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COMPLEX MATRIX VARIATE CAUCHY DISTRIBUTION
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ABSTRACT. In this article the authors have defined the complex matrix variate Cauchy
distribution. The density function has been derived using complex random matrices
having dependent normal entries. Some properties of this distribution such as marginal
and conditional distributions and distributions of linear and matrix quadratic forms
have also been studied.

1 Introduction. In statistical distribution theory, if * and y are independent standard
normal variates, then the p.d.f.(probability density function) of the ratio z = z/y is given
by

1 1 B
(1.1) ;'H—ZZ,—OO<;:<OO.
The above density function, that is commonly referred to as the Cauchy density, has been
studied in the mathematical world for over three centuries. The curve proportional to
(¥? + a?)~! has drawn attention of various people including Sir Isaac Newton, Gottfried
Leibnitz, Christian Huygens, Guido Grandi and Maria Agnesi. For the systematic treatment
of this distribution the reader is referred to Johnson, Kotz and Balakrishnana [13].

In the matrix variate case, the variables x and y are replaced by the independent ran-
dom matrices X (p x r) and Y (p X p) with entries having independent standard normal
distribution. The matrix variate generalization of the ratio z = 2/y is 7 = Y~'X. The
p.d.f. of Z is given by

P

(rp—i+1)/2)
(12) H PT[(p—i +1)/2]

det(I, + 22"\~ P)/2 7 c RP*T.

Thus (1.2) is the natural matrix variate generalization of (1.1). Recently, Bandekar and
Nagar [2] defined and derived this distribution using independent random matrices X and YV’
having matrix normal distribution with dependent entries. They have also studied several
of its properties including marginal and conditional distributions, distributions of linear and
matrix quadratic forms.

In this article we propose and study complex matrix variate Cauchy distribution.

The complex matrix variate distributions play an important role in various fields of re-
search. Applications of complex random matrices can be found in multiple time series anal-
ysis, nuclear physics and radio communications (Carmeli [3], Krishnaiah [16], Mehta [17]
and Smith and Gao [19]). A number of results on the distribution of complex random
matrices have also been derived. The complex matrix variate Gaussian distribution was in-
troduced by Wooding [23], Turin [22], and Goodman [5]. The complex Wishart distribution
was studied by Goodman [5, 6], Srivastava [20], Hayakawa [10], Chikuse [4] and Gupta and
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Kabe [8]. James [12] and Khatri [14] derived the complex central as well as the noncentral
matrix variate beta distributions. Distributional results on quadratic forms involving com-
plex normal variables were given by Khatri [15] and Gupta and Conradie [7]. Systematic
treatment of the distributions of complex random matrices was given by Tan [21] which
included the Gaussian, Wishart, beta, and Dirichlet distributions.

In Section 2, the complex matrix variate Cauchy distribution is defined in its most gen-
eral form. This distribution is derived using the representation Z = Y !X when entries of
the independent random matrices X and Y are dependent complex normal variates with
zero mean. In Section 3, we study certain properties of the complex matrix variate Cauchy
distribution. Section 4 gives distributions of certain matrix quadratic forms involving com-
plex Cauchy matrix. In the last section, we derive the distribution of Z = Y ' X when one
of the complex normal random matrices has non zero mean matrix.

2 Complex Matrix Variate Cauchy Distribution. In this section we will define
matrix variate Cauchy distribution and derive it using Complex random matrices having
complex matrix normal distribution. We first state the following notations and results
(Khatri [14], Srivastava [20], Andersen, Hgjbjerre, Sgrensen and Eriksen [1]) that will be
utilized in this and subsequent sections. Let A = (a;;) be a px p matrix of complex numbers.
Then, A’ denotes the transpose of A; A denotes conjugate of A; A denotes conjugate
transpose of A; tr(A) = a1 + -+ + app; etr(A) = exp(tr(A4)); det(A) = determinant of A;
det(A)y = absolute value of det(A); A = A > 0 means that A is Hermitian positive
definite and A'/? denotes the unique Hermitian positive definite square root of A = A7 > 0.
Further, for the partition A = <ﬁ; iiz) ,det(Ay1) # 0, the Schur compliment is defined as

/ _ / =1
Aggy = Agy — Ay Ay Ay

Lemma 2.1 Let Z (p x n) and W (p x n) be complex matrices of functionally independent
complex variables and let G (p x p) and K (n x n) be nonsingular matrices. The Jacobian
of the transformation Z = GWK is J(Z — W) = det(GGH)™ x det(KK7)P,

Lemma 2.2 Let X be a pxp Hermitian positive definite matriz of functionally independent
comples variables. Let T (p x p) be a lower triangular matriz of functionally independent
complexr variables with real and positive diagonal elements, then the transformation X =
TTH gives J(X — T) =20 [["_, 517~ %,

17

Lemma 2.3 Let T (p X p) be a triangular matriz of functionally independent complex vari-

ables with real and positive diagonal elements, then J(T — T™') = ?:1 t?f.

