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ABSTRACT. Let g(f), S(f), g5(f) be the Littlewood-Paley g function, Lusin area func-
tion, and Littlewood-Paley g} function of f, respectively. In 1990 Chen Jiecheng and
Wang Silei showed that if, for a BMO function f, one of the above functions is finite
for a single point in R"™, then it is finite a.e. on R™, and BMO boundedness holds.
Recently, Sun Yongzhong extended this result to the case of Campanato spaces (i.e.
Morrey spaces, BMO, and Lipschitz spaces). We improve his g} result further. His
assumption is A > 3+2/n. We show this is relaxed to A > max(1,2/p) (—n/p < a < 0),
A>1(0<a<1/2),and A > 14 2a/n (1/2 < a < 1). We also treat generalized
Marcinkiewicz functions p?(f), p(f) and p3?(f).

1. INTRODUCTION

In this note we study the existence and boundedness property of square function oper-
ators, such as Littlewood-Paley’s g}-function and Marcinkiewicz functions, on Campanato
spaces. First, we recall the definition of Littlewood-Paley’s functions (generalized ones) in
the n-dimensional Euclidean space R™.

Definition 1. A continuous function 1) on R™ is called an LP function, if there exist positive
constants Cy, C1, §, n and ~y such that

(i) v € L'(R™) and [, ¢(x)dx = 0;

(i) [i(2)] < Co(1 + |2)~"7

(iii) y(x + h) = ¥(x)] < C1[R[Y(1 + [z[)7""" for |h] < |x[/2.
(From (ii) and (iii) it follows

(iii") [gn [¥(x + k) — Y(2)|dz < C|h|" for h € R™.

In fact, we have [o, [(z+h)—v(z)|dz < f\ftlZQ\hI [(z+h)—v(x)] dx+f|x\<2|h|(|w(x+
W] + (@)} dz < CIRY [y (1+ [2) ="~ do + Cmin((A[", fy, (1+ |2) == dz) < Clh]".

For an LP function we define Littlewood-Paley’s g and Lusin’s area functions as follows.
Here and hereafter, fi(x) denotes t~" f(z/t).

ot = ([T )

s = ([ e sor ) g
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where I'(z) = {(t,y) € R |z —y| < t}.

An %
3@ = ([ () e 0P )

where A > 1. LP boundedness of these operators are known like as the classical Littlewood-
Paley’s g-functions. That is, g and S are L? bounded for 1 < p < oo, and g3 is L” bounded
for 1 < p < oo if A > max(1, %) (see for example Torchinsky [12, pp. 309-318]). Here and
hereafter, the letter C' denotes a constant depending on main parameters and may vary at
each occurrence.

Stein’s generalization of the Marcinkiewicz function is as follows [8]: Let Q(z) be a
function on R™ which satisfies the following two conditions:

(i) Q(z) is homogeneous of degree 0 and continuous on the unit sphere S, and satisfies
for some 0 < 3 <1

Q@) - Q)| < Cla’ —y'|P, 2y e s

(i) [gn_r Qz")do(a") = 0, where do is the surface Lebesgue measure on S™~'.

Define pu(f)(x) by |
u(f)(@) = ( /0“ M dt)?

where ’lﬁ(l‘) = S(Tx)lx{$|<1}'

In their work on Marcinkiewicz integral, A. Torchinsky and S. Wang [13] introduced the
Marcinkiewicz functions ps(f) and p}(f) corresponding to the S function and g} function.
On the other hand, in the connection of u(f) a parametrized Marcinkiewicz function p?(f)
was considered by L. Hormander [3]. It corresponds to the case ¥(z) = Q(z)|z|?~™ x
X{|z|<1}- Thus, we have considered in [15] parametrized p(f) and py”(f), where ¢(z) =
Qx)|z[P~"x{|z|<1}, for p € C with Rep > 0. LP boundedness for these operators are
well discussed in [7, 15], and will be used in this paper. We recall also the definition of
Campanato spaces [5].

Definition 2. For 1 < p < oo and —n/p < a < 1, the Campanato space E*? is defined by
the set of functions for which

1 1 1/p
fllgar = sup sup—(—/ flz —prdx) < 00,
I/ Sup sup e 78] Bl (z) |

where B moves over all balls centered at g, and fp is the average of f over B, (1/|B|) [, f(t) dt.

