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INVERSE OF THE BERGE MAXIMUM THEOREM IN CONVEX
METRIC SPACES

KOJI AOYAMA
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ABstTrAaCT. We consider an extension of Komiya’s inverse of the Berge maximum theo-
rem in convex metric spaces.

1. INTRODUCTION

The following theorem is called the Berge maximum theorem and is often used in the
general equilibrium theory of mathematical economics([1, 2]).

Theorem 1.1 (Berge). Let X and Y be topological spaces. Let F : X — Y be a nonempty
compact-valued continuous multi-valued mapping and f : X XY — R a continuous function.
Then the function f : X — R defined by f(x) = max{f(z,y) : y € F(x)} is continuous.
Moreover, the multi-valued mapping T : X — Y defined by T'(z) = {y € F(z) : f(z,y) =
f(m)} is compact-valued and upper semicontinuous.

Komiya studied an inverse problem in the case where X and Y are Euclidean spaces and
he obtained the following theorem([4, Theorem 2.1]):

Theorem 1.2. Let X be a subset of R! and let K : X — R™ be a nonempty compact
convez-valued upper semicontinuous multi-valued mapping. Then there exists a continuous
function v : X x R™ — [0, 1] such that for any x € X,

(i) K(2) ={y e R™:v(z,y) = max,epm v(x,2)};

(i) v(x,-) is quasi-concave.

Recently, Komiya and Park studied this problem in the case where X is a topological
space and Y is a metric topological vector space whose balls are convex([5]). In this paper,
we investigate this inverse problem in a convex metric space with some conditions.

2. PRELIMINARIES

Let (X, d) be a metric space. We denote by B(z,r) the open ball whose center is « € X
and radius is r > 0. For each C' C X and r > 0, subsets of X defined by {z € X : d(z,C) <
r}, {z € X : d(x,C) < r} are denoted by C", C", respectively. If X is a normed space,
then C" = C". But C" C CT in general metric spaces.

Let X and (Y, d) be metric spaces. A mapping F from X into 2¥ is called a multi-
valued mapping and is denoted by F : X — Y. A multi-valued mapping is said to be
nonempty compact-valued, if, for each € X, F(z) # 0 and F(x) is compact. The graph
of F: X — Y is denoted by Gr(F), i.e., Go(F) = {(z,y) € X xY :y € F(z)}. For each
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multi-valued mapping F : X —o Y and t > 0, we define multi-valued mappings F': X —o Y
and F1: X - Y by

Fi(z) ={y €Y : d(y, F(x)) < t},

Fiz)={y €Y :d(y,F(z)) <t}
for each @ € X, respectively. A multi-valued mapping F : X —o Y is said to be lower
semicontinuous in X, if, for each * € X and open set G with F(z) N G # 0, there is a
neighborhood U, of z such that F(2') N G # () for each =’ € U,. A multi-valued mapping
F: X — Y is said to be upper semicontinuous in X, if, for each © € X and open set G
with F(2) C G, there is a neighborhood U, of z such that F(z') C G for each 2’ € U,.
A multi-valued mapping F : X — Y is called continuous, if F' is both lower and upper
semicontinuous in X.

The concept of a convex metric space was introduced by Takahashi([6]). We say that a

metric space (Y, d) has a convex structure, if there exists a mapping W: Y xY x[0,1] - YV
such that for each (z,y,\) €Y xY x[0,1] and z € Y,

d(z, W(z,y,\)) < Ad(z,z) + (1 — N)d(z,y).

A metric space (Y, d) having a convex structure is called a convex metric space and de-
noted by (Y,d, W). A subset K of a convex metric space (Y, d, W) is said to be convex if
Wi(x,y,\) € K for each z, y € K and A € [0, 1]. Convex sets of a convex metric space have
the following property([6, Proposition 1]):

Lemma 2.1. Let {K,}qaca be a sequence of convex sets of a conver metric space (Y, d, W).
Then (\yen Ko is convez.

A function f : K — R is said to be quasi-concave, if, for each s € R, {y € K : f(y) > s}
is convex in Y. A function f : K — R is said to be quasi-convex, if, for each s € R,
{y € K: f(y) < s}isconvexin Y.

Let X be a metric space and Y a convex metric space. We say that a multi-valued
mapping F : X — Y has Property (o), if there is a sequence {A,},en of multi-valued
mappings satisfying the following conditions:

(i) for each n € N, A4,, : X — Y is nonempty compact convex-valued continuous multi-

valued mapping;
(i) for each x € X and n, n’ € Nwith n > n’, F(z) C Ap(z) C Ap(2);
(iii) for each x € X, F(z) = (,—, An(2).
If X is a subset of R™, a nonempty compact convex-valued upper semicontinuous multi-
valued mapping F : X — R™ has Property (¢)([4, Lemma 2.1]).

