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KS-FILTERS IN KS-ALGEBRAS
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ABSTRACT. The notion of a KS-filter of a KS-algebra is introduced, and some related
properties are investigated. Conditions for a stable subset to be a KS-filter. KS-filters
containing a stable subset are established.

1. INTRODUCTION.

In 1993, Jun et al. [1] introduced a new class of algebras related to BCI/BC K -algebras
and semigroups, called a BCI/BCK-semigroup. In 1998, for the convenience of study,
Jun et al. renamed the BCI/BC K-semigroup as the IS/IKS-algebra, and studied related
properties (see [2]). In this paper, we introduce the notion of KS-filters in KS-algebras, and
investigates some of its properties. We give conditions for a stable subset to be a KS-filter.
Given a stable subset F' of a KS-algebra X, we establish KS-filters containing F.

2. PRELIMINARIES
We review some definitions and properties that will be useful in our results.
By a BCI-algebra we mean an algebra (X, *,0) of type (2,0) satisfying the following
conditions:

((fv *y)* (2

° z)) * (Z*y):().,

o (zx(z*xy))xy=0

° 1*:0—0,

e rxy=0and y*xz=0imply r =y

for all #,y,2z € X. A BCI-algebra X satisfying 0 < « for all 2z € X is called a BCK-algebra.
In any BCK/BCl-algebra X one can define a partial order “<” by putting < y if and
only if x xy = 0.
Definition 2.1. (Jun et al. [2]) A KS-algebra is a non-empty set X with two binary
operations “*” and “-” and constant 0 satisfying the axioms

e K(X):=(X,%,0)is a BCK-algebra.

e S(X):=(X,) is a semigroup.

e the operation is distributive (on both sides) over the operation “x”, that is, z - (y *

z)=(z-y)*(z-z)and (zxy) - z=(v-2)*(y-z) forall z,y,z € X.

Especially, if K(X) := (X, *,0) is a BCI-algebra in Definition 2.1, we say that X is an
IS-algebra. Note that every KS-algebra is an IS-algebra. We shall write the multiplication

-y by xy, for convenience.

Proposition 2.2. (Jun et al. [1]) Let X be an IS-algebra. Then we have

(1) 0z =20 =0.
(ii) Ve,ye X, 2 <y = 2z <yz, zo < zyVz e X.

“”
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3. KS-FILTERS

Definition 3.1. A KS-algebra X is said to be bounded if there exists a special element
e € X such that < e for all * € X. In this case, we call e the bound of X. A KS-algebra
X is saild to be star-commautative (resp. dot-commutative) if x * (x *y) = y * (y * x) (resp.
vy = ya) for all z,y € X.

In what follows let X denote a bounded KS-algebra unless otherwise specified, and we
will use the notation e(xz) instead of e * x for all € X and the bound e of X.

Definition 3.2. A subset F' of X is called a left (resp. right) XS-filter of X if it satisfies:
(F1) Fis a left (resp. right) stable subset of S(X),

(F2) F contains the bound e of X,

(F3) e(e(z) * ey ))GFandyeFunpr x e F.

In the sequel, a KS-filter means a left I(S-filter, and a stable subset means a left stable
subset.

Proposition 3.3. Let F be a KS-filter of X and let v € X. If there emists y € F such
that e(x) < e(y), then z € F.
Proof. The inequality e(x) < e(y) implies that
(ele) 4 e(y)) = (0) = e+ 0 = c € F,
and so x € F by (F3). This completes the proof. O

Corollary 3.4. Let F be a KS-filter of X and let x,y € X be such that y < z. Ify € F,
then « € F.

Proof. Let 2,y € X be such that y < 2. Then e(2) < e(y). It follows from Proposition 3.3
that = € F. O

Proposition 3.5. Let X be star-commutative and let F be a KS-filter of X. Then

Proof. Note that glb{z,y} =2 Ay for all 2,y € X, where s Ay =y * (y xx). Let z,y € F.
Since

r = ele(r)) <e(yxa)=e(y*(y*(y*)))
= ely*(z Ny)) = ele(z Ay) *e(y)),

it follows from Corollary 3.4 that e(e(x A y) * e(y)) € F so from (F3) that « Ay € F. This
completes the proof. O

Theorem 3.6. Let X be star-commutative and let F' be a nonempty subset of X. Then F
is o KS-filter of X if and only if it satisfies (F1), (F2) and
(F4) Va,ye X,y € Fe(yxx) € F = = € F.