It is known that for 0 < a < 1, £*P = Lip,: the Banach space of Lipschitz con-
tinuous functions of exponent «, and the norms are equivalent. If @« = 0, £%P coin-
cides with BMO: the space of functions of bounded mean oscillation. And if @ < 0,
E™P is equivalent to the Morrey space LP" TP Tt is also easily checked that ||fla,, <
C'supg infaec |B|7%/"(|B|~* Jplf(x) —al? dx)l/p (—n/p < o < 1), and hence these norms
are equivalent. We note that balls can be replaced by cubes with sides parallel to the co-
ordinate axes and the norms are equivalent. In [7, 14] we have deduced the boundedness
from the existence of Marcinkiewicz functions on a set of positive measure. Recently, Sun
Yongzhong [11] gives the following results, extending the BMO results by Wang and Chen
[18].
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Theorem 1. Let 1 < p < oo and —n/p < a < min(1,6,v,n). If f € E*P and g(f)(xo)
is finite for a point xog € R™, then g(f)(z) < oo a.e. on R™, and there is a constant C
independent of f, such that

lg(H)llger < Ol fllger.

Theorem 2. Let 1 < p < o0 and —n/p < a < max(min(%,&), min(é,’y,n)), If f e ExP
and S(f)(xo) is finite for a point xg € R™, then S(f)(z) < oo a.e. on R™, and there is a
constant C' independent of f, such that

IS(f)llgar < C| fllgaw.

He shows the above results in the case |¢(z)|, (1 + |z|)|Vy(z)| < C(1 + |z)~"71 (6 =1,
n =2 and v = 1), but it is easily seen that his results hold in the above cases. He also gives
the corresponding result for g3 function. In this paper, we further improve his result on g3
as follows.

Theorem 3. Let 1 < p < oo, —n/p < a < min(1,d) and X\ > Ao, where A\g = max(1,2/p)
(—n/p<a<0),=10<a<1/2), and \g =1+ 2a/n (1/2 < o < min(1,d,v,n). If
f e &Y and gi(f)(zo) is finite for a point xo € R”, then g3 (f)(z) < oo a.e. on R", and
there is a constant C' independent of f, such that

193(Pllear < Cllfllea-

Sun’s assumption is A > 3 + 2 (see also Wang and Chen [18] in the case o = 0). Our
result also improves the author’s one in [14], the assumption was A > 1+ % in the case
7 < a < 1. As for Marcinkiewicz functions, we can improve our results in [15] as follows.

Theorem 4. Let 0 > 0, 1 < p < o0 and —n/p < a < B < 1. Then, if f € E*P and
wP(f)(xo) is finite for a point xg € R™, then p?(f)(z) < oo a.e. on R™, and there is a
constant C independent of f, such that

[1”()llgar < Cl flger-

Theorem 5. Let o > 0, max(L%) < p < oo, and —n/p < o < max(3, min(8,0)).

Then, if f € E*P and p(f)(xo) is finite for a point xo € R™, then p(f)(z) < oo a.e. on
R™, and there is a constant C' independent of f, such that

5 () (@)lear < Cllfllger.

Theorem 6. Let o > 0, max (1, ni’;g) <p<oo, A> N, and —n/p<a< max(%, min(ﬁ,a)).

Then, if f € E¥P and p\’(f)(xo) is finite for a point Ty € R™, then puy?(f)(z) < co a.e.
on R™, and there is a constant C independent of f, such that
163 (Dllgar < Cl fllgas,

where Ao = max(1,2/p) (—n/p < a <0), Ay =1 (0 < a < 1/2), and o = 1+ 2a/n
(1/2<a<1).

To prove the above theorems we use the following two key lemmas.

Lemma 1. Let 1 <p < oco. If 6 >0 and —n/p < o < min(1,9/p), then there exists C > 0
such that for any ball B = B(x,r) and any f € E%P

(f GO Iebs ) < oot e

r+ly =l
This can be proved easily by modifying the proof of Lemma 2.3 in [1].
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Lemma 2. Let a, 3 > 0. Suppose |p(z)| < C1(1 + |z|)~"+) and |[¢(x)] < Co(1
|z[) =" +8) . Then,
2 |\ —(n+min(a,5))
e+ el < Gt~ (1+|7)
t
Proof. Since ¢y x (x) = (@ *)(x), we may assume ¢ = 1. Note that if |y — z| < |z|/2,
then |y| > |z|/2. So, we have
/ -y < [ @) e - )l dy
ly—=z|<|z|/2 ly—=z|<|z|/2

< G141/ [ e =)l dy < Ol 1+ lal /2.

