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NON-ZERO-SUM BEST-CHOICE GAMES WHERE TWO STOPS ARE
REQUIRED
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ABSTRACT. Suppose that players I and Il want to jointly employ two secretaries suc-
cessively one-by-one from a set of n applicants. Best ability of management (foreign
language) is wanted by T (IT). We assume that these two kinds of abilities are mutually
independent for every applicant. Applicants present themselves one-by-one sequen-
tially. Facing each applicant, each player chooses either to Accept or to Reject. The
game ends either when the second time of choice-pair A—A happens getting the payoffs
predetermined by the game rule, or when n — 2 applicants except the last two are
rejected. If choice-pair is A R or R A, then arbitration comes in and forces players to
take the same choice as I’s (II’s) with probability p (p), % < p < 1. Each player aims to
maximize the expected payoff he can get. Explicit solutions are derived to this n-stage
game, for the cases where abilities of each applicant are observed as bivariate random
variables with full-information and with no-information. Some numerical results are
presented.

In the beginnings of Sections 1 and 2, we present results on one-stop best-choice games
and then proceed to two-stop games in Sections (la) ~ (2b).

1. A Non-zero-sum Full-information Best-choice Game.

Let (X;,Y;),i =1,2,--- ,n, be ©.i.d. random variables each with bivariate-independent
uniform distribution on [0, 1]? interpreted here as the ability-pair of the i-th applicant jointly
observed by I and II in stage i. As each (X;,Y;) comes up, players I and II must choose
either to Accept (A) or to Reject(R) it expecting that better applicant may come up in the
future.

If both players accept the i-th then the game terminates with payoffs X; to I and Y; to
IL. If both players reject the i-th, this is rejected and (14 1)-st applicant is presented and the
game continues. If one player accepts the i-th and the other reject it, then arbitration comes
in and forces players to take the same choice as I's (II's) with probability p (p). Arbitration
is fair (unfair) if p = (#) 3. We consider that # < p < 1 throughout this paper, without
losing generality. If n — 1 applicants are rejected except the last, then players should accept
the last one. Each player aims to maximize the expected payoff he can get.

Let (un,v,) be the values of the game F%l), say. The Optimality Equation is

(1.1) (un,vy) = Bleq.val. M,(X,Y)]
where
R A
(1.2) M,(z,y) = R Un—1s Vn—1 PUn_1 + px,pvp_1 + Py
A | pr + Pun—1,py + Pon_1 T,y
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(n>1l;up=v9=0)

Define state (z,y,n) to mean that n applicants remain to be observed and the first one
has just been observed with values = and y.

Theorem 1 (i) The equilibrium strategy-pair is : In state (z, y, n)
I chooses A (R), if © > (<) un—1, independently of y,
IT chooses A (R), if y > (<) vp—1, independently of .

The values of the game F%l) satisfy the simultaneous recurrence relation

(13) up =T (U'nflavnfl)a Un = TQ(unfhvnfl)
where

o Ly o, ‘ N o 5 !
(1.4) Ti(u,v) = 5 Wwu +p(2u—1v+1}, To(u,v)= 5 {pv* +p(20 — )u+1}.

(i) up > vg,n > 1, asn — 00, Un T Neo and vy T Voo, Where (Uso, Voo ) 18 @ unique root of
the system
u="T(u,v), v=">T(u,v)

or equivalently

(1.5) pu? = (2u — 1)(1 — pv), po* = (20 — 1)(1 — pu)
For the proof see Ref. [2]. It also contains details for the cases p = § and 1.

la. Maximizing the Sum of Values of Two Accepted Applicants.

Now suppose that players must employ two secretaries from a set of n applicants.
If n — 2 applicants are rejected except the last two, then players should accept these two
applicants. Each player aims to maximize the expected value of the sum of two r.v.s he
accepts.

