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ESTIMATION AND TESTING FOR ARCH MODELS
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ABsTRACT. This paper considers the problem of estimation and testing for ARCH
models under the assumption of conditional correlation. For a bivariate model with
unknown volatility parameter vector, we construct an estimator for this parameter
vector using the conditional least squares estimator given by Tjgstheim (1986). Such
an estimation procedure is applied to more general ARCH models. Next we turn
to discuss the testing problem for the multivariate model in the setting of Taniguchi
and Kakizawa (2000), based on a quasi-Gaussian maximum likelihood estimator. The
results show that the tests such as Gaussian likelihood ratio (GLR), Wald (W), and
Langrange multiplier (LM) provide asymptotic equivalent procedures for testing a gen-
eral linear hypothesis. For a composite hypothesis, the limiting distribution of such
tests is derived in a parametric form. The W test is used for constructing approximate
confidence intervals. As an example, the local power property is illustrated.

1. Introduction

Analysis of financial data has received a considerable amount of attention in the liter-
ature during the past two decades. Several models have been suggested to capture special
features of financial data and most of these models have the property that the conditional
variance depends on the past. One of the well known and most heavily used examples
is the class of ARCH(p) models, introduced by Engle (1982). Since then, ARCH related
models ( e.g., GARCH, GARCH-M, EGARCH) have become perhaps the most popular and
extensively studied financial econometric models. The implementation of these parametric
models is relatively simple, and from a practical point of view, it is well known now how to
identify, estimate, and test this kind of model (for a description of these models and some
empirical evidence, see the survey by Bollerslev et al. (1992)). Moreover, Giraitis et al.
(2000) discussed a class of ARCH(o0) models, which includes that of ARCH(p) models as a
special case, and established sufficient conditions for the existence of a stationary solution
and its explicit representation.

In classical time series anaylsis the asymptotic estimation and testing theory were devel-
oped for linear processes, which include the AR, MA and ARMA models. Liitkephol (1991)
extended these results to the case of vector process and discussed the asymptotics of the
classical testing principles such as likelihood ratio (LR), Wald (W), and Langrange mul-
tiplier (LM) under the null hypothesis. More specifically, he derived the null asymptotic
distribution of a Gaussian likelihood ratio (GLR) test for a vector-valued non-Gaussian
AR process. Taniguchi and Kakizawa (2000) elucidated the asymptotics of tests based on
Gaussian likelihoods for non-Gaussian vector linear processes. Their approach provides a
convenient framework for many testing problems in the literature.

In this paper, we focus attention on the problem of estimation for bivariate ARCH,
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and estimation and testing for multivariate ARCH models under the assumption of con-
ditional correlation (for a review of these models, see e.g., Bollerslev (1987); Bollerslev et
al. (1988); Engle and Kroner (1995)). Such models allow the variances and covariances to
depend on the information set in a vector ARMA manner and are particularly useful in
multivariate financial models. More concretely, the paper is organized as follows. Section
2 presents the conditional least squares estimation approach in the context of nonlinear
time series given by Tjgstheim (1986). Using this result, in Section 3, we first discuss the
problem of estimating the bivariate ARCH model with unknown volatility parameter vec-
tor. Then we apply these results to more general ARCH models. Section 4 discusses the
testing problem for the multivariate ARCH model in the setting of Taniguchi and Kakizawa
(2000), based on a quasi-Gaussian maximum likelihood estimator. The testing principles
GLR, W, and LM provide asymptotic equivalent procedures for a general linear hypothe-
sis. Then the limiting distribution for a composite hypothesis of such tests is derived in a
parametric form. The W test is used to construct approximate confidence intervals. Based
on the results by Sakiyama and Taniguchi (2003), the local power is highlighted in Section 5.

2. Conditional Least Squares Estimation

In this section, we state Tjgstheim’s result (1986) which was essentially obtained by
reformulating and extending the arguments of Klimko and Nelson (1978) to nonlinear time

series.

Let {X; : ¢t = 0,%1,...} be a strictly stationary and ergodic process taking values
in R?. In addition, suppose that E{|X||?} < oo, where | - || denotes the Euclidean
norm. Suppose that observations (Xy,...,X,,) are available. The probability distribution
of (X1,...,X,) is specified by an unknown parameter vector 3 = (81,...,3)7 € B C R".
Its true value is denoted by Y. Then consider a general real-valued penalty function
Q,(8) = Qn(Xy,... ,X,;3) depending on the observations and a parameter vector 5 € B.