Definition 2.1 The complez multivariate gamma function, denoted by T'p(«v), is defined by
(2.1) I'p(o) = / etr(—X ) det(X)* P dX, Re(a) > p— 1.
X=X">0

By evaluating the integral in (2.1), the complex multivariate gamma function can be ex-
pressed as product of ordinary gamma functions

P
(2.2) Ty(a) =m*# D2 T[T(a ~ i+ 1),Re(a) > p— L.

=1

Lemma 2.4 If X is a matriz of complex elements, of order pxn, p < n, and of rank p, then
there ezists a unique triangular matriz T (p x p) with real and positive diagonal elements
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and a semi-unitary matriz U, (p x n), U, UH = Iy, such that X = TU;y. Further, if T 1is
lower triangular, then

P
](X — 7‘!7 Drl) — H t?;n_ly)—i—lgn‘p([’rl)
=1
and if T 1s upper triangular, then
o 2(n—ptj—1)+1
JX = T,U,) = Ht]‘]‘ remy Gnp(Uy)
=1
where gy »(Uy) 1s the function of Uy only, independent of T

Here §, ,(U, ) dU; defines the invariant measure on the space U(p, n) = {Us(pxn) : U,U{l =
I,}. It has been shown by Srivastava [20] that, for p < n,

(23) / gn,p([/rl)dUl = =
U(p,n)

Thus, cl‘lgnd)([fl)del is the unit invariant measure (denoted by [dU;]) on U(p,n). For
p = n, the semi-unitary matrix U; reduces to a unitary matrix U and the invariant measure
defined on the unitary group U(p) is denoted by [dU].

Lemma 2.5 Let X (p x n) be a complex matriz of rank p(< n) and f(X) be a function of
X which depends on X through XX only . That is f(X) = g(XXH) for some function
g. Then,

np

(2.4) / FIX)dX = Z— det(W)"Pg(W), W = WH > 0.
XXH=w

pn

Let A be an m x n matrix of complex entries having full rank. The Moore-Penrose inverse
At of A, for m > n, is defined by At = (AT A)=' A If m < n, then AT is given by the
expression AT = AT (AAMT)=1. Recently, Olkin [18] has surveyed various methods to derive
density of the Moore-Penrose of a real random matrix. In the following theorem the p.d.f.
of the Moore-Penrose of a complex random matrix is obtained.

Theorem 2.1 Let Z (p x n) be a complex random matriz of rank p < n with p.d.f. fz(Z).
Then, the p.d.f. of its Moore-Penrose inverse Y = Z+ = ZH(ZZH)=1 is given by

(2.5) det(YHY) 2" f7 (Y1), Y € C™*P
where YT is the Moore-Penrose inverse of Y defined by Y+ = (YHY)=1YyH,
Proof: We use the transformation Z = TL and (Z )" = (T7)" L with the Jacobian

(2.6) J(Z—(ZYY) =J(Z>T,L)J(T =T HJ(T ' L (ZHH)
P ) r P .
= Gnp(L) H tj](_n—.l)-H H t?ﬂH t]_]?(n pt+i—1) 1§n,p(L)]_1
j=1 j=1 j=1

= det(TTH)>™ = det((ZT)HZT)72" = det(YY) 2",

Now substituting ¥ = ZT with the Jacobian (2.6) in the density of Z, we get the density
of Y as det(YHY )" f(VYT), Y € C"*P. m
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Definition 2.2 The complex random matriz X (p X n) is said to have a complex matriz
variate normal distribution with mean matriz M (p x n) and covariance matriz ¥ @ U where
E(p xp) and ¥ (n x n) are Hermitian positive definite, denoted by X ~ CNp (M, @ ¥)
if ats p.d.f is given by

(2.7) 7P det(X) 7" det (W) P etr[-DTHX — M)THX — M), X e CPF,
Now, we define complex matrix variate Cauchy distribution.