Let (Un,V,) be the values of the game F%Qa), say. The Optimality Equation is

(1.6) (Un,Vy) = Eleq.val. M, (X,Y)]
where
R A
] ] ple 4+ 1)+ pUn_1,
(1.7) M, (a,y) = R Un-1, Voa Py +va 1) +pVas
pla +up—1)+ pUn_1,
A Py +vn—1) +pVar T A Un-1,Y + Vn-1
1
<n >2:Us=Vo=1, uy =vy = 5)

(1)

and uy,_1,v,_ are the eq. values of game I, ;.

Define state [@,y, n] to mean that n applicants remain to be observed in the game TSLZH')
and the first applicant has just been observed with values = and y.
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Theorem 2 The equilibrium strategy-pair is : In state [x,y,n]
I chooses A (R), if v > (<) Up—1 — un_1, independently of y,
IT chooses A (R), if y > (<) Vo1 — vn_1, independently of .
Values of the game satisfy the simultaneous upward recursion

(18) Z-Jn =Up—1+ Tl([jn—l — Unp-1, ‘/n—l - Un—l)v

(19) ‘/n =vp-1+ TZ([jnfl — Up-—1, .‘/nfl - ’Unfl)v
where T;(u,v),1 = 1,2, are defined by (1.4).

Proof. The following assertion [A] commonly holds true for the beginning part in the
proofs of Theorems 2,3,5 and 6.

Assertion A For p = 1, an eq. strategy-pair in state [@,y,n] is :
I chooses A (R), if £ > (<) Up—1 — up_1,
IT always chooses R, either until the earliest A by I happens, or until I rejects all applicants
except the last two.

The rest of the proof is for L < p < 1. It is easy to find that if % < p < 1, then the
) €

2
bimatrix game (1.7), for each (z,y) € [0, 1]* has the unique pure-strategy eq. such that

fy<V,1—v,1 y> Va1 — v,
R-R R-A
(1.1o) e =Uny—un U,V pla+u)+pU, ply+v)+pV
. AR A A
> Unmr = tnmt | patu)+pU, ply-+0) +pV rtuyto

Here the second row in each cell shows payoffs to T and 11, where w1, vp—1,Upn—1, Vo1
are abbreviated by those without subscripts.
The first component matrix in (1.10) is

U“ ”Jr(.r—UJru)[g 11’]

which, when E(, , is taken, becomes

U + Euplle —Utufpl(z>U—-uy <V —v)+1{z>U—uy>V —v)
+p Iz <U —u,y>V —0v)}]

1
= U+pv o) [

U—u

1
(r = U+ u)de +(V + 7))/ (r = U + u)dx
U—u

U—u
—p(V +v) / (U —u— a)da.
Jo

This is found, after some algebra, to be equal to U + T1(U — u,V —v) — (U — u) i.e., Eq.
(1.8). Eq. (1.9) is analogously derived by starting from the fact that second component

matrix in (1.10) is
111 ; 0 p
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and proceeding in the same way. a
1b. Maximizing the Minimum Value of Two Accepted Applicants.

We here consider the case where each player aims to maximize the expected value of the
minimum of two r.v.s he accepts.

(Un,Vy) be the eq. values of the game ng), say. The Optimality Equation is

(1.11) (Upn, V) = Eleq.val. M, (X,Y)],
where
R A
p(T A un—l) + pLTn—lz
(1.12) M(z,y) = B Un1.Vaci Py Avn—1) + pVa-i
p(l A un—l) + ﬁljn—lv
A Py Avnot) + pVao1 TN Up—1,Y N\ V1

1 1 1 1 1
o = Vo = ¢ = — 5 —= — —. Vo = —D —
<7’I,23./(,/2 = Vs E(Xl/\)xg) 3,71,2 8p+ 27”2 8p+ 2>
and (u,,v,) is the values of the game 1“5}) discussed in Section 1.

Define state [z, y,n] to mean that n applicants remain to be observed in the game 1“5{"“
and the first one has just been observed with values = and y.

