(pd) ey <z<= 202z =<y

(p5) z*y <=z, zoy ==

(p6) 0=z =200

(p7) e <=y=axz=<yx*xz, xoz=<yoz.

(p8) = Ay (and y A x) is a lower bound for {x,y}, where x Ay :=y o (y*xa) (and y Aa :=
z o (x *y)).

(p9) = Ny (and y N z) is a lower bound for {z,y} where Ny :=y* (y o x) (and y N :=
z* (z oy)).

3. PSEUDO-IDEALS
We first give condition(s) for a pseudo-BC'K algebra to be a BC' K-algebra.
Theorem 3.1. Let X be a pseudo-BCK algebra that satisfies the conditions
(xxy)xz=(xxz)xy and (zoy)oz=(xoz) oy

for all x,y,z € X. Then X is a BCK-algebra.

Proof. Let x,y € X. Since zo(z+y) < y by (a2), we have 0 = (zo(z*xy))oy = (zoy)o(z*y)
andsozoy <w*y. Froma*(zoy) <y, weget 0 = (z*x(zoy))*y = (x*y)*(zoy),le,
zxy < zoy. It follows from (ab) that = *y = x oy so that X is a BC K-algebra. O

Let X be a pseudo-BCK -algebra. For any nonempty subset I of X and any element y
of X, we denote

#(y,I):={r € X |v*xyel} and o(y,]):={z € X |zoy eI}
Note that *(y, I) No(y,I) ={z e X |zxyel,zoy €I}

Definition 3.2. A nonempty subset I of a pseudo-BC K algebra X is called a pseudo-ideal
of X if it satisfies

(I1y 0e 1,

(I12) Vy € I, (y,I) C I and o (y,I) C 1.

Definition 3.3. A nonempty subset I of a pseudo-BC K algebra X is called a weak pseudo-
ideal of X if it satisfies (I1) and

(I13) Vy € I, *(y, I) No(y,I) C I.

Obviously, every pseudo-ideal is a weak pseudo-ideal. Note that if X is a pseudo-BC K
algebra satisfying @ « y = z oy for all z,y € X, then the notion of a pseudo-ideal and
an ideal coincide. Hence, in a positive implicative pseudo-BC K algebra, the notion of a
pseudo-ideal and an ideal coincide (see [4]).

Proposition 3.4. Let I be a pseudo-ideal of a pseudo-BCK algebra X. If x € I and y < =,
then y € 1.

Proof. The proof is straightforward. |

Theorem 3.5. For any element a of a pseudo-BCK algebra X, the initial section la =
{z € X |z < a} 1s a pseudo-ideal of X if and only if the following implications hold:

(i) Ve,y,ze X, axy <z, y <z = v <z

(i) Ve,y,z € X, 2oy <z y<z = 2 <z

Proof. Assume that for each a € X, Ja is a pseudo-ideal of X. Let z,y,z € X be such that
zdxy < z,zoy <z,andy < z. Thenx*y € |z, x 0oy € |z, and y € |z, that is, y € |z,
r € *(y,lz) and @ € o(y,lz). Since |z is a pseudo-ideal of X, it follows from (I2) that
x € z,1e., x < z. Conversely, consider |z for any z € X. Obviously 0 € |z. For every
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y € lz, let a € *(y,lz) and b € o(y,}z). Then a*xy € |z and boy € |z, ie., axy < z and
boy < z. Since y € |z, it follows from the hypothesis that ¢« < z and b < z, i.e., @ € |z and
b € |z. This shows that *(y,z) C |z and o(y, }2) C |z. Hence |z is a pseudo-ideal of X for
every z € X. This completes the proof. O

Theorem 3.6. Let I be a nonempty subset of a pseudo-BCK algebra X. Then I s a
pseudo-ideal of X if and only if it satisfies:

(i) Ve,ye,VzeX, zxy <z = z €1,

(ii) Ve,yeI,Vze€ X, zoy<az = z€ I

Proof. Suppose that I is a pseudo-ideal of X and let z,y € I and z € X be such that
zey<xand zoy < z. Then (z+xy)oxr =0€ I and (z oy) *2 =0 € I, which imply that
zxy € o(x,I) CTand zoy € x(x,I) C I. It follows that z € *(y,I) C T and z € o(y,I) C I.
Conversely, suppose (i) and (ii) are valid. Taking « € I because I is nonempty, we have
Oz <2 and 0o < 2. Using (i) and (ii), we get 0 € I. For every y € I, let a € x(y,I)
and b € o(y,I). Then a*y € I and boy € I. Note from (a2) that a ¢ (a*y) < y and
b*(boy) < y. Hence, by (1) and (ii), we have a € I and b € I. Consequently, *(y,I) C I
and o(y,I) C I. This completes the proof. U