We say that a convex metric space (Y, d, W) has Property (K), if, for each z, y, 2/, y' € YV’
and A € [0, 1],

AW (2,3, 1), W (e 5/, \)) < Md(a,a") + (1 - Nd(y, o).
To prove our result, we need the following; see [3, Lemma 4.2, Lemma 4.3].
Lemma 2.2. Let X be a topological space and D a dense subset of positive real numbers.
Let {F;}1ep be a sequence of open sets of X and satisfy the following conditions:

(i) if t < s, then Fy C Fy;

(i) UteDFt =X.
Then a real-valued function f defined by f(x) = inf{t : @ € F,} is continuous. Moreover,
for each non-negative real number s,

{:cGX:f(x)Ss}:ﬂFt.

teD
t>s
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3. MAIN RESULTS
To prove our theorem, we show some lemmas. We extend [4, Lemma 2.2] to the following:

Lemma 3.1. Let X and (Y, d) be metric spaces. Let A: X — Y be a nonempty compact-
valued lower semicontinuous multi-valued mapping. Then, for each x € X and € > 0, there
exists & > 0 such that

A(z) C A(2")  for each 2’ € B(z,d).
Proof. Let © € X and € > 0. Since A is lower semicontinuous, for each y € A(z), there
exists 6(y) > 0 such that

A(z"YN B(y,€/2) #0 for each 2’ € B(x,5(y)).

Since A(z) C UyEA(r) B(y,¢/2) and A(z) is compact, we can find a finite set {y;} C A(z)
such that A(z) C |, B(yi,€/2). Setting § = min; §(y;), we shall show that

A(z) C A°(a’) for each 2’ € B(z,4d).
Let 2’ € B(z,d) and y' € A(x). By A(x) C |, B(yi,€/2), there exists y; such that
y" € Bly;,€e/2). Since «' € B(x,8) C B(z,6(y;)) and A is lower semicontinuous, A(z’) N
B(yi,€/2) # (. Therefore, for z € A(z") N Bly;, €/2),

€ €
d(yl'/z) < d(y’7yi) + d(yivz) < E + § =6

and then d(y', A(2")) = inf,,c 4oy d(y',w) < d(y',z) < e. Hence,y' € A°(2). Consequently,
we obtain A(x) C A“(2'). O

Using Lemma 3.1, we can immediately extend [4, Lemma 2.3] to the case of metric spaces
as follows.

Lemma 3.2. Let X and (Y, d) be metric spaces. Let A: X — Y be a nonempty compact-
valued lower semicontinuous multi-valued mapping. Then the graph of A°: X —o Y is open
m X xXY for each € > 0.

Proof. Let (z,y) € Gr(A®), ie., v € X and y € A°(z). Let € = (e — d(A(x),y)). By
Lemma 3.1, for ¢’ > 0, there exists § > 0 such that
A(z) C A7 (') for each 2’ € B(x,6).
We shall show that B(x,d) x B(y,€') C Gr(A9). If (z,y") € B(x,d) x B(y,€'), then we can
easily prove the following.
y' € B(y,€') C AE*EI(:C) C A(2").
Therefore, (2/,y") € Gr(A°). Hence, Gr(A¢) is open in X x Y. U

Furthermore, some propositions in convex metric spaces are described.

Lemma 3.3. Let C be a nonempty subset of a conver metric space (Y,d,W). Then C" =
C™ for each r > 0.

Proof. First we show CT C C". Let z € C". If d(z,C) < r, it is clear that z € C".
Supposing d(z,C) = r, we can choose a sequence {a,} such that

‘ 1
a, € C and d(z,a,) <7=+£ = w
n

n
for each n € N. We define a sequence {z,} by

mn—W’(an.m, ! )
T n+41
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for each n € N. Since

d(c,l"n) S d(a”,:c”) S

1 n n

d nyUn —d n,t)=
n+1(a a)+ 1(a ?) n+1

n—+
xn € C7 for each n € N. Furthermore,

d(an,z) <,

n 1 r
v n) < C, U - s = s Un —
d(z,z )7n+1d(1a)+n+ld(x/m) - 1d(:v,a )<n
yields z,, — x. Hence, x € Ci; o
On the other hand, C™ O C7 is trivial. Consequently, we conclude C” = CT. a

Lemma 3.4. Let X and (Y, d) be metric spaces. Let A: X — Y be a nonempty compact-
valued upper semicontinuous multi-valued mapping. Then the graph of A' : X —o Y s
closed in X <Y for each t > 0.