Theorem 3 The eq. strategy-pair is : In state [x,y,n]
I chooses A (R), if 2 > (<)Up—1,  indep.of y
IT chooses A (R), if y > (<)Vy—1,  indep.of =

The values (U, V,,) of the game ng) satisfy the simultaneous upward recursion

(1.13) Up=Ri(Up-1,Vaz1), Vo= Ro(Up—1,Vaz1)
where
o Lo 1, .
(1.14) R(U,V) = §pL +pUV + (up—1 — §un71)(1 —pV),
> T 17 72 iava 1 2 T
(1.15) Ry(U,V) = 5pV= + pUV + (vn—1 — §Un_1)(1 —pU),

Proof. Assertion [A] is true with U,_; — u,_1 replaced by U,_; (see proof of Theorem
2). Tt is easy to find that the bimatrix game (1.12) with % < p <1, for each (z,y) € [0,1]?
has the unique pure-strategy eq. such that

fy<Vi y > Voo
RR R-A
(1.16) o= Una U,V plaAu)+pU, plyAv)+pV
] AR A-A
T > Unmt | planu)+pU, p(yAv)+5V TAUYAY
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The first component matrix in (1.16) is
11 .10 p
T o T
L{l I}Jr(m/\u D‘)[p 1},
which, when E(, , is taken, become
U + Byl Au=U)p Iz > U) +p I(y > V)}]

1
= U+ (p+zﬂ7’)/

U
(t Au—U)de — pV / (U — z)dx
U JO

and finally this becomes Ry (U, V') defined by (1.14).

The second component matrix in (1.16) is

11 oo op
V{l 1}+(yAL—V)[p 1],

which, when E(, , is taken, turns out to be equal to Ry(U, V') defined by (1.15). Thus the
proof is complete. O

In Remark 3 in Section 3 a numerical example is presented.

2. A Non-zero-sum Best-choice Game Related to Secretary
Problem.

Suppose that player I (Vice-president) and II (another Vice-president) want to jointly em-
ploy one secretary from a set of n applicants. The nice ability of management (foreign
language) is wanted by I (II). We assume that these two kinds of abilities are mutually
independent for each applicant. Players observe an independent sequence {(Y;, Z;)}"; of
bivariate r.v.s., one-by-one sequentially, which obeys probability distribution

Pr(Y;=y,Z;=z2) =1 %, Yy,z€{1,2,--- ,i}.

For a case where Y; and Z; are dependent, see Section 3 in Ref. [4].

After observing (Y;,Z;) = (y,z) jointly by I and II, for the i-th applicant, each player
chooses either A or R for this applicant. The game is played as described in Section 1, but
with a difference that the “losses” to the players are Q(7,y), Q(7, z), when the choice-pair is
A-A for the i-th applicant. [Notice that for each kind of applicant’s ability Q(7,y) = ’:_1'11 y
is the expected absolute rank for the i-th among n, under the condition that her (or his)

relative rank relative to those who have already seen is y.] If all applicants except the last
have been rejected, then A—A should be chosen for the last applicant. Each player aims to
minimize the expected loss he can get. [c.f. The best(worst) among n has rank 1(n)]

Define state (7,y,z) to mean that (1) the first 7 — 1 applicants have been rejected and
players face the i-th applicant, and (2) players jointly observe Y; = y and Z; = z.

Let w;,v; be the equilibrium values for the n-stage game GES), say, after the first ¢
applicants have been rejected. The game horizon n is at present omitted in our notation
for simplicity. Then it is clear that the Optimality Equation is given by

(2.1) (Uiz1,v-1) = ;72 Z eq.val. M;(y, z)

y,z=1
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where
R A
(22) A/[Z(y Z) = R Uiy Ui ﬁQ(Z7y) +pulﬁﬁQ(272) + pu;
A pQ(Z*y) +pulva(Z72) +]5vi Q(lwy)vQ(sz)
. e n+1
(l_n17"'7271;un—1—vn—1—nlyz_:ly_ 9 >

Theorem 4 The eq. strategy-pair is : In state (i,y,z),
I chooses A (R), if Q(i,y) < (>) u; indep. of z,
IT chooses A (R), if Q(i,2) < (>) v; indep. of y.