Let us now specify the penalty function. Let Fy(1) be the o-field generated by {X,
t—1 < s <t}, where [l is an appropriate integer. If {X,} is a nonlinear autoregressive model
of order k, we can take [ = k. Write mg(t,t — 1) = Eg{X¢|Fi—a1 (D) }.

Consider the penalty function

Qu(B) = > AXi—mpt,t = 1)}T{X —my(tt — 1)}
t=p+1
The CLS estimator 3,(10LS of (3 is defined by 3} (OLS) _ = argmingep @, (5).
Then, under some regularity conditions of Cramer type, Tjgstheim (1986, pp. 254-256)
showed that

BOLS) 25 50 and m(BCES) _ o) 4 N0, % RU ) as n — oo,

where

U = E{;Bmgu(t t— )88377130(1‘ t— 1)} and

K

{;ﬁmgo( DXy —mpo(t,t — 1) Xy —mpo(t,t — 1)}T%m’go(t,t — 1| < o0.

The CLS estimation approach provides a unified treatment of estimation problems for
widely used classes of nonlinear time series models. Based on such an estimation approach,
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Tjgstheim (1986) applied it to several classes of nonlinear models.
3. Estimation of ARCH models

In the present section we will first discuss the problem of estimation for a bivariate
ARCH model to illustrate the key ideas based on the preceding framework. Then we apply
such an estimation procedure to more general ARCH models.

3.1 Bivariate case

To begin with, let us suppose that a bivariate time series {X; = (X 4, X2 ()7} follows
an ARCH(p) model characterized by the equations

)
P
Xi=Axqee, Hxi= E(‘YtXf/T|yX,t—1:) =Axo+ Z Ax; © (‘Yt—thT—j:)v t>p+1,
=1

where @ stands for the Hadamard product (element-by-element multiplication), #x ; is the

o-field generated by {X;, X;—1,...}, &1 = (51,“52,,‘,)T ~ 1id. A(0,T),

_ 1 P12
F(,Om 1 )7 |p21‘<1:

with corresponding fourth-order cumulant k. = (/{8,1,%572)T, Hx i = (hijz) = AxTAx
is a 2 x 2 symmetric matrix, Ax; = diag{\/h11.4, /h22+}, Axo and Ax ;, j=1,...,p,
are unknown volatility parameter matrices, and ¢ is independent of Fx 1—1.

In the sequel, we will use the following identities. Let Cy, Co, C3 and C, be matrices
whose dimensions are such that the products C1C3C3, C1Cs and C3Cy exist. Further,
suppose that C; and C5 are nonsingular. Then

(Bl)  vec(C1C2C3) = (CL @ Cy)vee(Cy),
(B2)  (C1@Co)(C3 @ Cy) = C1C3 @ C2Cy,
(BS) (Cl ® Cz)_l = Cl_l ® 02_1,
(B4) (C1oG)"=C{ 0],
where @ denotes the tensor product (for the definition of vec(:), see e.g., Magnus and
Neudecker (1999)).
For the ARCH specification to be sensible, Hx ¢+ must be a positive definite matrix for
all possible realizations of X;_;. Note that the time evolution of Hx ¢ is governed by that

of hi1,¢. hoy ¢ and hiy ¢ = pr2+/ha1,thos,s. Therefore, to model the volatility of Xy, it suffices

to consider the following representation

2
hll,t a10 P ayi,; Q12,5 413 X17t_]‘
hX,t = h12,t = 20 + E az1,5 Q22,5 dA235 Xl,tijQ,tfj
" 2
hZZt @30 j=1 a31,5 32,5 4335 XZJ,]‘

p
ax,o+ Z Ax i Zx 41—, t>p+1,

Jj=1

)
>
Il

which satisfies the following conditions.

Assumption 1.
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(1) The volatility parameter vector x = (a?o,vecT(}iX’l), ovecl(Ax )T € Ox ©
R* is to be estimated, where O x is compact and k = 3(3p + 1);

(ii) hj;+ > 0 ae., 7 =1,2, and I is positive definite;

(iii) AXJ-, j=1,...,p, satisfy /\(AXJ +-- -—&—le,p) < 1, where A(¢) denotes the maximum
eigenvalue of ¢ in modulus.

The condition (ii) guarantees positive definiteness of Hy ¢, and (iii) is a sufficient con-
dition for {X;} to be stationary and ergodic (see Engle and Kroner (1995)). If Ax ;.
Jj = 1,...,p, are diagonal matrices, the model will be called diagonal ARCH (see e.g.,
Gouriéroux (1997, p. 111)).

