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ABSTRACT. We show the existence of radially symmetric unbounded viscosity solutions
of semilinear degenerate elliptic equationsand give the classification of their solutions
according to the asymptotic behavior as |z| = oc.

0 Introduction We consider the following semilinear degenerate elliptic equation :
(0.1) —g(] & NAu(e) + ule) | u(z) P7I= f(l2]) m RY (N >2)

where ¢ : [0,00) — [0,00) is a differentiable and nonnegative function and p > 1 is a con-
stant. We are concerned with the existence and structure of continuous viscosity solutions
of (0.1) which may not be bounded. In order to study structure of continuous viscosity
solutions of (0.1), it is important to investigate whether continuous viscosity solutions of
(0.1) are radially symmetry or not.

When f is zero and ¢ > 0 there have been lots of works published in this direction,
see, for example [1,2,3,4,5,6,7]. For more general equations than our equations (0.1), Li and
Ni[5] proved that all bounded positive solutions are radially symmetric and S.D.Taliaferro
[6] showed that all solution satisfying lim ;e u(z) = oo are also radially symmetric.
In [5] and [6], combining the asymptotic behavior of the solutions and the moving plane
technique, they investigated whether solutions are radially symmetric or not. However, as
our equations (0.1) are of degenerate elliptic equations we can not use the moving plane
method.

In recent year, we [8] showed the existence and uniqueness of a continuous viscosity
solution of Dirichlet problem for the degenerate elliptic equation (0.1) in an open ball with
the center at the origin and in [9] studied the existence and uniqueness of solutions of
quasilinear degenerate elliptic equations in the open ball. In [8] and [9] we showed that the
continuous viscosity solution is unique when a classical radial solution of (0.1) is unique
and proved the uniqueness. In this paper we will employ the method used in [8] and [9] to
establish the structure of continuous viscosity solutions of (0.1). Therefore, we will introduce
an ordinary differential equation associated with the radial solution of (0.1)

02 gt N DY

=L @) +yOly( P = 1) on (0,00),

In case f is zero and ¢g > 0, the structure of solutions of (0.2) has been studied by many
authors; see, for example [10,11,12,13.14]. For a quasilinear equation including our equation
(0.2), M.Mizukami, M.naito and H.Usami [9] and T.Tanigawa [12] made a deep investigation
the asymptotic behavior of positive solutions as |z| — oo.
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In this paper, however, we consider the case where the equation is the degenerate type
and f # 0. Moreover, we study the continuous viscosity solution which makes assumptions
on neither the state of growth of u as |z| — oo nor the positivity of solution.

The main purpose of this paper is to establish the existence and structure of equations
(0.2) completely. Moreover, in corollaries of theorems we will state our assertion in respect
of continuous viscosity solutions.

Our plan of this paper is as follows. In section 1, we state assumptions and theorems.
In section 2, we list some notations and results which will be used throughout this paper.
In section 3, as the rate of the polynomial growth of ¢(¢) at t — oo is smaller than 2, we
will show the uniqueness of the solution of (0.2) and state the uniqueness of the viscosity
solution of (0.1). In sections 4 and 5, as {the rate of the growth of ¢g(¢)} > 2, we will give
the classification of solutions of (0.2) associated with the asymptotic behavior at 2| — oo
and state the properties of viscosity solutions of (0.1) according to the asymptotic behavior
of each viscosity solution of (0.1).

The authors would like to express their gratitude to Professor N.Yamada and the referee
for his kind and helpful advice.

Professor Tomita passed away soon after we began this joint work. The first author
would like to pray for the repose of his soul.

1 Assumptions and Theorems In this section we state assumptions and theorems.
We now list hypotheses on f and ¢ :
(H1) f(t) € C'(]0,0)) and there exists the limit such that

LA .
1m ——~ = 0o or nonnegative constant
t—oo 17
for any v > 0.
(H’2) g € C'([0,00)) and g(t) > 0 for any t € [0,00).
Throughout this paper we assume the conditions (H1) and (H2).

Remark 1. (1) The limit in (H1) need not be nonnegative. But the proof of our asser-
tion becomes more complicated. Therefore, for simplicity, we assume that is nonnegative.

(2) Since the assumption (H’2) satisfies the assumption (H3) in [8], we can apply the
method of the proof of Theorem 2 in [8] to our assertions.

In order to state our theorems we introduce some notations. We denote the set of zero
points of ¢(t) by Z: Z = {t € [0,00)|g(¢t) = 0} and let ¢(¢) be an implicit function of
YOO - (1) = 0.

In the case of sup £ = oo, using the similar method as in the proof of Theorem 2 in [8],
we have the following theorem.

Theorem 0 Let sup Z = oo. Then there exists a unique continuous viscosity solution u of
(0.1) . Moreover, it is the radially symmetric solution satisfying u(x) = ¢(|z|) for all x
such that g(|z|) = 0 where x # 0.

Hence, we have only to study the problem (0.1) under the assumption that sup Z < oc.

In this way we assume 0 < R = sup Z < oo.

From Theorem 2 in [8] we obtain that the continuous viscosity solution of the equation
(0.1) in {z € RN;|z| < R} satisfies u(z) = ¢(R) for any « : |#| = R. On the other hand we
shall consider the following Dirichlet problem:
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—g(| « DAu(z) +u(x) |u(x) ["7'=f(J«|) forany o:|z[>R
(1.1) { u(r) = p(R) for any =:|z|=R.

