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ABSTRACT. Using fuzzy BCC-ideals, the quotient structure of BCC-algebras is dis-
cussed. We show that (1) If f: G — H is an onto homomorphism of BCC-algebras, and
if B is a fuzzy BCC-ideal of H, then G/j~1(B) is isomorphic to H/B; (2) If A and B are
fuzzy BCC-ideals of BC'C-algebras G and H, respectively, then %—g ~ G/A x H/B;
and (3) If A is a fuzzy BCC-ideal of G, and if J is a BCC-ideal of ¢ such that J/A is

a BCC-ideal of G/A, then % =G/

1. INTRODUCTION

In 1966, Y. Imai and K. Iséki ([8]) defined a class of algebras of type (2,0) called BCK-
algebras which generalizes on one hand the notion of algebra of sets with the set subtraction
as the only fundamental non-nullary operation, on the other hand the notion of implication
algebra ([9]). The class of all BCK-algebras is a quasivariety. K. Iséki posed an interesting
problem (solved by A. Wronski [11]) whether the class of BCK-algebras is a variety. In
connection with this problem, Y. Komori ([10]) introduced a notion of BCC-algebras, and
W. A. Dudek ([1, 2]) redefined the notion of BCC-algebras by using a dual form of the
ordinary definition in the sense of Y. Komori. In [6], W. A. Dudek and X. H. Zhang
introduced a notion of BCC-ideals in BCC-algebras and described connections between
such ideals and congruences. W. A. Dudek and Y. B. Jun ([3]) considered the fuzzification
of BCC-ideals in BCC-algebras. They showed that every fuzzy BCC-ideal of a BCC-algebra
is a fuzzy BCK-ideal, and showed that the converse is not true by providing an example.
They also proved that in a BCC-algebra every fuzzy BCK-ideal is a fuzzy BCC-subalgebra,
and in a BCK-algebra the notion of a fuzzy BCK-ideal and a fuzzy BCC-ideal coincide.
W. A. Dudek, Y. B. Jun and Z. Stojakovié ([5]) described several properties of fuzzy BCC-
ideals in BCC-algebras, and discussed an extension of fuzzy BCC-ideals. In this paper we
consider the quotient structure of BC' C-algebras using fuzzy BCC-ideals. We show that
(1) If  : G — H is an onto homomorphism of BCC-algebras, and if B is a fuzzy BCC-
ideal of H, then G/§~!(B) is isomorphic to H/B; (2) If A and B are fuzzy BCC-ideals of
BC(C-algebras G and H, respectively, then S22 =~ G/A x H/B; and (3) If A is a fuzzy

AxB T
BC C-ideal of G, and if J is a BCC-ideal of G such that J/A is a BCC-ideal of G/A, then
S =Gl

2. PRELIMINARIES

Recall that a BCC-algebra is an algebra (G, ,0) of type (2,0) satistying the following
axioms:

(C1) ((z*xy)*(zxy))*(z*2) =0,
(C2) 0%z =0,
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(C3) 2+0=ux,

(C4) z+y=0and y*z =0 imply v = y.

for every x,y,z € G. For any BC'C-algebra G, the relation < defined by @ <y if and only
if v %y =0 is a partial order on G. In a BCC-algebra G, the following holds (see [7]).

(pl) = <,

(p2) w+y <w,

(p3) e <yimpliesz*z <y*zand z*xy < z+*z

for all z,y,z € G. Any BC K-algebra is a BC' C-algebra, but there are BC'C-algebras which
are not BC K -algebras (see [2]). Note that a BCC-algebra is a BC K -algebra if and only if

it satisfies
o (vxy)xz=(rxz)*xy, Vo,y,z € G.
A non-empty subset A of a BC'C-algebra G is called a BCC'-ideal of G if it satisfies

e 0c A,
e Viyz€G yeA (zxy)*xz€A = axz€ A

Note that any BCC-ideal of a BCC-algebra is a BC' C-subalgebra (see [6]).
Definition 2.1. [3] A fuzzy set A in a BCC-algebra G is called a fuzzy BCC-ideal of G if

it satisfies

(F1) A(0) > A(x), Vz € G,

(
(F2) Az *y) > min{A((z * a) xy), A(a)}, Va,z,y € G.

Definition 2.2. [3] A fuzzy set A in a BC'C-algebra G is called a fuzzy BCK -ideal of G if
it satisfies (F1) and

(F3) A(x) > min{A(z *y), A(y)}, Y,y € G.
Lemma 2.3. [3, Theorem 4.3] In a BCC-algebra, every fuzzy BC'C-ideal is a fuzzy BCK -
ideal.