R™

And,
/ lp(y)(z —y)ldy < 02/ o) (1 + |z — y) ="+ dy
ly—=|>[z|/2 y—z|>|z|/2

<C(1+ |9C\/2)’("+B)/]R o)l dy < Collpli(1 + |z[/2)"FF),
Hence, we obtain the conclusion. O

Finally in this section, we mention some examples of LP functions. Let P(t,z) = c,t(t* +
|;v|2)*nTJrl and Q(z) = gP(t x)| . Then, Q(z) is an LP function satisfying the conditions

in Definition 1 with 6 =1, n =2, *y = 1. Let R(x) )cos \/1 4+ |x|2. Then, R(z) is an
LP function satisfying the conditions in Definition 1 Wlth 0=1,n=1~vy=1

2. PROOF OF THEOREM 3 FOR g}-FUNCTIONS

Let () be an LP function. Following the procedure of the proof by Sun, we use first
the following:

Lemma 3. Let A\ > 1,1 <p < oo and —n/p < a < 1. Then there exists C > 0 such that
for any ball B = B(xo,r), any x € B and any f € EXP

Ir00(f2)(T) + 93 0,00 (f2) () < Cr|fllgas,
where fa(x) = (f(x) — fap)xap and

sotr=([ .
o= ([ [

Proof. Since v is bounded, we have

G5 (o) (/ /n(/nnwnm ”d)(H@)_k"ffff)%
<ot f o0 satan( [ [ (105 )

n+o * dt % «
<orelflse( [ pmr) <O lflens,

ul\ M dudt\ 2
[ e —u- | (1 1))

||\ A7 dudt 3
(1 + _) tntl

Yi(r —u—y)f2(y) dy
Rn
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Now for € B, y € 4B and |u| > 8r, we have |z —u — y| > |u| — [ — x| — |x0 — y| > 2ul,
and hence

r
~/0 ~/|u>87‘

2(1+ [
:

@) — fapldy \° |u|\ =7 dudt

< i}
C/ /u|>8r </B (1 +7‘$ = yl)nJﬂS (1+ t ) g+l
t6|f(y) — fap|dy [ul\ =27 dudt

< et}
_C/o /u|zsr</43 |u|m+o (1+ t) et

r 2
< [fpmeniy |u|2”2“"du( / |f<y>—f4B|dy)
0 |u|>8r 4B

< CT,26+An7n7,ﬁ2n7267)\n+n7,,2n+2a”f”%%l < CTQQHfH%a,p.

—An dudt
)

. Yi(z —u —y)fa(y) dy

O

Next using Lemmas 1 and 2, we have

Lemma 4. Let 1 < p < oo and —n/p < a < min(1,d). Then there exists C > 0 such that
for any ball B = B(xo,r), any x € B and any f € E*P

9r0(f3)(@) < Cre[[flgar,

provided A\ > 1 in the case o =0 and A > max(1, %) in the case —3 < «a <0, and

9r0,0(fs) (@) < Cr%| fllger,

provided A > 1 in the case 0 < o < 1, where f3(x) = (f(z) — faB)X@1B)e,

u|\ =27 dudt 3
grolf3)(z (/ /n (1+| ‘) th) , and
9x00(f3)(x <//

|u|<8r

Proof. (i) The case 1 <p <2, A > % and o < min(d, EAn —n)/p. By the Hélder inequality
(% + % = 1) and the Minkowski inequality (2/p > 1),

e —u—y)fs(y) dy
R

|ul

An dudt %
]R"d}t z—u—y)f3y )dy‘ (1—1—7) t:+1>

M dudt ) ?
[ e )Ifs(y)pdy’ (1+ )™ ot)

G0l @) < Il (

snwn%(/w(/o / e~ (14 1) 77 2 g )

By Lemma 2 we have

" ||\ =" dudt ,@ |a:—y| —min( 25 An)
S e (1) tnﬂ—c/’f 1+ =) T

2(n49) _2n
P AR P

min(

. 2(ntd) o 2(n+a) n
< C|£C _ y|—m1n(7p 7)\n)‘/ tmln( An)— 2——1 dt < C|r |
0 Tr—y

min(@ ,AN) ’



64 Ké6z6 YABUTA

We have used here A > %. For |z — x| < r and |zg — y| > 4r, we have |z —y| > 3|zo —y| >
1(2r + |zo — y|). Hence, by Lemma 1

min(n+6,£)\n)—n|f( ) _ P %
. r 2 y) — faB]

<

gro(fs)(z) < C(/n (r + |zo — y|)min(+8,53m) dy)

< CT(min(n+5,%)\n)7n)/p7,,a7(min(n+6,g)\n)fn)/pHf”gam < C'f’aHf”ga,p.