Definition 2.3 The complez random matriz Z (p x r) is said to have a generalized complex
matriz variate Cauchy distribution with parameters X, U and M of its p.d.f. is given by

fp(’" +p)

(2.8) N

det(S) " det (W)

xdet(I, + S7HZ — MYO~Y(Z — M))=(r+p) 7 c o,
where X (p x p), U (r x r) are Hermitian positive definite and M € CP*",
We will designate this density by Z ~ CCAU, (M, X, ¥).

The complex matrix variate Cauchy distribution is a member of the complex matrix
variate elliptically contoured family of distributions. When r = 1 or p = 1 this distribution
reduces to a multivariate Cauchy distribution. More specifically when r = 1, Z = z (p x 1),
M =p(px1), ¥ =1 and the density in (2.8) simplifies to

TP T(p + 1) det ()7 (14 (z — ) (02) Mz — ) Tz e

which will be denoted by z ~ CCAU,(u,%Y). For p =1 by taking M = v (r x1), S =0
it is easily seen that z// ~ CCAU,(v,o0).

The complex matrix variate Cauchy density (2.8) can be derived using random matrices
having complex matrix variate normal distribution as shown in the following theorems.

Theorem 2.2 Let X ~ CN, (0,1, @ U) independent of Y ~ CN, ,(0,1, @ £71). Define
(2.9) Z=Y'X+M
where M (p x 1) is a complez matriz of constants. Then, Z ~ CCAU, (M, %, ).
Proof: The joint density of X and Y is given by

7P det(T IS ety [—{YSYH + XTI XA}, X e P, Y € CP¥P.
Substituting Z = Y ' X + M with Jacobian J(X — Z) = det(YY )" and integrating out

Y we get the density of Z as

PP et (T TIT)P / det(Y Ty
YGC}?XP

xetr [{S 4 (Z - M)P~'(Z - M)"}YYTY] dY
= 7 PPF) det (PIT)P / / det(YHY)"
JA=AE>0JYHEY=A

x etr [—{S +(Z - M)T~Y(Z — M)"}Y Y] dy dA
_ fp(‘r +p)
ﬂ'rprp(p)

x det(I, + S7HZ — M)T~(Z — M)H)=r+P) 7 ¢ Crxr

det(X) 7" det(T)"?
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where the last step has been obtained by using Lemma 2.5 and complex multivariate Gamma
integral. m

Theorem 2.3 Let X ~ CN, ,4+.(0,1, @ ). Partition X and ¥ as X = (X1, Xac),
Xic(p xp) and T = (g; g;), Uiy (p x p). Then Z = X' X,, ~ (CC'AUPV,,(\I/;II\IIIZ,
it Uy ).
Proof: The p.d.f. of X is given by
7P et (B) 7P etr(— X TTLXH) X ¢ opxtn),
Now, writing the quadratic form in X in its components,
(210)  XOTINH = X WX+ (X, = X U, )Wy (X, — X 00 )
and using the result det(¥) = det(¥11) det(Poz.1), the density of X is restated as

etr [*X1c‘1’1_11X1Hc — (X, — ch\IJI_II\IJIZ)\I}2_21~1(:X2C - ch\Ij1_11\I/12)H]
7P(r+p) det(Wyq )P det(Way.q )P

L X e epxptr)

Substituting Z = X 'X,, with the Jacobian J(Xy, — Z) = det(X,, X{1)n above and

integrating X;. using Lemma 2.5 we get the desired result. m

X ~CNp,(0,20¥) and y ~ CN(0, 1) are independent, then the p.d.f. of Z = X /y+ M,
where M is a non-random complex matrix, is derived as

T(rp+1)

r
TP

(2.11) det(S) " det (W)

x(14+te{SY(Z = MYT 1 (Z = M)}~ e41) | 7 c cr>r,

By putting the matrix quadratic form in the vec notations it can easily be seen that the
density (2.11) is a multivariate Cauchy density.

3 Properties. In this section we will give certain properties of the matrix variate Cauchy
distribution.
It is useful to see that if Z ~ CCAU, .(M,X,¥), then Z# ~ CCAU, ,(MH", ¥ ).
The marginal distribution of a submatrix of the complex Cauchy matrix is also Cauchy.
However, the conditional distribution of a submatrix of a complex Cauchy matrix given the
remaining components is complex matrix-t. Thus, before deriving results on marginal and
conditional distributions, we define complex matrix variate-t distribution.