Connecting the continuous viscosity solutions of (1.1) and the continuous viscosity so-
lutions of the equation (0.1) in {z € RN;|z|] < R}, we can get all continuous viscosity
solutions of (0.1)(See [8]). Then, we have only to investigate the Dirichlet problem of (1.1).
Therefore, the equation (0.2) is replaced by the following equation:

—g(t)((t) + B2 g(0) + y() g = f(t) on (R, o0),
(12) { y(R) = ¢(R).

In order to study the structure of solutions of (1.2) more in detail we introduce the following
assumption stronger than (H'2):

(H2) g € C'([R, 0)) and g(t) > 0 for any t € (R, c0). Moreover,
gt) P =dot™" + Ot ) as t— oo,
where ¢ and dy are some positive numbers. For simplicity let dp = 1.

Theorem 1 Let ¢ < 2. Under the assumptions (H1) and (H2) there exists a unique classical
solution of (1.2).

Corollary 1 Let the same conditions as in Theorem 1 be assumed. Then, there exists a
unique continuous viscosity solution of (0.1).

We next state our assertions in the case of £ > 2. We put

g -2
1

p—
. ft)
Theorem 2 Let { > 2. Assume limy_, oo —— =

2o oo .  Then our assertions as in Theorem

1 are valid.

Corollary 2 Let the same conditions as in Theorem 2 be assumed. Then, our assertions
as in Corollary 1 are valid.

ft)
top
To obtain the next theorems we assume the following condition of f(#) :

It remains to consider the case lim;_, o =r? (0 <k < 00).

(H3) f(t) = kPt £ O(7") as t — oo
We now consider solutions of the following equation:

(1.3) X|X[P™ = kP — (82 + (N = 2)8)X = 0.

The real solutions of the equation (1.3) satisfy one of the following three cases.

(C1) It is a positive single solution (w4 ).

(C2) These solutions are a positive single solution (w4 ) and nonpositive double solutions
(o).

(C3) They are a positive single solution (w4 ) and two nonpositive single solutions (wp
and w_).

Remark 2 The case (C2) implies 62 + (N —2)6 — p | wo [P~ '= 0 and the case (C3) has
6?2 + (N —2)8 —p | wo [P7'> 0. After this we assume (H2) and (H3).
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Theorem 3 Let the solutions of (1.3) satisfy (C1). Then there is a unique classical solution
. . . .oyt
of (1.2).  Moreover, this solution satisfies thm % =wy.
—00
Corollary 3 Under the same assumption as in Theorem § there exists a unique continuous
viscosity solution of (0.1).

Theorem 4 Let the solutions of (1.8) satisfy (C2) or (C3). Then there exist classical
solutions of (1.2). Moreover, they have the following asymptotic behavior.
(1) Let the solutions of (1.3) satisfy (C2). Then

.yt
tliglc t(—") = w4 or wg.

(2) Let the solutions of (1.3) satisfy (C3). Then

lim M = w4 or wg or w_.
oo 19
. . .oyl . .
Moreover, the solution satisfying 7fhm o = Wi orw_ s only one respectively and a set
—oo
of solutions satisfying tllm % = wq holds the cardinality of continuum.
— o0

Corollary 4 Under the same assumption as in Theorem 4 there exist continuous viscosity
solutions on (0.1) which hold the same asymptotic behavior as in Theorem 4.

2 Preliminaries At first, we show the properties of the classical solution y(¢) of (1.2).

Lemma 2.1 There exist classical solutions y € C([R,T,)) N C*((R,T,)) of (1.2)  where
T, is the life span of a solution y.

Proof. This lemma is a consequence of Proposition 3.4 in [8].

Lemma 2.2 For the solution y(-) in Lemma 2.1 it holds that lim; 7, y(t) exists. (i.e
lim; 7, y(t) = o0 or Const.)

Proof. Combining the maximum(or minimum) principle and the assumption (H1) we
can prove this lemma.
Lemma 2.3 Let a be any real number and any P > R. Then there exists a unique solution

Yo, p(t) of (1.2) satisfying y(P) = a.

Proof. This lemma is also a consequence of [8].

We denote the life span T, ,, by To,p.

Lemma 2.4 Let &g > 0, 61 > 0, and let w(t) be a nonnegative continwous function on
C([Ty,Ty)) satisfying

i 5
w(t) > dy —|—51/ s_(N_l)/ rN_Sw(r)drds.

T T

Then we have 5 , ;
0 A1 — Ao
R — + N\ (=
(M + A2) T ) 1<T1 ) )
where A1, —\a(A\1 > —\2) are solutions of the following quadratic equation: \* + (N —2)\ —
é1 = 0.

w(t) > (Ao
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Proof. We consider the following equation:

t22(t) + (N — 1)2(¢) — d12(t) = 0,
{ Z(Tl) = (So, Z(Tl) = 0.

Then we have
do t

Z(t) = ()\1 +/\2)(/\2(T1

Using the comparability theorem we prove this lemma.

t

A1 A
)+ 1(T1

).

Lemma 2.5 We assume the same conditions as in Lemma 2.4. Moreover,

i 3
w(t) > 8o + 0y / sf(N*l)/ ergw(r)pdrds.
P P

If T, = oo we have
. w(t)
lim —= = o0

t—oc  t4

where q is any positive number.