Proof. Let 2 € X and {x,} be a sequence of X that converges z. Let {y,} be a sequence
of Y such that y — y, and y,, € A?(rn) for each n € N. Then we shall show y € A?(ZE), Le.,
d(A(z),y) <t. Since y, € 4?(7%) and A(x,) is compact for each n € N, there is a sequence
{zn} such that

d(zn,yn) = d(A(xn),yn) <t and 2z, € A(z,) foreach neN

Because A is upper semicontinuous and x,, — =, it is easy to show that d(A(z),z,) — 0.
Similarly, by the compactness of A(z), there exists a sequence {w, } such that

d(wp,zy) =d(A(x),z,) and w, € A(z) foreach né€N,

and {w,} has a convergent subsequence {w, }. Let w be the limit of {w,s}. Let {2z, } and
{yn'} be the corresponding subsequences of {z,} and {y,}, respectively. It is clear that

d(w, zp) < d(w, Wy ) + d(wWpry 2n ) = d(w, wir ) + d(A(x), 200 )
and hence z,» — w. Furthermore, we get
d(A(x),y) < d(w,y) < d(w,zp) + d(zpr, ynr) + d(yny)
— (10, 200) + (A s yur) + (g 9)
<d(w,zp )+ 1+ d(yn, y).
It is follows from z,» — w and y,» — y that d(A(z),y) < t. This completes the proof. O
A convex metric space with Property (K) has the following property:

Lemma 3.5. Let (Y,d, W) be a convexr metric space with Property (K) and let C be a
nonempty convez subset of Y. Then C7 is convex for each r > 0.

Proof. Let z, y € C" and A € [0,1]. There exist zg, yo € C such that d(zg,z) < r and
d(yo,y) < r. Since Y has Property (K),

d(W(x,y, \), W(za,y0,\)) < Ad(z,20) + (1 — N)d(y,y0)
<Ar+(1—=XNr=r
By assumption, W(zo, yo, A) € C. Therefore,
AW (z,y,\),C) <d(W(z,y,\), W(zg,yo,\)) <.
Hence, W(x,y,\) € C". Consequently, C" is convex. a
Using lemmas above, we can obtain the following theorem, which is our main result of
this paper. This theorem is an extension of Theorem 1.2 to a convex metric space. We shall

use the techniques developed in [4]; however, we modify them so as to apply to the convex
metric space case.
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Theorem 3.6. Let X be a metric space and (Y, d, W) a conver metric space with Property
(K). Let T' : X — Y be a nonempty multi-valued mapping that has Property (0). Then
there exists a continuous function f : X xY — [0,1] such that for any x € X,

(i) T(2) ={y € Y : f(z,y) = max.ey f(z,2)};

(i) f(x,-) 1s quasi-concave.

Proof. We define D = {n/2" : n, n’ € N}. Then D is a dense subset of the positive real

numbers. Now, for # € D N (0, 1), we consider its binary expansion, i.e.,

n ¢
t:Zl; (ti=0ort; =1),
and we define a function ¢: D N (0,1) —» N by
L) =min{i:t; =1} foreach t€ DN(0,1).

Since T' has Property (¢), there is a sequence of continuous multi-valued mappings {4, }
such that A, has the conditions of Property (o) for each n € N. Using {A,}, for each
t € D, we define a multi-valued mapping G; : X — Y by

Gul) = Ayp(@) ={y €Y 1 d(Ayp(z),y) <t}, if0<t <,
Y, ift > 1.

?

Then, for each € X and s,t € D with s < t, it is easy to show that

G.(z) C Gi(2).

Moreover, for each t € D, we define a multi-valued mapping G; : X — Y by

Gi(z) = Gi(z) foreach z¢€ X.

It is follows from Lemma 3.3 and Lemma 3.4 that its graph Gr(G) is closed in X x Y for
each t € D. That is, for each t € D, Gr(G;) = Gr(G;). Thus, for each s, € D, if s < ¢,

then we can prove

Gr(G.) C Gr(G,).

In fact, we get

Gr(G,) C Gr(G,) = Gr(G,) C Gr(Gy).

On the other hand, by Lemma 3.2, Gr(Gy) is open in X x Y for each t € D. Furthermore,
UteD Gr(Gy) = X x Y by the definition of Gy.
With the help of Lemma 2.2, the function g : X x Y — [0, 1] defined by

g(z.y) =inf{t: (x,y) € Gr(Gy)}
is continuous and for each s > 0,
ﬂ Gr(Gy) ={(z,y) € X XY : g(z,y) < s}.
teD
t>s
Therefore, for each z € X and s > 0,
(] Gi(z) ={y €Y : gla,y) < s}.

teED
t>s
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It is follows from Lemma 2.1 and Lemma 3.5 that the left side of the equation above is
convex and hence ¢ is quasi-convex in its second variable. Moreover, for each © € X, we
have

[
DX

I(z) An() =[] Gulx)

n=1 teD
lyeY:gley) =0} ={y €Y :g(r,y) = ming(z. 2)}.

Hence, f = —g + 1 is the required function. O
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