Write Wx 4 = (17Z§,t—17 ... ,Z§7t_p+1)T and (x + = Zx 1 — hx . Then, using (B1), we
have the following autoregressive representation

(3) Zx:=(WE -1 @ I3)0x + (x o,

where I3 is the 3 x 3 identity matrix. Notice that E[Zx ¢|%#x 1—1] = hx,, and therefore,
hx : is the prediction of Zx ; when its past is known, and (x ; is the error term. Write

(4) Q(0x) = ElCx (X 4| Fx =] = E[(Zxs — hx,)(Zx 1 — hx) | Fx -1

Now consider the estimation of fx. Suppose that an observed stretch (X7, ... ,Xn)
available. The true value of 8y is denoted by 6%. Hence, from (B2), (B3) and (3), th

conditional least squares estimator for x is given by

n -1 n
(5) b = [( 3 1/1/’x,f_1W§,t_1> ® 13] [ S (W @ 1) Zxd].
t=p+1 t=p+1

Let us impose the following assumption.

Assumption 2.
E{||Zxll*} < oo

Sufficient conditions to validate this assumption is given by Giraitis et al. (2000).
Write

Ux = [E(Wx -1 Wx,_)]@L and Zx = E[(Wx -1 @ I3)(605%) (W ,_, © I;)].

Then we have the following result.

Theorem 3.1. Suppose that the process {Zx 1} given by (8) satisfies Assumptions 1 and
2. If Ux and Zx are positive definite matrices with bounded elements, then as n — oo,

(1) there exists a sequence of estimators {éxn} such that éX'n AN 0% .

(11) \/_(GXn —>JV(O Uy lﬂx% b,
Proof. In view of (3), we have

Omygy (t,t — 1)

mey (8, —1) = (WX 1 @ I3)0x and
00x

= (Wx -1 @ I3).
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Now, using Assumption 2. it is not difficult to show that the regularity conditions of Cramer
type given in Tjgstheim (1986) are satisfied.
Observe that

n -1
Oxn—0x = [((n -ty L1/XJ_1W§J_1> ® 13]
t=p+1

n

X [(n —p)7" Y (Wxaa @Ig)CX,t:|.

t=p+1

Since, by Assumption 2, {14/’1\/’,5_1%’;#1@]3} and {(Wx 1—1®1I3)(x ¢} are strictly stationary
and ergodic. Moreover, % is finite, and E[(Wx ;-1 ® I5)(x ] = 0. Thus, by the ergodic

theorem,

n
(n—p)™" Y (Wx Wi, )@l “5 %, and
t=p+1
(n=p)" Y Wy @I)(xa =3 0,
t=p+1
which imply éX,n Ny
Next we derive the limiting distribution of éX,n~ For any given vector a = (ag, ... , ozk)T =+

0, it follows from (B4), the Cramer-Wold device and Billingsley’s theorem (1961) for mar-
tingales that the distribution of

n

(n— P)_”2 Z O"T(I/VX,tfl @ I3)Cx e

t=p+1

converges to the normal distribution with mean zero and variance

El(0"(Wx,1®I)ix)"] = Ela"(Wx1 0 L)E[Cx,Cx | Fx 1] (Wx 4 © Is)al]

= o'Rxa asn — .

Thus, by Slutsky’s theorem, the assertion (ii) follows. Hence the proof is completed.
3.2 Multivariate case

In the preceding subsection, we described the estimation procedure for the bivariate
ARCH model. Based on such an estimation procedure, it is natural to consider modeling
the ARCH model in a higher dimensional situation.

Let {Yi=(X1y4,... 7Xm’,g)T} be an m-variate time series generated by

P
Yy =Ayiéi, Hy,=ENVY | Fyia)=Avo+ Y Av; 0V Y, t2p+1,

J=1

where Fy, is the o-field generated by {Y;,Yi_1,... }, & = (614, - - - ,5m,t)T ~1id. A0, f‘)

1 pi2 Pim

N . 1 :

I'= p?z ' ' o lpijl < 1,
: - P(m—1)ym

P1im p(m—l)m 1
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with corresponding fourth-order cumulant ks = (ke1,. . . ckzm) L Hyy = (hiji) = Ayﬂngy,t
is an m x m symmetric matrix, Ay; = diag{\/h11,4,... . V/Pmm}, Avo and Ay, j =
1

analogy with (2), the corresponding representation of Hy ¢ is given by

,...,p, are unknown volatility parameter matrices, and &, is independent of Fy ;. By

10 p 11,5 0 Qlg,j
hy:=vech(Hy;) = + Z vech(Yt,thzj)
=1

aq0 Agr1,j  ~° Oqq,g

p
= ayo+ ZAY,]‘ZY‘tfja t>2p+1,

=1

where ¢ = m(m + 1)/2.
We now impose the following conditions.