Proof. From w(t) > dg we have w(#)? > (small number)w(t). From lemma 2.4 it follows
that limy_, ., w(t) = oco. Replacing P by a sufficiently large number Ty we see w(t)? >

(large Constant)w(t) on [Ty, 00). Using the same method as in the proof of Lemma 2.4 we

w(t)

get lim =00
t—oo 14

We recall T, is the life span of w.

Lemma 2.6 Let e(t) € C'([T, <)) be positive and let 1P e(t) be an increasing or decreasing
function where 3 > 1.  Suppose that w(t) € C*([T,Ty)) satisfies the following hypothesis:

2.1 w(t) >0, w(t) >0 and min(e'/?(t), s P )wPV/27(t) ¢ Li(T, Ty)
@1) { W(t) + Lai(t) > e(thw(t)?

where 0 < € < (p—1)/2. Then the life span Ty of w(t) is finite.

Proof. To prove T\, < oo by the contradiction we suppose T, = co.
We multiply (2.1) by t*%1(¢) and integrate over [T, ¢] to find

w4+

{ 200 (t)) = TP ((T))* > 5 (P e(t)wtt(t) — T*e(T)w?*(T))

1
o (s e(s))wrt (s)ds = I + L.

d .
If d—szﬁe(s) > 0, from w(t) > 0, we observe that
s

2 2 2 p+1
I, > —m(t Be(t) = T* e(T))wP™'(t).

d
Similarly, if d—swe(s) < 0, we have
S
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min(t*e(t), T? e(T))w? T (1) (1 — (

w(T)
w(Th)

Since w(t) is increasing there exists Ty such that Ty > T and < 1 — 8 where § is the

positive sufficiently small constant.
Thus
w(t) 2

o 2 Gy @ - =8P min(tPe(t) 7, TOe(T) 1w @0 74(e).

Integrating over [T},t] we get

11 ! , .
>C [ min(e(s)'/?, s wPD/27¢(5)ds.

= iy = s

where C' is independent of w and .

Since the right hand side of (2.2) tends to oo as t — oo we get the contradiction.
Lemma 2.7 There are positive constants eg and K such that

(2.3) wla [P = ylyl"Th > eolx —y)(l2P7 + [y P

and
wla[Pt —ylyP Tt < K(x—y) ([P 4 [yl

for any x >y € R.
Proof. The proof is standard and easy and so we omit it.

3 Proof of Theorem 1 In this section we shall prove Theorem 1. We recall that the
function yq,p is the solution of (1.2) satisfying y(P) = « and T4 p is the life span of the
solution yq p of (1.2).

Definition 1 We define ST, S™~ and S by

Sttt = {a:limy7, p ya,p(t) =c0, Tup<oo}
S = AHa:limyy7, p ya,p(t) = —00, Tap < oo}
S = H{o:Typ=oc}

where P = R+ 1.
Lemma 3.1 Let { < 2. Then there exist a and b such that —oo < b < a < oo and
STt = (a,00), S =[ba] and S~ = (—o00,b).

Proof. From lemma 2.2 we know that STTUSU S~ = (—oc, ).
To prove ST+ £ ¢ by the contradiction we assume ST+ = ¢. We now choose increasing
sequences {t,, } and {ay} such that

lim ¢, =0, lim @, =co and a, > max 2/p(t)|+2.
n—o0o n—o0 R+1<t<t,
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For simplicity we denote by y,(t) = ya, r+1(t) and f(t.y) = yly[P ' — f(2).

Let n be a sufficiently large number. From the maximum principle it follows that y,(R +
1) > 0. Combining a, > mMaxXRr41<i<t, 2|o(t)] + 2 and (2.3) we have f(t,an) > e(an —
e(tN(lanP '+ pt)|P1) > 0 for any t € [R+ 1,t,]. If there exists t' € (R + 1,,] such
that y,(t') < an, yn(t) takes its the maximum at a point ¢” on [R + 1,t'] and satisfy
yn(t") > ay. This is the contradiction from the maximum principle. Then, y,(t) > o, for

1
any t : R+1 <t < t,,. Thus, it follows that f(¢,y,(t)) > %Oyfl(t) from y, (t)—p(t) > §|yn (t)]-

Recall that ¢ is smaller than 2. Combining the integral equation associated with (1.2) and
the inequality (2.3) we have, for any t € [R + 1,t,],

t S
(3.1) yn(t) > an+5laﬁ_1/ s_(N_l)/ I‘N_3yn(7')d‘rds
R+1 R+1
and
t
(3.2) Ny (1) 251/ sNTI Y (s)ds,
JR+1

where 51 is a positive constant independent of n, t. By Lemma 2.4, the inequality (3.1) yields
yn(t) > —(t/(R—I— 1))’\1(") for any (R+1) <t <t,, where A\j(n) — oo as n — oco. Then, it
follows that Yu(t) > M/ 2 forany ¢ : (R+1)2 < t < t,,. Therefore, t /TN =1y (p=1/2=¢(4) >
1 for sufficiently large n and small € > 0.

From f(t,y.(t)) > %Oyg (t), the equation (1.2) implies

o) + ) > 5ty

From (3.2) it follows that g, (¢) > 0 for large t. Using the similar method to the proof of
Lemma 2.6, we have

1 1
eyn((R+1)?%)
For the sufficiently large n the above inequality is a contradiction. Then S*+ £ ¢.