Definition 3.1 The complez random matriz T (p X r) is said to have a compler matriz
variate t-distribution with parameters M (p x r), S (p X p), Q(r x 1), and n if its p.d.f. is
gwen by

Iy(n+r+p— 1)
7T, (n+p—1)
x det(I, + ST — M)Q™Y(T — M)H)~tntr+r=1) 7 ¢ Crxr

(3.1) det(X) " det ()P

where 0 and X are Hermatian positive definite matrices and n > 0.
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A notation that designates that the complex random matrix T has density function (3.1)
is T ~ CT,r(n,M,2,Q2). When r = 1 or p = 1, this distribution reduces to a complex
multivariate ¢-distribution. More precisely, whenr = 1, T =t (px 1), M = p(px 1), =w
and the above density simplifies to

F(n +p) s —1 1 —(n+p) »
T (et (+E-miesy e -w) e,

which is a complex multivariate t-density. For p = 1, by taking M = v and ¥ = o one

can easily see that r x 1 random vector TH = t has complex multivariate t-density. Now,
we turn to our problem of deriving marginal and conditional distributions.

Theorem 3.1 Let Z ~ CCAU, ,(M,X, V) and partition Z, M, £ and ¥ as

Zir M,
Z = (Zi> = (21 Z20), M = (@) — (M. M),

Y11 Yo Uy Uy
= , d U= )
(221 222> o (wzl %)
where for 1,7 = 1,2, Zyr and My are p; X v, Zic and M. are p X ri, S5 15 pg X pj, Wy s
ri X5, p1+p2=pand i +ry =r. Then,
(7,) Zlc ~ CCAUPJH (JWM, 2./ \Illl)

Zse|Zve ~ CTy g (11 + 1, My + (21, — My )01 0y,
Z(Ip + E_I(Zlc - *7\’116)\1}1_11(Zlc - J\’Ilc)H)’ \IJ22~1)7

and (ZZ) Zh« ~ CCA Uplﬂr(./yﬂ ry 211 s \I/).

Zor|Z1r ~ CTpy v(p1 + 1, My, + 50,2771 ( 2y, — My,), Sa2.1,
(IT + (Zh“ - “7\/[1)")HE1_11(Z17‘ - ‘/LI1 1“)\1;71)\11)'

Proof: The matrix quadratic form in the density (2.8) can be written as

(3.2) (Z — MY Y (Z — M) = (Zy. — My, — (Z,, — M, )T T,,) T,
(ch = My - (Zlc - ‘Mlc)\ljl_ll‘lﬁz)H
‘|‘(Z1c - ‘7\110)\:[}1_11(210 - AMM)H-

Substituting (3.2) in (2.8) and noting that det(¥) = det(¥11) det(Pgs.1), we can factorize
the density of Z as

Ly(r1 +p)
LS Fp(p)
X det(]p +u (Zy.— lwlc)‘ljﬁl(zu - *M1C)H)7(p+rl)
" fp(r‘1~-|— re +p)
P2, (r + p)
X det(Ip +x7! (Zy.— im/flc)q};ll(zlc - *Mlc)H)_r2
x det(I, + (Ip + 2_1(Zlc - Mlc)qjﬁl(zlc - iwlc)H)_lz_l
(Z2e = Mye — (Zy, — M)V )Woot
(Z2e — Mye — (Z,, — M, )T YAY=OAr D) 7y e QPR 2, € CPF2,

det(E)_“ det(\I/H)_p

det(E)_’"Q det(\:[jzz.l)_p

-1
11 \I}LIZ
-1
11 \IJIQ
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Thus, from above, it is clear that Z;, ~ CCAU, », (Mi., 2, ¥11) and the conditional distri-
bution of Z;. given Zi. is complex matrix variate-t, Zoo|Z1. ~ CIp ., (r1 + 1, My, + (Z,, —
M, )T, 51, + 2712y, — My )9 (2, — My )7),%,,,). The proof of (i) can be
obtained by noting that Z# = (Z{L Z}l) ~ CCAU, ,(M" ¥, %) and using result (i). m

Using above theorem, the matrix variate Cauchy density can be expressed as the product
of complex multivariate-t and complex multivariate Cauchy densities. Setting ry = r — 1
and ro = 1 and Zy. = (21,... ,2,-1) and Z3. = z, in (i), we get

2| Z1e ~ CTpq(r, M, +(Z,,. — M’lc)\I/fll\I/lz,
E(Ip + 37! (Zy.— ‘/\/‘{10)\111_11 (Zy. — ‘/\/‘{IC)H>7 yyn)s

which is a p-dimensional complex multivariate-t density. Further, from the marginal distri-
bution of Zi., it can be observed that z,_1|(21,... ,2,—2) is also complex multivariate-t.
Repeating this procedure r — 1 times, it is straightforward to show that the density of Z
can be written as

f(Z) = fr(Zr\Zh e 7zr—1)fr—1(zr—1 |Z17 e va—Z) s f2(22‘z1)f1(21)7

where every density on the right hand side is a p-dimensional complex ¢-density except
fi(z1) which is a complex multivariate Cauchy density.