Assumption 3.

(i) The volatility parameter vector 6y = (aSF[/j’O,\IeCT(AY‘l), e ,V’ecT(fiy"p))T € 0y CR?
is to be estimated, where Oy is compact and s = m(mp + 1);

(ii) hiiy > Oae,2=1,...,m, and [ is positive definite;
(iii) Aym j=1,...,p, satisfy /\(./-/IYJ -t ‘Zly,p) < 1 for stationarity.

The condition (ii) ensures the positive definiteness of Hy ¢ (see e.g., Engle (1995, p. 302)).
Write Wy ¢ = (1, Z;tq Ve 7Z37;,t—p+1)T and (v: = Zyt — hy:. Then

(6) Dy = (Wfﬁjfjt—l ® Iq)eY + (v,
where I, is the ¢ x ¢ identity matrix. Recalling (4), we write
Q(0y) = E[Cyvile | Pyiai] = E[(Zys — hyvi)(Zyi — hya) | Fyimi].

Based on an observed stretch (Y7, ... .Y, ), we shall estimate 0y-. Its true value is denoted
by 6. Hence, by analogy with (5), the conditional least squares estimator for #y is given

by

n —1 n
(7) by n = [( > 1/1/'Y7t_1v1/’$t1> ® ]q} [ > (Wyier @ 1) Zya|.
t=p+1 t=p+1

By writing
Uy = [E(Wy Wi, )@ 1, and Ry = E[(Wy,1 @ L)Qu(03) Wy, @ 1,)],

we can establish the asymptotics of (7) via the ergodic theorem and Billingsley’s theorem
(1961) for martingales similarly as in Theorem 3.1.

Theorem 3.2. Suppose that the process {Zy+} given by (6) satisfies Assumption 3. If Uy
and Xy are positive definite matrices with bounded elements, then as n — oo,

(1) there exists a sequence of estimators {éY,n} such that ij"n L5 6y

(i) /r(Oy.m —00) =L N0, U7 Ty UT).
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4. Testing problem in multivariate ARCH

An application of any statistical model to data desires to have diagnostic tests avail-
able for checking the model’s ability to describe the data, once the model has been esti-
mated. This section considers the classical testing principles such as Gaussian likelihood
ratio (GLR), Wald (W) and, Langrange multiplier (LM), which provide a convenient frame-
work for deriving such tests. The W test is used for constructing approximate confidence
intervals.

Consider the multivariate ARCH model,

Iy = (WVTH ® I,)0y + Cve.

Recalling Q4(0y) = E[(v: L;t\yy‘t_l], we can under the stationarity condition, set 1 =
E{Q:(0y)}. The spectral density matrix of {Zy .} is given by

FO) = 5o AT AT,

where A(\) = I, —21;:1 A}Q,je"j)‘. Henceforth we are interested in a k-dimensional unknown
parameter ¢, and suppose that ¢ is innovation free, i.e., § is independent of ¢.
Let

n n

In(A) = Zin {Z(Zy‘t - Zy‘t)em}{Z(zm - ZY’t)gM}*

t=1 t=1

be the periodogram of the partial realization of {Zy;}, where ZYJ =n! Z?:l Zy,; and *
is the complex conjugate transpose. We write the spectral density matrix f(A) as fo(N).
Suppose that we wish to test

(8) Hy:Cop—r=0 against Hy:Cod—r #0,

where C' is a specified (k — ) x k matrix of full rank, and r is a specified k — [ vector with
E = dim(¢).

In order to estimate ¢, we use the results of Hosoya and Taniguchi (1982) who considered
its estimation by minimizing the quantity

™

(9) D(for I) = / llog det £5(A) + tr{fs(A) " Zu(A)}JdA,

-7

where det(-) and tr(-) stand for the determinant and trace, respectively. The motivation of
this quantity stems from approximated Gaussian likelihoods although Gaussianity of { Zy ¢}
is not assumed.