The similar method used in the proof of ST+ #£ ¢ implies that S™~ # 6.
Assume that sup,cg++ Ta,p = T is finite. Replacing P by T+ 1 and using the similar

> Const(t, — (R+ 1) ).

method to the above mentioned argument, we know that there exists a solution of (1.2)
with the finite life span > T+ 1. It is the contradiction. Then sup,cg++ Ta = 0. Let
a € STF and B > o. Then we see § € ST+ for any 3 > o from the comparability theorem.
Second we shall prove that STT is an open set by contradiction. Suppose ST is a closed
set. From S~ # ¢ there exists ag > ST+ such that ag = min STT. Then it follows that
Too,p 2 Supyeg++ Lo, p. This contradicts sup,cg++ To,p = 0o. Thus ST is an open set.
S™7 is also an open set. Therefore S is not empty and a closed set.

Proposition 3.2 S is one point set.

Proof. Assume ay, and as € S such that a1 > as. Putting w(t) = ya, (t) — Ya, (1), we

get
d
%(t) >0, and
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From (2.3) it follows that

g(t)_l(f(tv y0’1) - f(t yﬂz)) > 51t_l(y01 - y02>(|yg1_1| + ‘y02|p—1)
> 82t Yoy — Yaul”-

Using Lemma 2.4 and Lemma 2.5, we see =N = D/27¢ > 1 for sufficiently large t and
small e. Applying Lemma 2.6 to w(t) we obtain that the life span of w(¢) is finite. This is
a contradiction.
The proofs of Theorem 1 and Corollary 1 are thus accomplished from Proposition 3.2
and Proposition A-3 in Appendix.
¢(t)

4 Proof of Theorem 2 In this section we shall study the case of ¢ > 2 and flim T

= oo. Let y(t) be the solution of (1.2). We put y(t) = tv(t), ¢(t) = t%x(t) and ro =
6? + (N — 2)6. From (1.2) we have

(4.1) { o(t) + wﬁ(ﬂ = %Z(g(t)‘lt”‘(vlvl’”‘1 — &P(1)) — rov (),
' v(R) = k(R).

We shall show that there exists a unique solution of (4.1) on [R, o).

We shall define S %, S, and Si of solutions {v,} of the equation (4.1) by S*+ =
{o t lims7, pyy Va,ri1(t) = 00, Toppr < oo}, S77 ={a:limis7, zy) Vo, rei(t) =
—00, Tort1 <oofand S ={a:Ts pry1 = o0}

Lemma 4.1 Sz'+ and Sy~ are not empty.

Proof. Assume S{t = 6. From (H2) we have inftZRg(t)_ltl > €3 > 0. Let Qg be a
number larger than max{maxp<i<rt1 2|x(¢)|?~", (ﬂ)l_p}. Let Lo = R+ 1. We choose
== €

increasing sequences {L, } and {Q,} such that, for a?ly n=12---,

(1) Lo < Ly, Qo < @y and limy,yoc Ly, = 00, limyyee @n = 00.

(2) Qn > 2maxy <<z, |s(t)] + 2.
Let n be a sufficiently large number and v, (#) be solutions of (4.1) which are connected
(R,x(R)) with (Lo, @r). The argument used in the proof of Lemma 3.1 imply that v, (¢) >
Q. Then, it follows that

9 () oa (P = 82 (1) = rova(t) > Z(wa(t)len(P = w2(1) > 2 Q1

o3

for any t: Lo <t < L,.
Thus, the equation (4.1) yields

20+ (N —1) . €2 v (1)?

. LI S Y s 2

where any Lo <t < L,. The above inequality implies 0, (¢) > 0 from ¢,(Lg) > 0. By the
analogous argument in Lemma 3.1 we have a contradiction. Then S # ¢. Similarly, we

have S, # ¢.
We recall that ST+ 57~ and S are as in Definition 1. On the other hand, it is clear,
by the definition of ¥, S~ and S, , that ST+ = (R+1)?S/*, S~ = (R+1)'S;~

and § = (R +1)%5,.

Lemma 4.2 S, is a nonempty closed set.
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Proof. From Lemma 4.1 it follows that S*+ and S~ are nonempty sets. Using the
analogous argument in Lemma 3.1 we know that ST+ and S~ are open sets. Thus it
follows that .S is the nonempty closed set. Therefore, Sy is a nonempty closed set.

We denote by vy(t) the solution of (4.1) satisfying v(Lg) € Sa.

Lemma 4.3 We have lim;— o vo(t) = o0.

Proof. This lemma is proved by contradiction. Let E be any large number. From
limy_, o 6(t) = 0o we can choose a constant L such that 2E + 1 < mins, &(1).
Assume vo(L) < E.  If there exists Ly such that vo(L1) = vo(L) and vo(L) > vo(t) for any
L <t < Ly, vo(t) holds a locally minimum point. On the other hand, from (2.3), it follows
that

the right hand side of (4.1) <

tiz{eoez(vo(f) — &) vo(t) P71 +[&(8)]P7H) + rolvo(t)]}-

Since (—€gea EP ™1 +2rq) < 0 for sufficiently large E, there exists a positive constant o such
that

. 204+ (N —1) . 8o . —b0EP
(12 foft) + 2L 1) < 20 1) — iy 1 <~
for any t : L < t < L; where §y = €pes. The existence of the locally minimum point

contradicts the inequality of (4.2). Let wvo(t) < vo(L) < E for any ¢ > L. Hence, the
inequality (4.2) holds good for any ¢+ > L and it follows that vo(L) < 0. Solving the
inequality (4.2) we have

do EP t
Wil <G o N el
where Cy is a positive constant independent of ¢. Thus, we know lim; o v9(t) = —oc.