Definition 3.7. A nonempty subset I of a pseudo-BCK algebra X is called a positive
implicative pseudo-ideal of X if it satisfies (I1) and for all x,y,z € X,

(I4) (z*xy)ozel,yozel = zoz el

(I3) (zoy)*kzel,yxzel = zxz€ L

Theorem 3.8. Any positive implicative pseudo-ideal 1s a pseudo-ideal.

Proof. Let I be a positive implicative pseudo-ideal of a pseudo-BC' K algebra X. For every
yel, letac€«(y,])and b€ o(y,I). Then (a*xy)o0=axy e land (boy)*0=boy e I
Since y*0 =y €I and y 0 =y € I, it follows from (p6), (I4) and (I5) that a = a0 € ]
and b=>b*0 € I so that *(y,I) C I and o(y,I) C I. Hence I is a pseudo-ideal of X. O

Theorem 3.9. Let X be a pseudo-BCK algebra. If I is a positive implicative pseudo-ideal
of X, then for every w € X, the set

Iy = *(w, I) N o(w,T)
18 a weak pseudo-ideal of X.

Proof. Assume that I is a positive implicative pseudo-ideal of X. Obviously 0 € I,. For
every y € I, let @ € *(y, L,) N o(y, [,). Then x +y € I, and z oy € I,,, which imply that
(xxy)ow €T and (xoy)*xw € I. Since y*xw € I and y ow € I, it follows from (I4)
and (I5) that  ow € I and « % w € I so that « € *(w,I) N o(w,I) = I,. This shows that
#(y, Iy) No(y, Iy) C I,. Hence I, is a weak pseudo-ideal of X. |

Proposition 3.10. Let I be a positive implicative pseudo-ideal of a pseudo-BCIK algebra
X. Then
(I6) Vo,y € X, (v*xy)oy €l = axyeclzoyel

Proof. Let z,y € X be such that (z xy) oy € I. Then (x oy)*y € I by (p3). Since
yoy=0€Tlandyxy =0 € I, it follows from (I4) and (I5) that z oy € T and 2 xy € I.
This completes the proof. O

Proposition 3.11. Let I be a pseudo-ideal of a pseudo-BCK algebra X that satisfies the
condition (16). If X satisfies the conditions

(rkz)o(y*z)Ra*y and (zoz)k(yoz)Razoy
for allx,y,z € X, then
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(I7) Va,y,z € X, (xxy)oz €l = (r*xz)o(y*z) €l
(I8) Va,y,z € X, (zoy)*xz€l = (roz)x(yoz) €l

Proof. Let x,y,z € X be such that (z *y) oz € I. Since

((o(yx2))*xz)oz=((xx2)o(yx2))oz =X (z*y)oz
it follows from Proposition 3.4 that ((z ¢ (y * z)) * z) o 2 € I so from (I6) and (p3) that

(zxz)o(y*xz)=(xo(y*z))*z € . Assume that (v oy)*xz € [ for all z,y,z € X. Note
that

((zx(yoz))oz)sz=((zoz)x(yoz))*z<(zoy)*z
Hence, by (p3) and Proposition 3.4, we have

((xx(yoz))*xz)oz=((r*x(yoz))oz)*z €l
Using (p3) and (I6), we get (z 0 2z) * (yoz) = (v * (yoz))*z € I. This completes the
proof. |

We give conditions for a subset of a pseudo-BC K algebra to be a pseudo-ideal.

Proposition 3.12. Let I be o subset of a pseudo-BCK algebra X satisfying (I1) and
(19) Vo,y,z € X, ((zxy)oy)*xz€l, 2] = zoyel,

(110) Ya,y,z € X, ((zoy)*xy)oz€l, 2€1 = vxy€ I

Then I s a pseudo-ideal of X.