Let gg(QML) be the quasi-Gaussian maximum likelihood estimator of ¢ minimizing (9).
Then, under general regularity conditions, they showed that

(10) VRGOV — ) = M(0.F (),

where
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Hence, in view of (8), we have

(11) VR(CHOMD) — ) s (0, CFH($)CT).
Let

QML) — aro : 9 7
¢ arg min 7 (fo, In)

be the restricted quasi-Gaussian maximum likelihood estimator of ¢. Then the Gaussian
likelihood ratio (GLR) test statistic is given by

n
GLR = %{g(f(g(qmm In) = -@(qu(QML)vfn)}'
Motivated by (11), the Wald (W) test statistic is given by
W = n(c(g(QML) _ T)T[ijfl(QE(QRIL))CT}fl(Cé(QML) _ 71)'

The Langrange multiplier (LM) test statistic is of the form

n (0 o 9
— ( f- - QML -
LM = m?(a_ég(,f¢(QN1L)7jn)> F 1((ﬁ( I ))(8—¢@(f¢iQML),fn)>7

which is based on the restricted estimator QE(QML). Hence, under appropriate regularity
conditions, it can be shown similarly as in Taniguchi and Kakizawa (2000, pp. 60-63) that
the limiting distribution of the tests GLR, W, and LM when Hy is true tends to x7_; as
n — 0.

In summary we have three test procedures with equivalent asymptotic distribution under
Hy. The GLR statistic involves both the restricted and unrestricted QML estimator, the
LM test statistic is based on the restricted estimator only, and the W test statistic requires
just the unrestricted estimator. The choice among the three procedures is often based on
computational convenience. The W test has a disavantage that it is not invariant under
transformations of the restrictions.

The hypothesis (8) reduces to the following problem of testing composite hypothesis

(12) H} o = oo against HY: ¢y # dap,

where ¢ = (67, 65)7, d1 = (1. 60T b2 = (94, )T and doo = (471, 6h)7,
a specified vector and (¢f7¢§0)T € Tnt(Ox). Write HeML) ((qggQML))T’(A(QQML))T)T
under H7% and define q;gQML) by

S(QML)

qﬁl = argr%iln '@(f(%@zn)?jn)'

For (12), we use the followings:

. n
GLR = 5 {9 gamnr yomnr o ) = W f a4, 0 5
W= n(@2M = 620) TG (S OMINGTTTH SN — ).
) T
n 0 5
o = Ly, .0 Fi(g(@Mn)
1672 <8¢@(f¢' ) ¢:(}>(QML)> \ )

0
9 (%%m@

)
¢,:(}(QML)>
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where G = [0, I;—q], a (k — 1) x k matrix with Iy, the (k —1) x (k — ) identity matrix and
HeML) — (((E’)gQML))T, éZO)T is the restricted estimator of ¢ under Hj.

Now we proceed to derive the limiting distribution of the tests GLR*, W*, and LM*
under H{ in the setting of Sakiyama and Taniguchi (2003). Partitioning the information
matrix conformably with ¢1 and ¢, yields

, iy Py
F(¢) =
(r ) ( F’}I F22 ) ’
where the component matrices Fiq, Fyy and Fiy are I x I, (k—1) x (k —=1) and I x (k —1),
respectively. If K = Fyy — F21F1_11F12, then provided F1_11 and K1 exist, the inverse of
(o) is

RN F'+L  —F'Fi,K?
(13 o= (g T,

where L = F[' Fio K1 Fy1 F[;' (see e.g., Rencher (2000, p.21)). Write v = \/H(Q;(QML)f@,
w= \/ﬁ(qggQML) — 1) and u = (w?,0T)T. Then, under H{, it is not difficult to show

(14) GLR = (u— ) F(#)(u — v)(1 + 0y(1).
Observe that

v o= FOY Lo £ 01,
(15) uo= I G(f 20+ 01)),

J<oﬁ>—<Fgl 8)

From (15), the expression (14) becomes

16)  GLR® = Y200 SNET )~ T Y (s Fu)(1 +0,(1)

Recall (10):

(17) 80 D fur ) L O F(9)),
which, together with (13) and (16), leads to

GLR* = Ql1p-Qcrre + 0p(1),
where

, ,_ o _ d
Qcrr = —(47) ' K=" \\/n=——D(f4, In) — Far F3\/n=—D(fs, In)|-
0o Od1

In view of (17) we can see that Qarp» 4, A(0,Ix—;), and hence,

GLR* -4 Xi_; under HE.
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Next we consider the W* test. From (13) and (15), it follows that

VABOMD _ g ) = _(am) T K [i9<f¢,fn> B @(fwn)}(l Top(1)).