Hence, there exists Ly such that Ly > L and vo(t) < 0 for any t < L;. Moreover,

N —
2L Dty < 29 o) = m(t)(] wult) P (o))

< #I’O(t) | vo(t) P

for any ¢t > Ly. If Ly is sufficiently large, the above inequality yields 9o(#) < 0 for any

t> L.
From the analogous argument in Lemma 3.1 it follows that the life span of vg(#) is finite.
This is a contradiction. Hence, we have vq(L) > E. Assume v(t') < E for some ¢’ > L.
Repeating the argument of the above, we get the contradiction. Thus the proof of the

lemma is completed.

bo(t) +

e(t)

Proposition 4.4 We assume that { > 2 and lim ~— = = co. Then there erists a unique

t— o0
solution of (1.2).

Proof. From Lemma 4.2 we know the existence of the solution of (1.2). For the proof
yi(t) — y2(t)
Al
are solutions of (1.2). From the comparison theorem we can assume yq(¢) > y2(¢) for any
t > R. Then, it follows that v(¢) > 0 for any ¢ > R. Noting (2.3) we have the following

inequality:

of uniqueness of the solution by contradiction we put v(t) = where y1 and ys

20+ (N —1)
t

H(?%z)ev(t) > f_gv(t)(lw OF ™ + o))

() + b(t) +
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yil?)
6 )
Let L be a sufficiently large number. Then, Lemma 4.3 and the above inequality implies

where v;(t) = 1 =1,2 and &g = egea.

20+ (N —1)
t

. . d _ _
() + o(t) = ﬁu(t)(wl(t)\p Lt loa ()7

for any ¢ : ¢+ > L. This inequality implies v(¢) > 0 for any ¢ : ¢+ > L. Noting |v1(#)|?~! +
lva(#)[P~1 > Const v(t)P~! and using the analogous argument to the proof of Lemma 3.1
we know that the life span of v(t) is finite. This is a contradiction. The proofs of Theorem

2 and Corollary 2 are now accomplished by Proposition 4.4 and Proposition A-3.

5 Proofs of Theorems 3,4 and Corollaries 3,4 Throughout this section we assume

t
that ¢ > 2, tlim % = k. We shall use the analogous argument to the proof of Theorem
— o0
2.

We remark ST+, S~ and S are as in Definition 1.
Lemma 5.1 ST+, S~ are nonempty open sets and S is a nonempty closed set.

Proof. By the same reason as in Lemmas 4.1 and 4.2 we can prove this lemma.

Let y(t) be the solution of (1.2). We put y(t) = v(#)t? and ¢(t) = x(t)t?. Then our
assumptions (H2) and (H3) imply ¢(¢)~'#* = 1 + O(t7!) and x(t) = k + O(t7!) as t — oc.
Thus the equation (4.1) is replaced with the following equation:

20+ (N — 1)
t

(5.1) )+ flte

. 1 -

b08) = S {ololr=" = w7 = (8 + (¥ = 2)0)o(t) + 2L,
for any t: t > R+ 1 where |f2(¢,v)] < Const(|v(#)|” + 1).

Lemma 5.2 Let y(R+ 1) € S, then we see v(t) € L®(R+ 1, 00).

Proof. To prove this, we shall use contradiction. Let M be a sufficiently large number. We
assume there exists a large number tg such that v(tg) > M. Then we may assume 9(tg) > 0.
If there exists #; > to such that v(t1) = v(to) and v(t) > v(tg) for any t : to <t < ty, we
have a locally maximum point t2 in (g,?1). As the right hand term of (5.1) is positive for
t = t,, the above result contradicts the maximum principle. Then, v(¢) > M for any ¢ > to.

Thus, we see
204+ (N —1) . do
— o) 2 (@)

for any ¢t > t¢. Using the analogous argument as in lemma 2.6 we obtain that the life span
of v(t) is finite. This is a contradiction. Then, v(#) is upper bounded. Likewise, we obtain

b(t) +

that v(¢) is lower bounded. The proof is complete.
For simplicity we denote F(z) = {z|z|P7! — kP — (6* + (N — 2)6)z}.

Lemma 5.3 Assume that the life span of the solution y is infinite. Then we have
mt_,mv(t) <wsg.

If w_ exists we have
lim,_, o 0(t) > w_.
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Proof. We will show mt_,oov(t) < w4 by contradiction. We assume that

mt_,oov(t) > wt + €g. Then, the solution v(¢) is larger than wy + €o/2 for large ¢, or there
exists a sequence {t,} such that lim, ,ectn = 00, v(ty) > wt + €/2 and ¢, are locally
maximum points of v(¢). We first consider the former case. Since v(t) > wy + /2 for
large ¢, it follows that F(v(t)) > dy > 0. On the other hand, from Lemma 5.2, there exists
a constant M such that |f2(¢,v(¢))] < M for large t. Then, the right hand side of (5.1) is
larger than (6o — M/t)/t* > §o/(2t?). Then, it follows that

() + B+N-1) (;V — 1:)b(t) > do/(2t%).

Solving the inequality we get v(t) > Cy + Cylogt for large t. This contradicts Lemma 5.2.
Second, let the sequence {t,} exist. If n is sufficiently large, it follows that F(v(t,)) —
M /t, > 0. By the maximum principle we see that the existence of locally maximum points
t, contradicts that the right hand part of (5.1) is positive. Thus we have lim;—oov(t) < w4.
Similarly, we also get lim, , v(t) > w_.