3. CONGRUENCE RELATIONS

In what follows, let G denote a BC C-algebra unless otherwise specified. Let A be a fuzzy
B(CC-ideal of G and a € [0,1). We consider a relation on G as follows:
Rio={(r,y) EGXxG|A(z*y) >, Aly*z) > a}.
Lemma 3.1. Let A be a fuzzy BCC-ideal of G and a € [0.1). If R4, # 0, then A(0) > o

Proof. If Rz , # 0, then there exists (z,y) € G x G such that Az *y) > a. Tt follows from
(F1) that A(0) > A(z *y) > . This completes the proof. O

Proposition 3.2. Let A be a fuzzy BCC-ideal of G and o €[0,1). If Rz, # 0, then R5

18 a congruence on G

Proof. Note from (pl) and Lemma 3.1 that A(x x 2) = A(0) > « for all + € G. Hence
(z,2) € Ry, for all z € G, and so R , is reflexive. Obviously, R 5 , is symmetric. Let
z,y,2 € G be such that (z,y) € Rz, and (y,2) € Rz ,. Then Az xy) > a, A(y * ) > a,
Aly*2) > a, and A(z *y) > «. Since ((z *2) * (y* 2)) * (z *y) = 0 by (C1), we have
A(((r 2w (y 2 2)) % (o 9) = A(0) > o
Since A is a fuzzy BCK-ideal by Lemma 2.3, it follows from (F3) that
A((zx2) * (y#*2)) > min{A(((z * 2) * (y* 2)) * (z * y)), Alz *y)} > a

so that A(z * z) > min{A((z * 2) * (y * 2)), A(y * 2)} > a. Similarly we have A(z x z) > a,
and thus (z,2) € R4 ,. Therefore R4 , is transitive, and hence R4 , is an equivalence
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relation on G. Now, let z,y,u,v € G be such that (z,u) € R, , and (y,v) € R, ,. Then
A(z*u) > a, A(uxz) > a, A(y*v) > a, and A(v*y) > a. Since ((z*y)*(uxy))*(v*u) =0,
we have

Al(wxy) = (uxy)) = min{A(((z+y)* (ury)) * (v xu)), Az u)}

= min{A(0), A(z *u)} > a.
Similarly, A((u * y) * (2 * y)) > a. Hence (2 * y,u*y) € K5 ,. On the other hand, since
((u*y)* (v=*y))*(u*v)=0, it follows from (F2) and Lemma 3.1 that

Al ey (ueo)) > minA(((w g) s (0 5y)) 5 (ux0)), Alwxg))
min{A(0), A(v*y)} > a.

Similarly, we get A((u*v)*(u*y)) > . Therefore (u*y, u*xv) € R 5 - Using the transitivity
of R4 ,, we conclude that (zxy,uxv) € Rz ,. Consequently, Rz , is a congruence on G. [

Corollary 3.3. Let A be a fuzzy BCC-ideal of G and o € [0,1). If A(0) > «, then Ria

15 a congruence on G

Let A be a fuzzy BCC-ideal of G and let o € [0,1). Denote by [2]2 the set {y € G |
(z,y) € Ry ot and by G/A the set {[z]] | = € G}. Define a binary operation & on G/A by

(]2 & [y]d = [a*y)a

for all #,y € G. First we shall verify that the operation © is well-defined. Assume that

[¢]8 = [u]2 and [y]3 = [0]4, ie., (z,u) € Ry, and (y,v) € R, Then (zxy,u*xv) € Ry,

since R , is a congruence on G. Let w € (]2 © [y]2. Then (w,z *y) € RAq, and
so (w,u xv) € Rz ,. Hence w € W] o [v]2,
Consequently, the operation © is well-defined. Next we show that G/A is a BCC-algebra

with respect to the operation &. Let [2]4,[y]2,[2]} € G/A. Then

([« & wl2) & (12 & ) & (a1 & [212)

= (fwxyld Oz #y]
(

and therefore [2]2 © [y]2 = [u]? © [v]2.

-
-
-

which shows that (C1) is true. Similarly, we obtain (C2) and (C3). Suppose that [x]é ©

[y]A = [0]2 and [y]? & [#]} = [0]2. Then [z % y]? = [0]2 = [y * 2]?, which implies that
Az xy) = A((x *y) * 0) > @ and A(y * x) = A((y * ) ¥ 0) > a. Hence (z,y) € R 3,, and
so [2]2 = [y]2. Therefore we have the following theorem.

Theorem 3.4. If A is a fuzzy BCC-ideal of G and a € [0,1), then (G/A,5,[0]2) is a
BCC-algebra.

Using a BC'C-ideal, Dudek and Zhang gave a congruence relation on G as follows: Let
J be a BCC-ideal of G and let z,y € G. The relation ~ on G defined by
x~y ifandonly if vxye€.J andy*xx € .J
is a congruence on G (see [6]). We denote the equivalence class containing = by ||z]| s, i.e.,
lzllr:={y € Gz ~y}.