02 L 01
Write
e~ 0 LD |
QVV* = 7(‘477) I& \/ﬁi@(‘fqg,jn)*FQlFll \/Ei@(fﬁ),fn) y
D I
from which,
W = VK 2 (69— gy ) TVRE 2 (SN — gy 0) = Qe Qure + 0, (1).
Then, using the fact that Q- LN A0, Ix—_1), it follows that
wr -4 Xi_;, under H.
In the same way as in GLR*, we get
LM* -5 N2, under HE.

The above results are summarized in

Proposition 4.1. For the testing problem (12), the limiting distribution of the tests GLR*,
W*, and LM* under Hf tends to x5_, as n — oo.

The asymptotics of the W test is used to construct approximate confidence intervals.
Suppose ¢ is partitioned as ¢ = (¢, 61 )7, where ¢, is the first component and also the
parameter of interest, and ¢y is the (k — 1)-vector of the remaining components. By re-
ordering and relabeling the components of ¢ if necessary, ¢ can be taken to be any of the
components of ¢. Write é(QML)(cbl) = (¢1, (c,zA/)gQML)(cﬁ)l))T)T7 and denote by égQM’/) the
QML estimator of ¢;. Then the approximate level 100(1 — @)% confidence intervals for ¢,
is given by

(o1 (M — 01 PPGM) <57 (1 - ),

where S is the distribution function of the X% distribution with one degree of freedom. The
interval derived from this test reduces to

MY =2 E RGO 1 af2), HOVE T PO D)0 (1 - af2))
where ®(z) = [7__(27)7 /27024t
5. Local power evaluation

In this section we provide a heuristic analysis in terms of local power based on the

results of Sakiyama and Taniguchi (2003), and the previous section. For this, it is natural
to consider the first-order bivariate ARCH model of the form

2
hn,t aio ai 0 0 X1 =1
2
hy = hia = azo + 0 axy O X1 X011
2
haa 1 asp 0 0 ass XQJ_1

Il
2
<
+
S
N
|
X
A
A
3
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where a1g > 0, azg > 0, azo > 0, and ay; > 0, azz > 0, ajjaszz —ad, > 0. Write & = Z; — hy.
Then Z; = ag + AZi—1 + (;. Note that E{E[((l|F#1]} = Q = (wij), 1,5 = 1,2,3,
and is independent of A, where %#; is the o-field generated by {X;, X, 1,...}. Write
é = ((ﬁ,{,(ﬁg)T, (Z/)l = (wll,uJQQ,uJ337uJ217W317W32)T7 (ﬁz = (a117a227ar33)T. Then the spectral
density matrix is given by f4(\) = (2m) TAN) TQ{AN)*} L, where A(\) = I3 — Ae™.

Let us consider the problem of testing composite hypothesis

Ho . 952 = 05270 against HA . QSQ ;é ¢2‘0,

where ¢2 0 = (a11,0, @220, a3370)T is a specified vector. From the definition of F(¢), we have

the followings:

1 /7 90 5}
Fy = — | ZLlogfs(\)—1 A)d),
3 e LT

I 0

F = FL=_— —log fe(A\)=—=1 A)dX =0
(6>1<§) 21 ar | 0¢n 0g fol )aé; og fs(A) )

1 (7 0 5}
F = — —1 A)=—=1 A)dA
Foo = g [ gl s S

(1—afy)™? (1 —ajazn)™t (1 —ajjass)t
(1 —agjaz)™! (1—a3y)! (1 — axzazs)™!
(1 —aiass)™t (1 —anass)™t  (1—aj;)""

Hence, K = Fyy — F$F1_11F12 = Fyy, and from the result by Sakiyama and Taniguchi
(2003), the local power of the test with asymptotic level z, is given by

dN(F)*h,I;), heR.
[z, z2l,|2a|>2a
For ¢9 o = (0.3,0.1,0.2),(0.9,0.1,0.8),(0.9,0.7,0.8), and o = 0.05, Figure 1 provides the
local power. Note that for these choice of the parameter values, the concerned conditions

are satisfied. An interesting feature is that the local power increases when the components
of ¢, ¢ increase, which means that h//n approaches zero at the rate of 1/y/n.

10

o 05 1 15 2 25 3
h
Figure 1: Local power with o = 0.05
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