The values u; and v; satisfy the simultaneous downward recursion

n+1

(2.3) ui—1 = pE[Q(i,Y;) A ;] + pE [ IQU, Z:) <wv) +uw I(QU, Z;) > vi)}

(24)  vie = PEQ(. Zi) A vi) 4 pE [”glwu,m <)+ 0l (Q, Vi) > )}

The eq. values of the game GEE) are ug, vo(= u™ ("M say).
For the proof and a numerical example see Ref. [4].

2a. Minimizing the Sum of Losses for Two Accepted Applicants.

Now suppose that players want to employ two secretaries from a set of n applicants.
If n — 2 applicants are rejected except the last two, then players must accept these two.
Each player aims to minimize the sum of the expected losses by the two r.v.s he accepts.
Define state [i,y, 2] to mean that (1) the first 7 — 1 applicants have been rejected and
players face the i-th applicant, and (2) players jointly observe ¥; = y and Z; = z. Let U, V;
be the eq. values for the game (denoted by GSLZH')) after the first ¢ applicants have been
rejected. Optimality Equation is evidently

i

(2.5) (Uic1,Viea) =072 ) eqval. M(y,2),
Yy,z=
R A
~ N pLTi +[3(Q(2,y) + ui)v
(26)  Mi(y,z)= R Ui, Vi Vi + p(Q. 2) + vi)
A p(QUi,2) + i)+ pVi | QUry) +ui QU 2) + v

(7:77727 7271;1711—2:‘711—2:77"'»1)

and u; and v; are the conditional values of the game GES), given that the first ¢ applicants
have been rejected. Here notice that

n+1 n+1
4

U=z = E[Q(n — 1,Yum1) + Q(n. Ya)] = 5= + =

=n+1.
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Theorem 5 The equilibrium strategy-pair is : In state [i,y, 2],
I chooses A (R), if Q(,y) < (>) U; — w; indep. of z,
IT chooses A (R), iff Q(7,2) < (>) Vi — v, indep. of y.

The values U; and V; satisfy the simultaneous downward recursion

(2.7) Uix = pE[(Q(i,Y:) + ui) AU
+ BE K” 1, u> QG Zi) +v; < Vi) + UiL(Q(i, Zi) + vy > Vi)]
(2.8) Viei = PE[(QG,Z:) + vi) AV

+ pE[(fl—i— +77> (Q(i-/Yi)-l-uz‘SCTi)+V§I(Q(i,lfi)+ui>Ui)}

The equilibrium values of the game G%Qa) are Ug, Vo(= Uy, say).

Proof. Assertion [A] (in the proof of Theorem 2) is true, if the condition « > (<)Up—1 —tp—3
is replaced by Q(¢,y) < (>)U; — u; and the state [z, y, n] replaced by [¢,y, #].

It is easy to find that, for 3 < p < 1 the bimatrix game (2.6) for each (y,z) €

{1,--- i} x {1,2,--- ¢} has the unique pure-strategy eq. such that
Qi z2) <Vi—wv Qi,z) >Vi—w;
A-A A-R
If Q(i,y) < Ui —u; , 4 p(Qi,y) + u) + pU,
(29) Q(77y) +7IWQ(7,Z) +z p(Q(zvg) —I-U) _)_ﬁV'
R-A R-R
>Ui—u; | pU+p(Qi,y) +u),
PV +p(Q(, 2) +v) vV

Here the second row in each cell shows the losses to I and I, where subscripts in u;, v;, U;, V;
are omitted for simplicity.
The first component matrix in (2.9) is