We have here used o < min(d, £An —n)/p.

(ii) The case 2 < p < 00, A > 1 and —% < a < 0. The conclusion in this case follows
from (i) for p = 2 and the fact || f||gars < ||f|lger2 for p1 < pa.

(iii) The case a = 0. In this case, it is known that £*P norm is equivalent to the usual
BMO norm for every 1 < p < co. Hence the conclusion follows from (i) for p = 2.

(iv) The case 0 < a < 1. In this case, it is known that £*P norm is equivalent to
the usual Lipschitz norm Lip, for every 1 < p < oo. So, for |y — x9| > 4r we have

[f(y) = fasl < (ly = zol* + (4r)*) [ fllLip, < 2|y — 2o|*||f[|Lip, - Hence

1
u|\ —An dudt\ ?
ngo (f3)(x </ / / P —u—1y)(f(y) — fap)dy (1+| \) n+1>
|u|<8r|J (4B)c t n
— ip. d 2 —An

sc(// ([ o dr)? by du
0 Jl|ul<r \J|y—mzo|>4r t" (1 + W) t ¢

' ly — 2ol fllui. dy\2 /- uly—An dudt

" n+o (1 + _) 1
0 Jr<|u|<8r \Jar<|y—=zo|<12r t"(l + W) n P

1

+/T/ </ ly — 20| *[|f[Lip,, dy>2(1+M))\n dudt>2
0 Jr<jul<sr \Jjy—wzo|>12r ¢ (1 + w)”” t e+l

For |u| <r, x € B, y ¢ 4B, we have |t —y —u| > |xo — y| — | — xo| — |u| > |xo —y| — 2r >
2|0 — y|, and hence

/ |y — 0| dy </ Cly — o[ dy
e (14 Bl T s 8y = 2ol/2)70

< Ct‘s/ P |nciy6_a = O"t0r 9,
ly|>4r 1Y

So,

" — xo|® —An dudt
: :/ [ ool (1 L)
|u|<r |ly—x0|>4r t”( —+ 7$ u-y ) t

20— 25// 1+M —An dut% L gt = Op2e— 25/ 1 . d/tz‘s L at
n 'L(1+|u‘ "

:Cl 200—20 2620/ 2c

For |u| < 8r, z € B and |y—xo| > 12r we have [z —u—y| > |zo—y|—|z—z0|— |u| > $|y—=0|,
and hence as above

r _ « 2 —An dt
I3 ::/ / (/ [y — ol s dy) (1+M) du g < Or?e.
0 Jr<|u|<8r |ly—zo|>12r 7 (1 -+ W) 13 13
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Now take b > 0 so that 0 < b < (An —n)/2. Then

" ly — zo|* dy 2 ||\ =A7 dudt
I2 = n+o (1 + _) n+1

0 Jr<|ul<sr \Jar<|y—zo|<12r t" (1 + “”%“_y‘) t 3
< ) () " g
— Jo Jr<quigsr \Jar<|y—zo|<12r t7 (1 + W)"ib t trtl
<C/T/ (/ r* dy >2(t)kndudt
N 0 Jr<|u|<8r \J4r<|y—zo|<12r tb|x —Uu—= y|n—b |U| ¢t

T d d 2
— oy / P12 gy / = du< / —n”_b)
0 r<|u|<8r |ul lv|<21r v

_ CIT,QQT,)\nfn72bT,7)\n+nT,2b _ 0/7’2&.

Thus, we have

* 1 a a
900(fs)(x) < C(L + L + 13)? || f[Lip, < Cr®||fllLip,, < CIB[" || fllg~r-
O

Lemma 5. Let 1 < p < o0 and —n/p < a < min(1,6). Then there exists C > 0 such
that for any ball B = B(xo,7) and any f € E*P satisfying g3 . (f3)(z0) < +oo, it holds
9x.00(f3)(x) < +o0 for any x € B and