Proposition 5.4 Let the solutions of the equation (1.3) satisfy with (C1). Then there
: ) . . , . t
exists a unique solution y(t) of (1.2). Moreover, the solution satisfies tllm % = wyt.
—o0

Proof. From Lemma 5.1 it is trivial to prove the existence of the solution. Then, we

will show thm % = w4. Since Lemma 5.3 implies hmtﬁocyf—g) < wy it suffices to verify
—> 00 A A

. t . . ..

11mf_moyf—0) > w4. Replacing w_ by w4 and using the similar argument as the proof of

lim, , v(t) > w_ in Lemma 5.3, we have our assertion. We will next show the uniqueness.

it .
Assume there exist different two solutions y;(t) of (1.2) satisfying tlim y%—g) =wy(i =1,2).
— 00 A

Let v(t) = O =80 g4 = B0

v = Z—~. Then we have

o(t) + v(t)
=g(®)" P i () (lor (P — w2 ()2 ()P = 1.

On the other hand we see v(t) > 0 and ©(¢) > 0 for any t > R from the maximum
principle. Moreover, since a sole value of tangent linear of (1.3) at X = wy is positive we
see plwg P71 — (82 + (N —2)%) > 0. Thus, using g(+) """ = 14+ 0(+7") and lim;_, oo v; (1) = w4
we see that there are positive small constant ¢ and large number M such that

6? + (N —2)6

I> o) (plws]P™" — (8 + (N —2)8) —§ — th).
Therefore, plwy|P~! — (6% + (N — 2)6) > 0 implies
. 20+ (N — 1), do M o
i+ 2 Dy > (o 2> Jog

for the sufficiently large number ¢ where dg is a small positive number. From Lemma 2.4
we have limy_, . v(t) = oo. This is a contradiction.

The proofs of Theorem 3 and Corollary 3 are now accomplished by Proposition 5.4 and
Proposition A-3 in Appendix.
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Lemma 5.5 Let the solution of the equation (1.3) satisfy with (C2) or (C3). If y(R+1) € S
there exist solutions of (1.2) respectively. Moreover, these solutions satisfy:

lim = > =w; or wy=w_ 1in (C2) case

and

: t .
tlgr@l@%zw+ or wg or w_ in(C3) case.

Proof. From Lemma 5.1 it suffices to show the behavior of the solutions as t — oo.

t
Recall that v(t) = % where y(t) and v(¢) are solutions of the equations (1.2) and (5.1)

respectively. Using the integral representation of v(¢) and noting Lemma 5.3 we have

i
| t20(1) (1) — tgiv(to) |< Const/ P 2ds

to

where 3 = (260 + (N — 1)). Then from 8 > 1 we know [t9(¢)| < Const for sufficiently large
number ¢.
Putting ¢t = €® and v*(s) = v(t), the equation (5.1) is rewritten in the following equation:

0*(s) + (B — 1)o*(s) )
[ ot P s) P (8 (N 2080t ()} + 22

e’

(5.2)

We next show lim 0*(s) = 0. Let s; < s2 be large numbers. We first remark that
§—> 00

[ Ew = [ (()) Flw)dw.

Moreover, |f2 (t,0*(s))0*(s)| < M from Lemma 5.3 and |0*(s)| = |[to(t)| < Const.
Multiplying (5.2) by v*(s) and integrating this equation over (s1, sz ) we have

[(7(s2)” =0%(52)*)/2+ (8 = 1) [ 97(6)"d

v (s2)

—/ (w]w[P~! — kP — (8% + (N — 2)8)wdw |
v*(3122

<M e *ds.

J 51

(5.3)

0" (s2)
Since / F(w)dw is bounded for any s, sy, from Lemma 5.3, we get
v*(s1)

| / §(€)2dé |< Const.

for any s > s1. Thus it follows that

52

5.4 li o*(€)2d¢ = 0.
(5.4) . (§)7d¢

By contradiction we will show lim 9*(s) = 0.

5—>00
We assume that lim,_, 0"(s) < limsc®™(s). Then, there exist sequences {sy,} and
{s2,n} such that so < 51,5, < $2.n < $1,n41 and

do < 75*(32771) — 1']*(31771) and [0(s)] > d0; forany s € (31771.,327“)
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where sg is the sufficiently large number and g, §; are sufficiently small positive numbers
independent of n. Since |f3(s,v*)] < Const, the equation (5.2) implies |§*(s)| < Const for
any s > sg. Then, it follows that

8o < [0* (82 n) — 0% (s1, n)‘ = |0%(¢& )(32 n 31,n)| < Co(Sz,n - 31,n)~

Then, since

ConstZ/ d5>2/ d5>z5260—

we have a contradiction. Thus, we have lim,_,o, ©*(s) = C. If C' # 0 we have a contradic-
tion form (5.4). Therefore, we obtain

(5.5) lim ©*(s) = 0.

§—> 00

We next show the claim in this lemma. Let € be any positive number. From (5.3),(5.4) and
(5.5) there exists a large number sy such that

v* (82)
(5.6) | F(w)dw |< e for any s2,s1 > so.

v*(s1)
We assume a = lims_, oov*(s) > lim, ,__v*(s) = b.