Proof. For every y € I, let a € *(y,I) and b € o(y,I). Then a*y € I and boy € I. Hence
((ax0)o0)xy =a+xy € I and ((bo0)*0)oy = boy € I, which imply from (p6), (I9)
and (110) that « = ao0 € T and b = b+ 0 € I. Therefore *(y,I) C I and o(y,I) C I.
Consequently, I is a pseudo-ideal of X. O

Definition 3.13. Let X and 2) be pseudo-BCK algebras. A mapping f: X — 9) is called
a pseudo-homomorphism if f(z *y) = §(z) *f(y) and f(z o y) = f(x) o f(y) for all z,y € X.

Note that if f : X — 2 is a pseudo-homomorphism, then f(0x) = Oy where 0x and Oy
are zero elements of X and 9), respectively.

Theorem 3.14. Let § : X — Q) be a pseudo-homomorphism of pseudo-BCK algebras X
and Q). (1) If J is a (positive implicative) pseudo-ideal of ), then §'(J) is a (positive
implicative) pseudo-ideal of X. (ii) If | is surjective and I is a pseudo-ideal of X, then §(I)
18 a pseudo-ideal of ).

Proof. (i) Assume that J is a pseudo-ideal of ). Obviously 0x € § '(J). For every y €
§71(T), let a € #(y,f7'(J)) and b € o(y,§7'(J)). Then a*xy € {7'(J) and boy € §'(J). It
follows that f(a)*f(y) = f(axy) € J and §(b)of(y) = f(boy) € J so that f(a) € *(f(y), J) C J
and §(b) € o(f(y),J) C J because J is a pseudo-ideal of X and f(y) € J. Hence a € 7' (.J)
and b € §7'(.J), which shows that x(y,§7'(J)) C §7'(J) and o(y,§"(J)) C §7'(J). Hence
§71(J) is a pseudo-ideal of X. If .J is positive implicative, let z,y,z € X be such that
(z*xy)ozef ' (J)and y oz € §7'(J). Then

(f(2) #§(y) o §(z) = f((z xy) 0 2) € J
and f(y) o f(z) = f(y 0 z) € J. It follows from (I4) that f(z ¢ z) = §(z) ¢ f(z) € J so that
xozef '(J). Suppose that (z oy)*z € § 1(J) and yx z € §'(J). Then

(F(z) o (y)) #§(z) = f((z oy) x 2) € J
and f(y)=*f(z ) f(yx2) € J. Using (I5), we have f(z*z) = f(x)*f(z) € J and so xxz € § 1 (J).

Therefore ' (.J) is a positive implicative pseudo-ideal of X.
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(ii) Assume that f is surjective and let I be a pseudo-ideal of X. Obviously, Oy € f(I). For
every y € f(I), let a,b € Y be such that a € *(y,§(I)) and b € o(y,§(I)). Then a *y € §(I)
and boy € §(I). It follows that there exist x,,x, € I such that f(2.) = axy and f(2,) = boy.
Since y € §(I), there exists , € I such that f(z,) = y. Also since § is surjective, there exist
zq,xp € X such that f(x4) = a and f(xp) = b. Hence

f(za ¥ 2y) = f(za) ¥ (2y) = ax y € §(I)

and

flwo o xy) = f(xs) o f(xy) = boy € (1),
which imply that z, * , € I and 23 ¢ x4y € I. Since I is a pseudo-ideal of X, we get
z, € *(xy,I) C I and a3 € o(ay,I) C I, and thus a = f(z,) € f(I) and b = f(ap) € f(I).
This shows that *(y,§(I)) C §f(I) and <(y,§(I)) C f(I). Therefore f(I) is a pseudo-ideal of
9. O

Corollary 3.15. Let §f : X — ) be a pseudo-homomorphism of pseudo-BCK algebras X
and ). Then the kernel Ker(f) := {x € X | j(z) = 0p} of § is a pseudo-ideal of X

Proof. The proof is straightforward. |

Open Problem 3.16. (i) Under what condition(s), is the set I, described in Theorem 3.9
a pseudo-ideal?

(ii) Is there a weak pseudo-ideal which is not a pseudo-ideal?

(ii1) If I is a pseudo-ideal of a pseudo- BC K -algebra X satisfying the condition (I6), then
is I a positive implicative pseudo-ideal of X?
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