Similarly, using Theorem 3.1(ii), it can be established that the density of Z is product
of p— 1 r-dimensional complex multivariate-t densities and a complex multivariate Cauchy
density.

In next few theorems we will show that the family of complex matrix variate Cauchy
distributions is closed under certain linear transformations.

Theorem 3.2 Let Z ~ CCAU, (M, X, ¥) and A(p x p) and B (r x r) be complex nonsin-
gular matrices, then AZB ~ CCA Up,,,(Aﬂ/fBjAEAH, B1UB)

Proof: Using the transformation X = AZB with the Jacobian J(Z — X) = det(AA)="
det(BB* )77 in the density of Z we get the desired result. m

Theorem 3.3 Let Z ~ CCAU, ,(M,X,¥) and A(txp) and B (rxk) be a complex matrices
of ranks t(< p) and k(< r) respectively. Then, (i) AZ ~ CCAU; .(AM, ASAH W) and (ii)
ZB ~ CCAU, 1(MB, S, BT UB).

Proof: (i) Let A; be a complex matrix of order (# — p) x p such that A9 = (21) is non-
singular. Now, from Theorem 3.2, we have AgZ = (AA:ZZ) ~ CCAU, (AgM, AT AL, T).

Finally, using Theorem 3.1(ii), we get the desired result. To prove (ii), note that ZH ~
CCcA Unp(]\fIH, T, %), Further, using (i) it is easy to see that B ZH ~ CCA Ukyp(BHﬂ/fH,
BHWUB %), Finally, (B ZH)H = 7B ~ CCAU, x(MB,%,BYVB) m

Combining results (i) and (ii) given in Theorem 3.3 we state the following result.

Theorem 3.4 Let A(t x p) and B(r x k) be non-random complexr matrices of ranks (<
p) and k(< r) respectively. If Z ~ CCAU, .(M,Z,¥), then AZB ~ CCAU, (AMB,
A AT BHUB).

Corollary 3.4.1 Leta € CP*! and b e C™*! be nonzero vectors. If Z ~ CCAU, (M, X, 7),
then aZb ~ CCAU, 1(a” Mb,a"Ya, b Ub). Further, if = = (a’’Sa)~'/?(b? ¥b)~1/2
{a(X — M)b}, then 2z ~ IB(1,1).
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The inverted beta distribution designated by IB (o, 3) used in the above corollary is defined
by the p.d.f.
Mo+ d) zo!
T(a)T(3) (1+a2)2+7"

Note that the results on linear transformations given above can also be obtained by
using the synthetic representation Z = Y 7' X + M, where the random matrices X and Y
are independent, X ~ N, (0,1, @ ¥) and ¥ ~ N, ,(0,I, @ T71).

Let Z = (z1,.-.,2¢), M = (pq,... . 8,), and a = (aq,..., ar) ,a £ 0. If Z ~
CCAU, (M,X,¥), then a1 21+ -+arz, ~ CCA UP(ET 1 QiR (aff Ta)Y). Furthermore,

a>0,8>0,z>0.

for =1, and p; = p,i=1,...,r, the density of Z = (z1,... , z,) simplifies to
f’,,(r +p) —r 1 - , g\ ~r+p) .
2 TP qet(8)77 det (Ip +57Y (2 — )z — ) ) 7 e e,
ﬂ-rPFp p !
It is easy to sce that for the above model the distribution of zg = r~* Eirzl z; 1s com-

plex multivariate Cauchy, more specifically, /7 29 ~ CAU,(y/7 ,X). The distribution of
A=Y (zi—20)(2; — 20)" can be derived using orthogonal transformation (Gupta and
Nagar [9, p. 141]). Let Y = ZU = (y, Y2 ) where U (r x r) is an orthogonal matrix with
elements in the first column all equal to »~1/2, y, and Y5 are of order p x 1 and (p x (r — 1))
respectively. Then y, = /20, Y1 (2i — p)(zi — ) = r(zo — p)(z0 — p) + Y,V H,
A =Y,Y" and the Jacobian J(Z — y,,Y2) = 1. Making these substitutions in the above
density, the joint density of \/r zg and Y3 is obtained as