Proof. The proof is straightarrow because e(e(z) x e(y)) = e(e(e(y)) * x) = e(y * ) for all
z,y € X. O

We give conditions for a stable subset of S(X) to be a KS-filter of X.
Theorem 3.7. Let X be star-commutative that satisfies the equality x xy = (v *y) *y for
all 2,y € X. Let F be a stable subset of S(X) such that
(i) Ve,ye X,z €F, 2 <y = yeF.
(i) Yo,y € X, z,y € F = glb{z,y} € F.
Then F is a KS-filter of X.
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Proof. Since x < e for all # € X and hence # € F, it follows from (i) that F' contains the
bound e of X. Let z,y € X be such that e(e(z) * e(y)) € F and y € F. Note that

rxy=(rxy)*y & yAr=ux*e(y)
for all z,y € X. Thus
z Ay = yx(y*xz)=e(y*z)*e(y)
= elyxz)ANy=cle(x)*xe(y) ANy e F
by (ii). Since Ay < z, it follows from (i) that + € F. Hence F is a IKKXS-filter of X. O
Lemma 3.8. For any ri,--- ,rp,x,y,z € X, we have

ra(rnoa(ce(rie) ) Sralraa (- (ry) )
= Ta(ra—1 (o (ri(@*2)) ) S ralraaa (- (n(y +2)) -+ ).

Proof. Tt is straightforward by the mathematical induction. O

Theorem 3.9. Let X be dot-commutative such that e(kx) = ke(z) for all k,z € X and let
F be a stable subset of X. Then the set
O = {z € X [bn(bn-a(--- (ba((--- ((e(x) * e(a1)) * e(az)) # -+ ) * e(an))) -+ )) = 0
for some ay,az, - ,a, € F and by,by,--- ,b, € X \ {0}}
1s a KS-filter of X containing F.
Proof. Obviously, Q; contains the bound e of X. Let k € X and « € €. Then there exist
ai,as, - ,an € Fand ri,re,- - ,r, € X \ {0} such that
ra(rn—1 (- (r((-- - ((e(z) * e(ar)) * e(az)) * -+ )+ e(an)))---)) = 0.
Since F is stable, we have kay, kas,- -+ ,ka, € F. It follows that
ra(ra—1(--- (re((--- ((e(ke) * e(kay)) * e(kaz)) - -- ) * e(kan))) -+ ))
ra(rna (- (re(R(( - ((e(x) x e(ar)) x e(az)) * -+ ) e(an)))) -+ )
= k(ra(---(ra((--- ((e(x) * e(ar)) * e(az)) % --- ) * e(an))) - -))
= k0=0.

Hence kx € €y, and so € is stable. Assume that e(e(z) % e(y)) € €y and y € 4. Then
there exist a1, ,an, b1, ,bm € Fand ry, - ,rp, 81, ,8m € X \ {0}, where n > m,
such that

(1) ralra—a (- (ra (- ((e(ele(z) * e(y))) * e(ar)) * e(az)) * -+ ) * e(an))) -+ )) = 0,
(2) Sm(sm—1(--- (s1((--- ((e(y) * e(br)) ¥ e(bz)) # - - ) % ¢(bm))) -+ )) = 0.

Note that (1) is equivalent to the following:

() ralra—a(- (ra((-- ((e(x) * e(y)) * e(ar)) * e(ag)) * -+ ) x e(an))) -+ )) =0,
which implies that

0 = ra(rnal- (r((( ((e(x) * e(ar)) * e(a

= rn(rar (o (r (- ((es

ra(rna (s (roe(

that is,
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It follows from Lemma 3.8 that

Pl (o (o (o (o) = efar)) # eas)) ) * efan)) »
(b)) welbm)) )
< ralr (o (G (ey) = eb) w ) eba)) %)

so from Proposition 2.2(ii) that

Sm(sm—l(' o (Sl(rn(rn—l(' o (7“1((' o

(- «
() * efb)) - ) % e(bu)) )

< smlsmo1 (o (101 (- (r (- (ey) = e(br)) - ) x (b)) -+))) )
= Tu(ra—1 (o (ri(sm(smor (- (s1(( - (e(y) x e(br)) # -+ )k e(bm))) -+ ) -+ )
= 0.

Hence

sn(smot (= (31 (rnoa (- (1 (G (el) # efan) x efaz)) 5 ---)
() e(br) = =) b))+ ) ) = 0.

which shows that x € Q4. Therefore 0 is a KS-filter of X. It is clear that F C ;. This
completes the proof. O

Theorem 3.10. Let X be dot-commutative such that e(kx) = ke(x) for all k,x € X and
let F' be a stable subset of X. Then the set

Qy :={o € X | ra(---(r2(ri(e(z) ¥ e(ar)) * e(az)) *---) x e(an)) =0
for some rq,r2,--- ,r, € X \ {0} and ay,a9,--- ,a, € F}
18 a KS-filter of X containing F.

