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ABSTRACT. In this paper, we discuss the BC'I-algebras satisfying (T*y)*:k < ax(yxz),
where k is a fixed positive integer,and give some properties of such algebras.

1. Introduction and Preliminaries In [1], Q.P.Hu and K.Iseki discussed the BCI-
algebras satisfying (x * y) * z = z * (y * z), which is called an associative BCI-algebra.
Moreover, it’s proved that X is associative if and only if 0 x 2 =  for all in X. In [2],
W.Huang discussed the BC I-algebras satisfying 0 * 2% = x, which is called a K-associative
BC1I-algebra. Moreover, it’s proved that X is k-associative if and only if (z * y) * 2% =
z* (y*z). In [3], C.C.Xi investigated the BC'I-algebras satisfying (v % y) * z < x * (y * z),
which is called a quasi-associative BC'I-algebra. In this paper, we discuss the BC'I-algebras
satisfying (x * y) * z¥ < @ # (y * z), which is called a generalized K-associative BC I-algebra.

For any elements =,y in a BCI-algebra X, we use v * y" denotes the elment (- (x *
y) *y--) %y, where y occurs n times.

A BCT-algebra is an algebra (X;*,0) of type (2,0) with the following conditions.

(1) (e 5 y) % (5 2)) = (= 59) = 0

(I) (z *x (z *xy))*y =0

(III) zxx =0

(IV) z xy =0 = y * = implies = = y.

For a BCI-algebra X,P(X) = {¢ € X | 0% 2 = 0} is called p-radical of X. If
P(X) =0, then we call X is a p-semisimple BCI-algebra. For any positive integer k, put
Ne(X)={z € X |0*2* =0}.

Definition 1.1 A BCI-algebra X is called a generalized K-associative if (z * y) * 2% <
z* (y*z) for any z,y,z € X.
It’s clear that if X is a generalized K-associative BCI-algebra then 0 % 2! = 0. In

fact, let * =0 and y = z = x, we have 0 x 2FT1 < 0% (2 * ) = 0, that is, 0 % 2¥+! = 0.

Lemma 1.2 ([2]) Let X be a BCI-algebra and P(X) the p-radical of X. Then X =
NE+1(X) for some positive integer k if and only if X/P(X) is K-associative.

Lemma 1.3 ([2]) Let X be a BCI-algebra and k a positive integer, then the following
conditions are equivalent:

(i) 0% 2 = 0 (0 zF)

(ii) 0% (0% 2) = (0 % z*)

(111) S 17\7k+1(:X)

Lemma 1.4 ([2]) Let X be a BCI-algebra and k a positive integer, then the following
conditions are equivalent:

(i) X is K-associative

(ii) (2 * y) * 2%

2000 Mathematics Subject Classification. 03G25,06F35.
Key words and phrases. K —associative, generalized K-associative, K —radical.

=a*(y*z) for all 2,y and z in X.
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Example 1.5 (i) Any K-associative BCI-algebra is generalized K-associative.
(i1) Let X = {0,a,b} and * be given the table

Then X is generalized K-associative, but not K-associative.

2. Main Results

Theorem 2.1 Let X be a BCI-algebra and P(X) the p-radical of X, then the following
conditions are equivalent: (i) X is generalized K-associative.

(ii) 0% 2¥ = 0 (0 * x) for any = € X.

(ii1) X/P(X) is k-associative.

Proof. (i) implies (ii) Assume X is generalized K-associative, we have (0 % 0) * z
0% (2 * 2), that is, 0% 2¥ < 0% (0% 2). On the other hand, we have (0 * (0 2)) * (0 * 2¥)
0% ((0x2)x2%) =0 (0% k) =0

(ii) implies(i). Assume that 0% 2 = 0 * (0 * z) holds for any z € X, we have

k

A

IN
—~ e~
o~~~

that is, (zxy)* 2% < 2 *(y*2) for any 2,y, 2 € X. Therefore X is generalized K-associative.
(ii) implies (iii). Assume that 0 * z¥ = 0% (0 * 2) holds for any » € X, we have
x € N¥1(X) by Lemma 1.3. Hence X/P(X) is K-associative by Lemma 1.2.
(iii) implies (ii). Assume that X/P(X) is K-assoacitive, we have X = N**t1(X) by
Lemma 1.2, and that 0% (0 z) = 0 x 2* for any + € X by Lemma 1.3.

Theorem 2.2 Every generalized k-associative BCI-algebra contains a K-associative BCI-
algebra A(X) such that X/P(X) =2 A(X).

Proof. Put A(X) = {z € X | 0*2F = 2}, it’s a k-associative subalgebra. Define a
homomorphism by

O A(X) = X/P(X)

Let (X) = Cy for some @ in A(X), this means C, = Cy and v € P(X). Hence z = Oxz* =0,
and @ is monic. From Theorem 2.1, we know that X/P(X) is K-associative, therefore
Cr = Cy x CF = Cqy,,» holds for each = in A(X). Which shows that is epimorphism,
because 0 * 2¥ € A(X). This completes the proof.

Definition 2.3 An ideal [ is called generalized K-associative if for each x in I, we have

0+ =0x(0*x).
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Theorem 2.4 Every BC'I-algebras contains a maximal generalized K-associative ideal,
which is also a subalgebra.

Proof. Put Q(X) = {z € X | 0% 2% = 0% (0% 2)}, then it’s a subalgebra. In fact,
Assume z,y € Q(X), then 0% 2% = 0 (0% 2) and 0+ y* = 0% (0 * y). Hence 0 (z *y)*¥ =
(0% F) (0 y™) = (04 (0 2)) % (0% (0 y)) =04 ((02) % (04y)) =0 (0 (2#y)) and
that = *y € Q(X). Now we show that it’s also an ideal of X. Assume y,z *y € Q(X),
then 0% y**1 = 0 and 0 (z * y)**! = 0. Hence (0% 2)F x (0% y*) = 0 (z xy)F <z xy
and (0 % 2%) % (2 x y) < 0xy*. That is, (0% (z * y)) * ¥ < 0% y*. Hence 0 * 2% =
(0% (zxy)) % a®) % (0% (x5 y)) < (0% y*)* (0% (z xy)) < (z *y) *y*. Therefore
(0xaFyxz < ((zxy)*y*) sz = (xx2)*y)*y* = 0%y = 0. This implies that = € Q(X).
The proof is completed.
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