I'p(r +p)

7T »(p) det(3) ™" det (], + rSHzo — p)(z0 — M)H + ZilYQYzH)i(Hp):

where zo € CP*! and Y; € C?*("=1 Now, using Lemma 2.5, the joint density of \/r 2o
and A is derived as

Lp(r +p)
wTp(p)Tp(r — 1)
) det(I, + 157z — p)(z0 — ) + 71470 2o e P, A = A > 0.

det(S) " det(A)T P2

Finally, integration of zg above yields the marginal density of A as

r —-1
Lot P D) g m)=0=1 det(A) =72 det(I, + 5" 4)=+7=D_ 4 = a7 5
Lyp(p)lp(r — 1)

which is a generalized inverted complex matrix variate beta (complex matrix variate beta
type II) distribution.

4 Matrix Quadratic Forms. In this section we study the distributions of quadratic
forms of the type ZAZH | where A = A” > 0 is a non-random complex matrix and the
complex random matrix Z has a complex matrix variate Cauchy distribution.

Theorem 4.1 Let Z ~ CCAU, .(M,3, V). Then
(i) if v > p, the p.d.f. of Wi = (Z — M)U=(Z — M)H is given by

r
M det(2) ™" det(W,) P det(I, + S7'Wy) =P+ W, = wl >0,

(P)Tp(r)
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(ii) if r < p, the p.d.f. of Wo = (Z — MYES"YH(Z — M) is given by

L,
DD et(0)77 det (W )P det(I, + W) -0+, 1w, = W >0,
Fr(p)rr(r)

Proof: Let W, = (Z — M)U(Z — M) and A = (Z — M)T /2. Then W, = AAT and
A~ CCAU, (0,%,1,). Now, using (2.8), the p.d.f. of W7 is obtained as

Ip(r +p) der(E)_r/ det(I, + STTAAH)=(+p) g7
7T, (p) AAF=T¥,
FP(T +p)

where the last step has been obtained by using Lemma 2.5.

(ii) Similar to the proof of (i). ®

Thus, the quadratic forms in complex Cauchy matrix have generalized inverted complex
matrix variate beta distribution. Using Bartlett’s decomposition of an inverted beta matrix
(Tan [21], Gupta and Nagar [9, p. 195]) and above result, we can easily infer the following
result.

Theorem 4.2 Let Z ~ CCAU, (M, X, T).

(i) If r > p, then det(S~YZ — M)T~H(Z — M)?) ~ T[E_, v, where x1,... 2, are
independently distributed, x; ~ IB(r —i+41,1), i =1,...,p.

(i) If r < p, then det(V=Y(Z — MYES™YZ — M)) ~ [Ii_, vi, where y1,...,y, are
independently distributed, y; ~ IB(p—i+1,4), i =1,...,r.

Our next two theorems give expressions in terms of complex matrix variate Dirichlet
distributions generalizing Theorem 4.1.

Theorem 4.3 Let the complex random matriz Z (pXr) be partitioned as Z = (Z1,... , Zx),
Zilpxri), ri>p,i=1,....kand ri +---+rp =r. Define Wy, = Z,ZH, i =1,... k.
If Z ~CCAU, (0,5, 1), then the p.d.f. of (Wi1,... ,Wi) is given by

~ E k
T —(r+p)
. 0P Gepm)—r T det(Wr)7e " det (Jp +3'y WM) "
[Lizi Tp(ri)In(p) i=1 i=1
where Wy, =Wl >0,i=1,... k.
Theorem 4.4 Let the pxr complex random matriz Z be partitioned as Z = (Z{,... | ZH)H,

Zipixr), pi>r,i=1,.... L and py + -+ +p; = p. Define Wo; = ZHZ, i =1,... L
If Z ~ CCAU, (0,1,,T), then the p.d.f. of (War,... ,Way) is given by

l 4
P | o ~(40)

L) et (w) e T det (WP det (nroyoms)
[Lii Te(p)To(r) i=1 i=1

where Wy, = W >0,i=1,... L

The distributions of quadratic forms of the type (Z — M)A(Z — M), where Z ~
CCAU, ,(M,%,¥) and A = A” > 0 is a non-random matrix, can also be derived. Since
the derivation of the density function involves integration of hypergeometric function of
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Hermitian matrix argument over unitary group, we here define hypergeometric function of
Hermitian matrix argument and give results on integration over unitary group. For further
details the reader is referred to James [12], Khatri [15], Hayakawa [11], Chikuse [4] and
Gupta and Nagar [9].