Note that @ ~ y if and only if |[z||; = ||y||s. Denote the set of all equivalence classes of G
by G/J,ie., G/J:={]lz]|s | « € G}. Then (G/J,*,]|0]|s) is a BCC-algebra.
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Let f be a mapping defined on G. If B is a fuzzy set in f(&), then the fuzzy set iHB) :=
Bofin G, i.e., the fuzzy set defined by j~}(B)(z) = B(j(z)) for all z € G, is called the

preimage of B under f.

Lemma 3.5. Let {: G — H be an onto homomorphism of BCC-algebras. If B is a fuzzy
BCC-ideal of H, then §7Y(B) is a fuzzy BCC-ideal of G.

Proof. Assume that B is a fuzzy BCC-ideal of H. Taking “min” instead of a t-norm “17
in [4, Proposition 3], we know that §'(B) is a fuzzy BCC-ideal of G. U

Theorem 3.6. Let f: G — H be an onto homomorphism of BCC-algebras. If B is a fuzzy
BCC-ideal of H, then G/§ '(B) is isomorphic to H/B.

Proof. Let a €[0,1). Define a mapping b : G/§1(B) — H/B by
b(lell ) = 8, VP e G/ (B).

Assume that [:c}fa_l(B) =y ]f_l(b'). Then (2,y) € Ri—1(5)
B(j(z) *§(y)) = B(f(z +y)) = {1 (B)(x +y) > a

and so

and

B(j(y) * f(x)) = B(f(y *2)) = (B)(y x2) > o
It follows that (f(x), f(y)) € Rz, so that [f( B =iy )] . Hence [] is well-defined. We claim
that b is one-one. For any [z }fq(B), vk B ¢ G/ (B), if h([x]h B)) = h([yﬁ; ) then

[f(2)]2 = [i(w)]Z and hence (§(x),(y)) € Rp,q. Thus
I7H(B)(x xy) = B(j(x xy)) = B(j(z) *j(y)) > o
and
F=H(B)(y * x) = B(j(y * x)) = B(§(y) *f(x)) > o
Therefore (7,y) € Rj-1(p) 4 that is, [.,]L_l(B) = [y}L_l(B). Obviously, b is onto. Finally, we
B ik P € G/fY(B). Then
hilal, P eyl ) = h([:r <ol )
= [i(z= )] = [jz
[§()] & [i(y)
() ) & (Il ).
This proves the theorem. |
Given a fuzzy BCC-ideal of G and « € [0,1), the BC'C-homomorphism 7 : G — G/A,

show that b is a homomorphism. Let [z }

x = [2]2) is called the natural (or canonical) homomorphism of G onto G/A. In the above
Theorem 3.6, if we define canonical homomorphisms p : G — G/A and ¢ : H — H/B then
it is easy to show that hop = ¢gof, i.e., the following diagram commutes:

H

H/B
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The fundamental homomorphism theorem for BC C-algebrasis well-known, i.e.,if f : G —
H is an onto homomorphism of BCC-algebras, then G/Kerf =2 H. Given BC(-algebras
G and G5 define a binary operation “®©” on Gy X G2 by

(21,22) © (y1,y2) := (w1 * Y1, w2 * ya), YV(x1,22), (y1,y2) € G1 ¥ G.

Then it can be easily seen that (Gy x G2;®,(0,0)) is a BC'C-algebra. Now we discuss a
fuzzy BC'C-ideal in a BC'C-algebra Gy x Gs.

Proposition 3.7. Let A and E be fuzzy BCC-ideals of BCC-algebras Gy and Gg respec-
tively. Define a mapping A X B : Gy x Gy — [0,1] by

(A x B)(z,y) = min{A(x), B(y)}, ¥(z,y) € Gy x Gs.
Then A x B is a fuzzy BCC-ideal of Gy x Gy.
Proof. For any (z,y) € G; x G2 we have
(4 % B)(0,0) = min{A(0), BO)} > min{A(e), B(y)} = (4 x B)(zy).
Let (z1,72),(y1,y2), (a1,a2) € Gy X Gz. Then
(A% B)(((x1,22) © (a1, a2)) © (y1,42))

= (Ax B)((w1 *ay) *y1, (v2 * az) * ya)

= min{A((z1 *a1) *y1), B((z2 * az) * y2)}
and (A x B)(ay,a) = min{A(a,), B(az)}. Hence

(A x B)E(ﬂﬁllmz)@’ (y1,92)) ) )
= (A x B)(z1 *y1, 22 *yy) = min{A(x1 *11), Bxs *y2)}

> min{min{A((z * a1) * y1), A(a1)}, min{ B((w2 * as) * y2), B(az)}}
= min{min{A((zy * ay) *y1), B((z2 * a2) * y2)}, min{A(ay), B(az)}}
= min{(A x B)(((z1,72) © (a1,02)) © (y1,92)), (A x B)(a1, a2)}.
This shows that A x B is a fuzzy BCC-ideal of Gy x Ga. O

Theorem 3.8. If A and B are fuzzy BCC-ideals of BCC-algebras G and H, respectively,
then gig ~ G/Ax H/B.