Proof. Clearly, Q, contains the bound e of X. Let z,y € X be such that e(e(z)xe(y)) € Q2
and y € Q5. Then there exist ay,as, -+ ,dn,01,b0,++ by € F and rq, ro, -+ 1y, S1,
So,- ,8m € X\ {0}, where n > m, such that

(4) ra(-- - (ra(ri(e(e(e(z) « e(y))) * e(ar)) * e(az)) * - --) x e(an)) = 0,

(3) sm (- (s2(s1(e(y) * €(br)) * e(bz)) -+ ) e(bm )) = 0.
Note that (4) is equivalent to the following:
rale - (ra(rs (e(e) = e(y) + ) # )+ ) » €lan) = 0.
which implies that
T (e (ra(r(e(z) xe(ar)) *e(az)) * -+ ) xe(ay)) *ry, - -rarie(y) =0,

that is, r, (- - (re(r1(e(z)*e(ar))xe(az))*- - Yxe(ay)) < rp - -rarpe(y). Left “”-multiplying
both sides of the above inequality by s1, we have

51 (e (2 () * elar)) * elaz)) + ) % c(an)))
< siry - corarie(y) =rp o rarysie(y).
Right “+”-multiplying both sides of the above inequality by syr,, ---rie(by), we get
sp(rp(--- (ra(ri(e(x) xe(ay)) * e(az)) *--- ) * e(an))) * s1rn - --r1€(by)
<y -errarysie(y) k sqry, - re(by)

=T, Tor18 (e(y) * 6(51)),
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and so
s1(rp (- - (ra(r(e(z) *xe(ar)) x e(az)) -+ ) x e(ay)) *ry - rarie(by))
< rarysi(e(y) # e(by)).
Left “”-multiplying both sides of the above inequality by s2, we obtain
So(s1(rn(- - (ra(ri(e(z) xe(ay)) * e(az))* -+ ) e(ay)) *krp---rerie(by)))
< g - rerisi(e(y) (b)),
Right “*”-multiplying both sides of the above inequality by sar, - - rie(bs), we get
s2(s1(ra(--- (ra(ri(e(x) * e(ar)) * e(ag)) * - -) x e(an)) *
T orarre(by)) sy - rie(bs))
Srperarisa(si(e(y) « e(br)) * e(b2)).
Repeating the above argument m-times, we conclude that
sm(-+ (s1(rn(--- (ra(ra(e(x) * e(ar)) x e(az)) * -+ ) * e(an)) *
Toooerpe(by)) k- )k, o rre(by,)
< e ra (o (sa o (el) b)) (b)) #-) % b)) = 0.
Consequently,
0 = sl (510l (ralrale(e) s e(an)) » e(az)) + -+ )+ efan) *
rceerie(by)) k- )k orre(by)
= sml (s1(rn(oo- (ra(ra(e(z) # e(ar)) * e(az)) -+ ) # e(an)) * e(br)) * -+ ) * e(bm)),

which implies © € 5. Let £ € X and = € Q5. Then there exist a1,a2, - ,a, € F and
1,72, 7y € X \ {0} such that

To (- (ra(r(e(z) *e(ar)) xe(az)) * -+ ) xe(a,)) = 0.
Since F' is stable, kay, kas, - ,ka, € F. Hence
ro (- (re(r(e(ka) * e(kay)) x e(kag)) * - -+ ) * e(kay,))
= rp( - (ra(ri(ke(z) * ke(ay)) = ke(az)) k- )k ke(an))
= E(ra(-- - (ra(rie(z) * e(ar)) x e(az)) * - -+) * e(an)))

= k0=0,
and so kx € o, i.e., Qo is stable. Obviously, F C €,. Summarizing the above facts we
know that Q9 is a KS-filter of X containing F'. This completes the proof. O

REFERENCES

[1] Y. B. Jun, S. M. Hong and E. H. Roh, BCT-semigroups, Honam Math. J. 15(1) (1993), 59-64.

[2] Y. B. Jun, X. L. Xin and E. H. Roh, A class of algebras related to BCl-algebras and semigroups,
Soochow J. Math. 24(4) (1998), 309 321.

[3] J. Meng, BCK-filters, Math. Japonica 44(1) (1996), 119-129.

[4] J. Meng and Y. B. Jun, BCK-algebras, Kyungmoonsa Co. Korea, 1994.

DEPARTMENT OF MATHEMATICS EDUCATION, GYEONGSANG NATIONAL UNIVERSITY, CHINJU (JINJU) 660-
701, KOREA
E-mail address: ybjun@nongae.gsnu.ac.kr