From (5.6) we have | / F(w)dw |< 2e. Then it follows that | / F(w)dw |= 0. On the

other hand Lemma 5.3 yields w_ <b < a < wy.
We first consider the case (C2). Since F(w) < 0 for any w : b < w < a it follows that

/ F(w)dw < 0. Then it is a contradiction. Thus, we have a = b.
b

a

We second study the case (C3). Since | / F(w)dw |= 0 we find that w_ <b <wy < a <

w4 . Let § be a positive sufficiently small number. Then, there exist sufficiently large numbers
81,89, 83 such that 50 < 51 < s3 < sg and v*(s ) = b—|—5 <v*(s3) =wp < a—8=0v"(s2).

Then, we get | /
*(s3)

the inequality (5.6). Then it follows that a = b.
Thus there exists lims oo v*(s) = a. If F(a) # 0 we know that lims_,o $*(s) = F(a) £ 0
from (5.2) and (5.5). Then, lim;_,o v*(s) = 0o or —oo. This is a contradiction. Therefore,

F(a)=0.

F(w)dw | > Const or | / (w)dw | > Const. This contradicts
*(s1)

Definition 2 We define ST, S™ and S° by

olt
S+:{O¢ES:Iimt_>ooyTE)):w+}

ol
SOZ{OLEShmt_)ooytg) :wo}

olt
_:{QES:limt_watg) =w_}.

Proposition 5.6 Assume w_ < wg. Then we have
(1) S*(resp.)S™) is a nonempty one point set = {ay }(resp.{a_} )
(2) SO is a nonempty open set = (a_,ay).
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Proof. We first show that ST is nonempty. Let a; > as € St+. By the maximum
principle it follows that ya,(t) > ya,(t) for any t € (R,min{T,,, Ty, }). In the proof of
Lemma 3.1 sup T, = oo was shown. On the other hand, noting lim, , ¢(¢) > 0 and

acsSt+
using the minimal principle we get that there exists a constant L independent of o € ST+

and t > R such that yo(t) > —L. Hence, it follows that
lim, . Ya(t) = Ya,(t) locally uniformly on [R, o)

where ag = inf,ecg++ . Moreover, ya,(t) is a solution of (1.2) and ya,(¢) > —L. Thus it
follows that ag € ST form Lemma 5.5.

Second we will show that ST is one point set by contradiction. Let be a; > as € ST,
For the simplicity we denote yo, = y;(¢ = 1,2). From the comparison theorem we have
y1(t) — y2(t) = 6(¢) > 0, 91(t) — y2(¢) > 0 for any t € (R, 00) where () is the increasing
continuous function on (R, o0). The mean value theorem implies

iy (P — 2 (W)l (O = pICHP (51 (1) — 2(1))

where y(t) < ()t < yo(t).  Since |((t)| > wi — € for sufficiently small €y and large ¢,
it follows that there exists a small positive constant e such that

g Ol O = @) > tlz(l —ph T (g1 () — y2(1)).

Hence, from the integral equation associated with (1.2), we get

1 ) S
() = a(1) 2 (0 + (1 ™[O [N gy

t n
where t; is sufficiently large number. Then, Lemma 2.4 yields

t

JERP¥]
tl)

(5.7) y1(t) — y2(t) > cof

where )\ is a positive solution of the equation A%+ (N—Q))\—pwifl(l —¢) = 0. Since a slope
value of a tangent line of (1.3) at X = w4 is positive, we get pwi_l(l—e)—(ﬁz +(N=-2)§) > 0.
Then, A\; > 6. On the other hand, since y; (R + 1) and y2(R + 1) belong to ST, it follows
that y; () — y2(t) = O(¢%). This contradicts the inequality (5.7). Thus ST is one point set.
In a similar way, we also obtain that S~ is at most one point.

Next, we will show that S~ is not empty by contradiction.

We assume S~ is empty. If S is also empty, there exist ay € ST and a sequence {a,} C

S~ such that

hnln—)oo Yo, (t) = yoz+ (t)
limp, 00 Ya, (1) = Yay (t) locally uniformly on [R,o0).

Then, for a sufficiently large n, we find that ya, (to) > 0 and g, (to) > 0 where tg is a
sufficiently large number. On the other hand we may assume that y*(¢) = ~ (wo + w_;)t’

is an super solution of (1.2) on [tg,o0). Moreover, we see that y*(tg) < 0 and g*(to) < 0.

Then, yq, (t) —y*(¢) holds the maximum point in (tg, T, ) where Ty, is the life span of y,,,

This contradicts the maximum principle. Hence, S° is not empty.

We next assume that S is closed. Then, ag = inf S belongs to S

yao<t)
t()

Thus, lims— = wp. From Cauchy’s mean value theorem there exists a sequence
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yao (tm)

{tm } such that lim,, e Lo
m

= Bwo. On the other hand, we have there exists a sequence

{an} C S™7 such that {ya, } and {ga, } are locally uniformly convergent to yu, and g4, on
[R,00) respectively.  Then, we obtain that there exist sufficiently large numbers n and m

1 , 6
such that yq, (¢,,) > ,)(uJ —I—wo)te and Yo, (tm) > Z(w, +wo)t9_1 Thus, it follows that

Yo, (1) — y&(t) holds the maximum point in (tg, Ty, ). We remark that yg(¢) is the super
solution of (1.2) on [tg,00). This contradicts the maximum principle theorem. Thus, S° is
open. Therefore, S is not the closed set. This results contradicts Lemma 5.1 Thus S~ is
not empty.