<Q<z‘,y>+u>[; ﬁ}w[g f],

which, when 772 Zl __. 18 taken, becomes
> y,z=1 ’

i

(210) i > (QU,y) +ulp I(QU,y) +u <U) +p I(QU,2) +v < V)}

y,z2=1

ZUZ{pI (t,y) +u>U)p I(QUi,2) +v>V)}

y,z=1

The first sum is equal to
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since i ! Z;=1 QUi,y) =" L. The second sum in (2.10) is equal to

(2.12) i_ICT[ I(Q(,y) +u>T) +pZI i,z)+uv>V)
y

=1 z=1

Substituting (2.11) and (2.12) into (2.10), we obtain (2.7).
By starting from the fact that the second component matrix in (2.9) is

@Ga+n | b v 0T

and proceeding in the same way as above, we obtain (2.8).
This completes the proof of the theorem. a

2b. Minimizing Maximum Loss of Two Accepted Applicants.

Let us consider the case where each player aims to minimize the maximum loss of
two r.v.s he accepts. Let state [i,v, z] and values u;, v; are defined as the same as in Section
2.

Let U;, V; be the eq. values for the game(denoted by G%Zb), say) after the first 7 applicants
have been rejected. Then

(2.13) (Ui—1, Vi) —2 Z eq. val. M;(y, =)
y,z=1
where
R A
o pUi + p(Qi, y) V ui),
(2.14) Mi(y,z) = R Ui Vi pVi+ p(Q(,2) V vi)
p(Q(i,y) V ui) + pUi, . ;
A (Q(i,2) V vy) + pVi Qi,y) Vui, Qi,2) Vo
(l =n- 27 e 727 1* Up—2 = ‘/n—Z)

instead of (2.6), and

(2.15) Uy = E[Qn—-1,Y,-1)VvQn,Y,)]=E {

s (] e S

y=1

We shall prove

Theorem 6 The eq. strategy-pair is : In state [i,y, 2]
I chooses A (R), if Q(i,y) < (>) U;, indep. of z
IT chooses A (R), if Q(7,2) < (>) Vi, indep. of y.

The values U; and V; satisfy the stmultaneous downward recursion
(216) Ui = pE[QQ,Y) ATUi) + (ui — Q1,Y3)) I(Q(1,Yi) < uy)]
+ PE[E(Q(.Y:) Vui) I(Q(:, Z) < Vi) + Uill(Q(1, Zi) > Vi),
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(217) Ve = PENQG,Z) AVi) + (v — Qi Z0)) 1(QU, Z) < )]
+ PEIE(QU. Zi) v i) I(Q(i,Yi) < Uh) + ViI(Q(i, Y:) > U;).

The eq. values for the game Gﬁfl’) are equal to Uy, Vo(= Uy, say)

Proof. Assertion [A] is true, if the condition # > (<)U,_1 —un_1 is replaced by Q(i,y) < (>
YU;, and the state [z, y, n] replaced by [i,y, z]. Notice that 1 < u; < U; and 1 < v; < V;, Vi.

The rest of the proof is for the case % < p < 1. Tt is easy to find that the bimatrix game
(2.14) for each (y, z), has the unique pure-strategy eq. such that

IfQi,z) <V, Qli,z) > Vi
A A AR
If QUi,y) < Ui _ , p(Q(i,y) Vu)+ pU,
(2.18) Qi,y) Vu,Q(i,2) Vo p(Q(i,2) Vo) + pV
R A R R
QUi,y) > Ui | pU +p(Qi.y) V u), .
pV +p(Q(i,2) V v) u,v

(c.f. Subscripts in u;, v;, U;, V;are omitted
y p y Uiy Ui,y

The first component matrix in (2.19) is

T e R A

3

T -9 7 .
which, when 1 2%221 is taken, becomes

i Z y) Vul{I(Q(i,y) <U,Q(i,z) < V)
| +p 1(Q(i,y) <U.Q(i,2) > V) +p I(Qi,y) > U.Qi,z) < V)}
+ i U IQG,y) <U,Q(i,2) > V)

y,2=1

+pl(Q(,y) > U, QU,2) < V) + 1(Q(,y) > U,Q1,2) > V).