The generalized hypergeometric functions of one Hermitian matrix and two Hermitian
maftrices are defined by

2 o~ @] ] Cu(X)

4.1 fFs(ar, ... ,apby, ... b3 X) =
(4.1) (a1 ! ) AZ:OZ; Bl [buln !
and

. = e Co(X)C(Y)
4.2 B (ay, . aniby, .. b X, Y) = LaaJu L] Cul
(4.2) ’ (a1 1 Y) ;02'; [b1]x - [bs]w C,{(Ip)k!
respectively, where a;, ¢ = 1,...,r; bj, g = 1,... ,s are arbitrary complex numbers, X (p x

p) and Y (p x p) are Hermitian matrices, Cy(X) is the zonal polynomial of p x p Hermitian
matrix X corresponding to the partition x and ), denotes summation over all partitions
k=(k1,... ,kp)k1 >+ >k, >0andd], = ?Zl(a—j—l—l)kj. Conditions for convergence
of these series are available in the literature. It may be noted here that exponential function
o Fo, Bessel function ¢ F;, Confluent hypergeometric function ; F; and Gauss hypergeometric
function , F} are particlular cases of the generalized hypergeometric functions defined above.
Further

(4.3) / cEo(ay, ... anby,. .. b UXURY) [dU]
JU(p)

= rFs(p)(al,... s by, by XUY)
where [dU] is the unit invariant measure over the unitary group U(p).
Theorem 4.5 Let Z ~ CCAU, .(M,X, V) and A be a Hermitian positive definite constant
matrix of suitable order. Then
(i) if p<r, the p.d.f. of W = (Z — M)A(Z — M) is given by

Ip(r +p)

Ly (r)Ty(p)

B (r 4 p (L, + STTW)TISTIWL A, W= W >0,
(ii) if p>r, the p.d.f. of W = (Z — MY A(Z — M) 1is given by

det(X) 7" det(AT) P det (W) P det(I, + Z_IW’)—(H'P)

Ly
Lo D) ot as) " det()7 det(W)P=" det(1, + S=1v)=(-+0)

I (r)T (p)

S B (v 4 ps (L + U W)W, AY), W= WH > 0,
where Ay = I, — A=V20=1A-1/2 A, = I, — A2 A2 and lﬁ’éa) 18 the hypergeo-
metric function of two Hermitian matriz arguments.
Proof: Note that W = (Z — M)A(Z — M)? = YY#H where Y = (Z — M)A'/? ~
CCAU, (0, %, AI/E\IJAl/Z). The p.d.f. of W is therefore derived as

Ip(r +p)
erfp(lm

) / det(I, + STV A V2p A2y Hy () gy,
YYH=W

(4.4) det(Z) 7" det(AP)™P
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Writing det(I, + SV A /201 A-12y Hy=(r4p) = det(I, + S LYY H) = 0) By (r + p;
YH(I,+ S 'YYH)"IY 1Y Ay) in (4.4) we have

F ’
Llr +p) det(2) 7" det(AP)™P / det(I, + ST Yy H)=0+p)
7T (p) YYH=W

1 Foy(r+p; V(L + 57 YY) IS =1y A ) dY.

(4.5)

The integral in (4.5) is invariant under the transformation A, — UA, U U € U(r). Hence,
replacing Ay by UMU, U € U(r) in (4.5) and integrating over the unitary group U(r)
using (4.3), we obtain the density of W as

fp(r +p)
err[)(p)
B+ p YL+ YY) ISV A Y.

det(X) 7" det(AT) P / det(I, + S~y Yy Hy=(rtp)
YYH=W

Finally, using Lemma 2.5 we obtain the desired result. The proof of (ii) follows similar
steps. ®

It may be remarked here that by substituting A = ¥ in Theorem 4.5(i) and A = ¥ in
Theorem 4.5(ii) one can obtain results (i) and (ii) respectively of Theorem 4.1.

Using Theorem 2.1, the density of the Moore-Penrose inverse of a complex Cauchy
matrix is derived in the following theorem.

Theorem 4.6 If 7 ~ CCAU, .(0,%,0),p < r, then the p.d.f. of Y = Z+ = ZzH(zz1)~1

15 derived as

T, (r ,
Dot +P) 4o (5) =" det(9) 7 det(vH )2
7PL(p)

) det(I, + S7HYHY) Ty oy (v HY)=h=0FP) y e ¢rp,

5 Non-Central Complex Matrix Variate Cauchy Distribution. If the complex
random matrices X and Y are independent, X ~ CN,, (0,1, ® ¥) and Y ~ CN,, ,(0,I, ®
Y1), then Z = Y71X ~ CCAU, (0,3, ¥). In this section we will obtain distribution of
the ratio Z = Y 'X where now one of the random matrices has non zero mean matrix.
The distribution so obtained is called the non-central matrix variate Cauchy distribution.
We will necessarily need the following results.