Proposition 5.7 Let w_ = wo.

(1) ST = {ay} is a nonempty one point set,

(2) S =[a_.at) is a nonempty set .

Proof. From the similar argument in Proposition 5.6, (1) is trivial.
We first consider in the case of 5 < Bor N > 2. Let K and ¢y be sufficiently large number.
We denote by y () = wot? + Kt?~!. We will show that y4(¢) is an super solution of (1.2).
Since a slope value of a tangent line of (1.3) at X = wy is zero, we find

wolwolP ™! — kP — (87 + (N —2)8)wo) =0 and  plwol?* — (6% + (N — 2)8) = 0.

Then, it follows that plwo[P 1 —((#—1)2 4+ (N —2)(#—1)) > 0. Hence, noting (1—t ‘g(t)) =
O(1/t) and ((f(t)/t?) — k?) = O(1/t) and using the Taylor expansion theorem we see

—g(#)(i1+ (1) + S5 () + ya (Dly (" = F(1)
S R (a1 — (817 + (N —2)(6—1))

M, - M2 B
1 — 21/_ 3 t}

where M;(i = 1,2, 3) are constants independent of I and ¢. If K is sufficiently large and

K?
e is sufficiently small, the right hand side of the above inequality is positive. Then yy ()

is the super solution of (1.2).
1
We second consider in the case of 0 < 8 < = and N = 2. We denote by y (t) = wot? +logt.

We use the similar method as the case of the above. Then, we have

—g(t)(i4(t) + 9+(1) +yr (D) |y ()1 = f(2)
> pluwo P71 log t — Myt973+E — MLt9P=1 — M9 =20 (log t)?

1
> 5p|w0\P*1t9p*9 logt

for the large ¢t where M;(i = 1,2,3) are positive constants independent of ¢. Then yy () is
the super solution of (1.2).

y+(t)
-/'9 = W4.

Using the similar argument of the proof of Proposition 5.6, we complete the proof.
The proofs of Theorem 4 and Corollary 4 are now accomphshed by Proposition 5.6 and
Proposition 5.7.

Therefore, in both cases there exists the super solution of (1.2) such that 1

Appendix. We shall prove that the uniqueness of a classical solution implies the uniqueness
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of a continuous viscosity solution. As this argument is in our paper [8] we will give an outline
of the proof in this paper.

Lemma A-1 There exists a solution y of (1.2) satisfying y(T1) = o and y(Tz) = 3 where
any Ty, Ty : R< Ty < Ty and any o, € R'. If Tty = R, we have the solution of (1.2) such
that y(Th) = ¢(R) and y(Ts) = 5.
Proof. See Proposition 3.1 and Lemma 3.2 in [8].

Let u(z) € C(RN — Bg) be an arbitrary viscosity solution of (0.1). Define for « €
RN — Bp

U(z) = sup{u(Qz);Q € O(N)} and U(z) = inf{u(Qz);Q € O(N)},

where O(V) denotes the set of orthogonal N x N matrices. Since O(N) is compact and closed
(in the matrix norm), we see U(z) = max{u(Qz); Q@ € O(N)} and U(x) = min{u(Qz); Q €
O(N)}.

Lemma A-2 U(x) and U(x) are continuous on RN — Br. Moreover,
(i) U is a radial viscosity subsolution of (0.1).
(i1) U 1s a radial viscosity supersolution of (0.1).
Proof. See Section 4 in [8].
As U(z) and U(z) are radial functions we denote by U(|z|) = U(x) and U(|z]) = U(z).

Proposition A-3 Suppose that the solution of (1.2) is unique. Then, the continuous vis-
cosity solution (0.1) is also unique.

Proof. Connecting the continuous viscosity solution of (0.1) and thecontinuous viscosity
solution in [8] we can get all continuous viscosity solutions of (0.1). (See [8]) Then, we have
only to study in case of the domain D = {z € R";|z| > R} and the boundary condition
u(z) = ¢(R) for any |z| = R. Then we shall consider the following equation:

{ —g(l = Au(x) +u(z) [u(z) [P='= f(|z]) onany |z|>R

(A-1) u(z) =¢@(R) onany |z|=R.

Let U(z) and U(z) be functions associated with the solution of (A-1). We shall prove
U(z) = U(x) by contradiction. Assume that U(t;) > U(t;) where t; > R. From Lemma A-1

1
there exist solutions y; (¢) and y2 of (1.2) such that y; (R) = ¢(R), y1(t1) = g(U(tl)—l—ZQ(tl))

. . 1, —
and y2(R) = ¢(R),y2(t1) = g(‘QU(‘tL) + U(t1)) respectively. From the maximum principle

and the minimum principle it follows that U(t) > y2(t) > yi(t) > U(t) for any ¢ : t > .
Then the life spans of y;(t) and y2(t) are infinity. The existence of solutions y2(¢) > y1 (%)
on [R, o0) contradicts the hypothesis in this proposition.

Proposition A-4 A continuous radial viscosity solution u(t) of (0.1) is a classical solution
of (0.2).

Proof. Let R < Ty < Ty. We denote the radial solution of (1.2) connected (T4, u(71)) and
(T, u(T2)) by y1,2. Since yy 2 is a viscosity solution € C* of (0.1) on z : T} < |z| < Ty, by
the maximum principle, it follows that u(2) = y1,2(|z]). Then, the proof is complete.
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