The first and second double sums become
Q) v ) {p 1QUiny) <U) + 5 Y I(QG,2) < m}

y=1

and ‘
lU{ Y HQU.y) > U)+p Y I(Q,z) > Vj)} :
y=1

respectively. Therefore the above equations and (2.5) give

Ui = pim' ) {QUy) v u) IQ(i,y) <U) + UIQGi,y) > U)}

_|_
il
|
- 1

{ S (QUy) V) 1(QUi ) < V) +UIQ(, =) > w}
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The inside of {---} in the first sum in the r.h.s. is

{QU,y) + (u = QUi,y)) " HI[Q(.y) <U) + UI(Qi,y) > U)
Qliry) AU+ (u— Qliry)* H(Qliry) < )+ Tu < Qiry) < 1)}
= QU AU+ (u=Q(1,y)[(Qli,y) <u)

and thus we finally have Eq. (2.16).
By starting from the fact the second component matrix in (2.18) is

TR I p 10 P
@il L ][0 2],

p 1

and proceeding in the same way as above we can obtain (2.17). This completes the proof
of the theorem. 0O
A computational result is given in Remark 4 in Section 3.

3. Remarks.

Remark 1 The problem in this paper is a model of the secretary problem com-
bined with the best-choice sequential game. One of the earliest and fundamental literature
on secretary problem is Ref. [1]. In Ref. [2,3] the full-information best-choice games are
investigated.

Remark 2 Theorems 1 and 4 are fundamental to the arguments in Section 1 and Section

Eq. (1.8) in Theorem 2 . ‘
Eq 51.1;)7(1.14) in Theorem 3 } goes back to (1.3)-(1.4) in Theorem

Up = vy =0

2, respectively. {

1, if we take , an easy-to-understand result.

Up = Up = 1
Al Eq. (2.8)-(2.9) in Theorem 5
A Eq. (2.16)-(2.17) in theorem 6

u; =v; =0
u; =v; =1
Remark 3 We present some numerical results related to Theorem 3 in Section 1b, and

Theorem 6 in Section 2b. Tables 1 and 2 are computed from Eq. (1.3)-(1.4) in Theorem 1,
and Eq. (1.13)-(1.14) in Theorem 3, respectively.

Table 1. Eq. values of the game FEP for various p and n

} reduces to (2.3)-(2.4) in Theorem 4, if we take

p=0.5 0.6 1
n Uy = Uy Unp Up, Uy (v = %)
1 0.5 0.5 0.5 0.5
2 0.5625 0.575 0.55 0.625
3 0.5967 0.6157 0.5778 0.6953
4 0.6179 0.6405  0.5955 0.7417
5 0.6319 0.6565  0.6076 0.7751
6 0.6415 0.6673 0.6162 0.8004
7 0.6483 0.6748  0.6225 0.8203
8 0.6531 0.6801 0.6271 0.8365
9 0.6566 0.6839 0.6305 0,8498
10 0.6592 0.6867 0.6331 0.8611
Limit % 0.6946 06408 1

(Reproduced from Table 3 in Ref. [2])
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Table 2. Eq. values of the game Fgfb) in Theorem 3.

p=20.5 p=0.6 p=1

n U,=V, Un Va U, Va
2 1 1 1 1 1

3 3 3 3 3
3 0.4203 | 0.4328 0.4079 | 0.4852 0.3611
4 0.4632 | 0.4835 0.4434 | 0.5713 0.3683
5 0.4890 | 0.5140 0.4648 | 0.6298 0.3712
6 0.5059 | 0.5338 0.4791 | 0.6731 0.3726
7 0.5175 | 0.5472 0.4892 | 0.7066 0.3734
8 0.5256 | 0.5566 0.4964 | 0.7335 0.3739
9 0.5315 | 0.5631 0.5018 | 0,7556 0.3742
10 0.5357 | 0.5679 0.5058 | 0.7742 0.3744

Limit | 0.5477** 1 %(: 0.375)