Proof. Let o € [0,1). If we define ¥ : G x H — G/A x H/B by ¥(z,y) = ([«]3,[y)?), then

a?
it is easy to verify that ¥ is an onto homomorphism. By the fundamental homomorphism

gerqj >~ G/A x H/B. We now claim that ||(z,y)||kerv = [(@ ,y)]“XB

theorem, we obtain

Indeed,
(a,

=
~—

€ ||(x:y)”Ker‘lf

(a,b) * (z,y) € Ker¥, (x,y) * (a,b) € Ker¥
(axx,bxy) € KerU, (v*a,y*b) € Ker¥
Waraby) = (O 10) = U s ay +b)

)

B
o

EE O

([axz )3 [bxyll )= ([O}Q‘ [0 }5)7 [ic*a]“f[y*b]f) ) )
[a]d & (2] = [0 = [«]2 & ), BE & 18 = 1002 =[y]Z & b2
la) =[], [0)E = [y)2
(a,2) € R, (b,y) € RE
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(a,b) € [(x,9)]3""
& ((a,b), (2,y)) € RP
& (Ax B)(ah) © (5,y)) > ar (A% B)(5,) & (@) > a
& (AxB)laxa,bxy) >a, (AxB)(zxa,y*b)>a
& min{A(a*z),B(bxy)} > a, min{A(z *a), By xb)} > a
& (a,z) €RE, (by) € RE,
which shows that ||(z,y)||xery = [(z,5)]2*P. Hence
GxH GxH
AxB ~ Ker¥
proving the proof. O

Theorem 3.9. Let A be a fuzzy BCC-ideal of G and let o € [0,1). If J* is a BCC-ideal
of G/A, then there exists a BC'C-ideal

J = U{[e]d | [2]4 € J*}

~G/Ax H/B,

in G such that JJA = J*.

Proof. If J* is a BCC-ideal of G/A, then [0]2 € J* and so 0 € J. Let z,y,z € G be such

that y € J and (z *xy)*z € J. Then y € [a]2 and (x * y) * z € [b]2 for some [a]2,[b]2 € J*.
It follows that [y]? = [a] and

b2 = [y #2102 = (2 S W) & (12 = (12 s L) & (02
so that [z ZE = [l]é e [Z]é € J* since J* is a BCC-ideal. Thus 2 ¥ z € J, and so J is a
BCC-ideal of G. Moreover,

JA = {[llue}
{[u)? | A[2]2 € J* such that u € [2]2}
{[u]? | (2] € J* such that [u]? = [2]]}
= (LA I e T
- J,
proving the proof. O

Theorem 3.10. Let A be a fuzzy BCC-ideal of G. If J is a BCC-ideal of G such that
J/A is a BCC-ideal of G/A, then S5 = G/ J.

Proof. D?ﬁne o : %7% G/J by g{)(|\[$]§||]/%) = ||£177HJ for all H[UCEUJ/A Ei%. ?uppose
that [[el41174 = s}l 574 in 2. Then [a]4 ~ [y12, and so [¢ «yJ2 = [x]4 & [y]2 € J/ A
and [y* ]2 = [y]4 ©[z]2 € J/A. This means that z*y € J and y*z € J, i.e.,  ~y. Thus

S(I[«12 M 52) = N[l =yl = dUI1y]21 5/ 4),
and 50 ¢ is well defined. For every [|[z] ]| 54, |Ily]d 1154 € S5, we have
sl 74+ a1 574) = S(lll2]2 © WAl 172)
Sz * Y1l a) = N = ylls = el =1yl

o212 1y 2) * (NI 2)-
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Hence ¢ is a homomorphism. Obviously, ¢ is onto. Finally, we show that qﬁ is one-one. If

S(ll2)211572) = S(lllylalls), then el = lylls and hence x ~ y. If [alg € [[[x]3]15/

then [a]2 ~ [2]4 and hence [a * 2]2 =[a]2 & [2]2 € J/A and [z * a]2 = [2]2 & [a]d € J/A.
l

It follows that a * =,z * a € J, i.e., a ~ z so that a ~ y. Hence [a]2 € ||[y]2 17,4, which
shows that [[[e]31 /4 Iy}l /4. Similarly, we obtain 131,74 € lIlz)2

(j//:“ = G/ J, proving the proof. O
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