Lemma 5.1 For X (p xn) of rank p <n and L(p x n),

: - ~
/ etr[2Re(LX )] dX = - det(A)"~P o Fy (n; LL" A)
XXH=A Lp(n)

where oFy is the Bessel function of Hermitian matriz arqument.

Proof: Transform X = TU; where U is p x n, U, UH = », and T (p X p) is a lower
triangular complex matrix with positive diagonal elements, with Jacobian, from Lemma 2.4,
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J(X = T,U00) = [I%, 2" %G, ,(Uy). Then
/ etr[2Re(LX )] dX
XXH=A
/ th(" )+ / etr2Re(T7 LU G, ,(Uy) dUy dT
TTH=A U(p.n)

2}? np nei
t / H £ >+1/ etr[2 Re(T" LU [dU,] dT
TTH=A U(p,n)

2"77“7’

/ H 20T By (0, LLATTH) dT
TTH= Ay

where the last two lines have been obtained by using (2.3) and the result (James [12],
Hayakawa [11]),

/ etr[2Re(ZUM)][dU,] = o Fi(n, ZZ1).
U(p,n)

Now, transforming 7T = A with Jacobian J(T — A) = 27 P[]\, ;Z(IJ_i)_l we get the
final result. m

Lemma 5.2 Let X and Y be p x p Hermitian positive definite and Hermitian matrices
respectively. Then

/ etr(—XS) det(S)* P o Fy (b; SY) dS
S=SH >0
= f‘p(a,) det(X)™¢ 1ﬁ'1(a; b;X_1Y), Re(a) >p—1
where 1 Fy is the confluent hypergeometric function of Hermitian matriz argument.

We now derive desired distributional results.

Theorem 5.1 Let X ~ CN,, (M, I, ® ¥) independent of Y ~ CN,, ,(0,I, @ 7). Define
Z =Y 7YX. Then, the p.d.f. of Z is given by
fp(r +p)
7T, (p)
A Fy (p+rip 20 MIMO T ZH(S 4 20 2H) )z e oreT

det(T D) etr (—ME M) det(S 291z H)~ (0t

where 1 Fy is the confluent hypergeometric function of Hermitian matriz argument.
Proof: The joint density of X and Y is given by
7P det (TS etr [ {VSY T + (X — M)OTH(X - M)TY],
X e, Y e CPxr,

Substituting Z = Y ' X with the Jacobian J(X — Z) = det(YY#)7 in the joint density
of X and Y, we get the joint density of Z and Y as

7P det (BT E)P etr (MU M) det(YY )
xetr [—{S+ 201 ZHWHY 4 2Re(ZU I MHY)],Z € OV Y € CPFP.
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Now, integrating out Y we get the density of Z as
7 PIED) det(T T DY etr (—MT M)

X / etr [—(S+ 2T ZT)YTY 4 2Re(Z20 7' MYY)] det (YY) dY
ye("]:XP
= 7 PP det(U D) et (— MT T MH) / etr [—(S 4+ 201 Z7) A]
‘ A=AH>0

x det(A)" / etr[2Re(ZU ' MPY)]dY dA
YHY=A

det(T~1%)P
= L) etr (= MU M) / etr [—(Z + 2T 1 ZH) 4]
L, A=AH >0
x det(A )’*P PoFy (p; 20 M MO ZH A) dA
(7“’)) det(P™'E)P etr (~MT ' M) det(S + 20~z =00

Ty
Fi(p+rp 20 ' MIMU™' Z7(S + 297" 271 z e Cv7
where last two steps have been obtained by using Lemma 5.1 and Lemma 5.2. =

Theorem 5.2 Let X ~ CN, (0,1, ® ¥) independent of Y ~ CN,, ,(M,I, @ 7). Define
Z =Y 71X, Then, the p.d.f. of Z is given by

fp("’ ‘|'P)
L (p)
X 1B (p+rsp SMEMS(S + 28128 Z e or*r

det(T TP etr (—~MEMT) det(S + 2T Z )~ Fn)

where 1 Fy is the confluent hypergeometric function of Hermitian matriz argument.

Proof: Similar to the proof of Theorem 5.1. =
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