** Smaller root of the equation %Uz — 11U +4 = 0.

From Table 2, the eq. play when n = 10 and p = 0.6 is : In state [z,y, 10]
I chooses A (R), if 2 > (<) Uy = 0.5631
IT chooses A (R), if y > (<) Vo = 0.5018

If A-A (R-R) happens in state [z,y, 10] either by their choice-pair itself, or by the out-
come of arbitration, then players follow the eq. strategies in state (z',y’,9) ([2',y',9]) if the
next r.v is 2’,y’. The eq. values are Uy = 0.5679, Vig = 0.5058.

Remark 4 A numerical result is presented related with Theorems 4 and 6. Table
3 gives solutions to the 7-stage game G(71) for various p computed from (2.3)-(2.4) in Theo-

rem 4. Table 4 shows solutions to G(72b) for various p, where computation is based on Eq.

(2.17)-(2.18) in Theorem 6.

Table 3 Solutions to the 7-stage game G(71) for various p.
p=0.5 p=0.75 p=1
u o™ 3.257 2.874 3.608 2.276 4
Each player accepts I accepts IT accepts | II always rejects.
stage ity;, Z; = ity = iff Z; = T accepts iff V; =
1=1 none none none none
2 1 1 1 none
3 1 1 1 1
4 1,2 1 1,2 1
5 1,2 1,2 1,2 1,2
6 1,2,3 1,2,3 1,2,3 1,2,3

(Reproduced from Table in Ref. [4])



176 MINORU SAKAGUCHI

Table 4. Solutions to the 7-stage game G(72b) for various p.

p=0.5 p=0.75
v (7 v(7) 3.907 3.537 4.243
EI'_lui P H'_lyi ﬂ'_lui El‘_lvi i v EI'_lyi Elivi
i =6 3.5 4.86 3.5 3.5 4. .86 4 .86
5 2.68 4.63 3.88 2.52 2.84 4.54 4.72 3.857 3.857
4 2.09 4.47 2.85 1.88 2.29 4.35 4 63 2.717 2974
3 1.69 4.43 2.12 1.44 1.79 4.29 4 53 1.941 2 287
2 1.19 4.25 1.54 1.03 1.33 4.04 4 44 1.385 1 662
1 0.81 4 0.98 0.72 0.90 4 4 0.846 1 081
Each player accepts T accepts T accepts
i Y, Z; = i Y; = iff Z; =
=1 none Hone T
2 1 1 1
3 2 1 1.2
4 1,2 1,2 1,2
5 1,2, 3 1,2, 3 1,2, 3
=1
2.913 4.734
[ PR 2 B R Ty, iy,
© =6 3.5 3.5 4 857
5 2.36 3 4.8 3.857 3 857
4 1.68 2.5 4.8 2.572 3.086
3 1.21 2 4667 1.765 2434
2 0.85 15 4667 1.185 1.801
1 0.57 1 4 0.728 1.184
T always rejects.
I accepts iff ¥; =
=1 none
2 1
3 1
4 1,2
5 1,2, 3

Here p; = E[Q(4,Y:) V wi], vi = E[Q(,Z;) V v;] and Us = V5 = 5.143 by computing
(2.15) for n = 7. u; and v; are computed from (2.3)-(2.4).

From Table 4 we observe the following. The eq. play in G(72b) for p=0.751s :
In state [1,1,1] u.e., at the beginning, I rejects and II accepts, and so arbitration forces
players either to go to the second stage with prob. 0.75, facing the next state [2,Y3, Zs], or
to accept Yy = Zy = 1, with prob. 0.25, continuing to the next state (2,Y5,Z). The eq.
values of the game are 3.537, 4.243.

Remark 5 The order relations and asymptotic behavior (as are mentioned in part (ii) of
Theorem 1) of @ U,,V, in Theorems 2 and 3, and (2) w0 )y () in Theorems
4, 5 and 6 remain to be investigated. It is not easy especially for (2).
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