193,00 (f3) (%) = 9% oo (f3) (0)| < CT| fllger for any x € B,

provided X > max(1, %) in the case =2 < a < 0, A > 1 in the case 0 < a < %, and

A > 1+ 22 in the case 3 < o <min(6,7,n), where f3(x) = (f(z) — faB)X(B)e-
Proof. By setting v = x — u we get

st = ([ [

Hence, if we can show

(L

then we have by Minkowski’s inequality
Ir00(f3)(@) S T+ g3 o (f3)(20) < Cr||fllear + g3 oo (f3)(20) < 400 for z € B,

W=

2(1+ |U;x|)7m f:ff)

Yi(v —y) f3(y) dy
RTL

2

|v — x|\ —An |[v — 20|\~
L) -0 )
1+ i

< Cr¥||fllg«r for xz € B,

dudt\ ?
tn+1

Yi(v —y) f3(y) dy
RTL

and

93,00 (f3) (%) = 9} oo (f3)(20)| < CT*||fllgaw for z € B.

So, we will estimate I. By the mean value theorem we have

|lv — x|\ —An |[v —xo|\
e N
0+ 5

[ Sl 0+ oo

=1
1
T |zo + 0(z — xo) — v|\—An—1
<C- 1+ do
—Ct/o ( t )
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Hence

1 00
et ()]
0 T n

i) The case 1 <p <2, A > 2 and a < min(6/p, 2 + (2 — 1)n). By Hélder’s inequality
P 2 2 P
(1/p+1/q=1) we have

> 1 |zo + 0(x — o) — v|\ ~An—1 dvdtdl 3
( N t ) tnt2 )

Yi(v —y) f3(y) dy
RTL

[ ww-nswal < ([ wt(v—yﬂdyf ([ 1ot lswra)’

- c(/ |wt<v—y>|f3<y>pdy) '

Hence by Minkowski’s inequality

I<

Cr2 </Rn (/01 /Too /n |¢t(v—y)\% (1+|$0 +9($t— xo) — v|)f>\n71 %) %|f3(y)|l) dy)

By Lemma 2 we get
_ _ —An—1
[ o= pff (14 ez oy,
Rn

S

t
_ —2(n49) _ _ —An—1
co [ iy by Rl e oy,
o t t
_ _ — min(2(n+é8 JAn+1
SCt”*%”(l—f—'xO—’—o(xt zo) y|) (2 (n+9) ).

For |y —zo| > 4r and |z — 20| < r we have |zo+6(z—x0) —y| > |y—z0| — |z —z0| > 2|y —20|.
So, setting 17 = min(2(n + ), An + 1), we get

1

; (1, =y ) :
I<Cr2</ (/ . 5 ) If(y)—fwlpdy) :
ly—xo|>4r r ( t ) t5n+2
Since

oo _ - dt ly—=o| tn—gn—Q oo dt
/ (1+|y xo|) i S/ ;dtjt/ =
r t t5n+2 r |y - x0|7] |ly—xo] t5n+2

1 < 1 r"§"1> 1 1
= — =+ R
N=2—=1\|y —ao|"™ ly—wol?)  Zn+ 1]y g5

we have by using Lemma 1

1 L
ro([ VWSl ) e ([ WSl
- ly—zol>ar |y = zo| ¥ ly—zo|>4r |y — To|"t2

n n 1

< O3 [ B m/ppd =53 o R £ o < OF| f o

3=

we have used here a < 1/2 and o < 31 — > (le.a <3+ (% - %)n and o < %).

(i) The case 2 < p < 00, A > 1and —% < a < 0. The conclusion in this case follows
from (i) for p = 2 and the fact || f||garr < ||f|lgers for p1 < pa.

(iii) The case a = 0. In this case, it is known that £*P norm is equivalent to the usual

BMO norm for every 1 < p < co. Hence the conclusion follows from (i) for p = 2.
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(iv) The case 0 < a < l and A > 1. In this case, £*P norm is equivalent to the usual
Lipschitz norm Lip,, for every 1 < p < co. Hence, in the case 0 < a < 5 , the conclusion
follows from (i) for p = 2. So, we treat the case 0 < § < 1. Putting u = xo —|— O(x —xp) —v
we get

r<ont ([ ][ vt s —u- ] (1 )™ dffffa)%
<C é(/ / /n </4B o 1+%)n+6 dy) (1—1— |?‘) —An—1 d;ﬁi—fcjﬁ)z
<C

1
1 ly — ol fllLip ? ||\ —Ar—1 dudtdf 2
"~ </ / /n </4B tn + |300*u*y;rG(JC*l‘o)|)"Jr‘s dy ( + t ) tn+2

For |u| <r,x € B,y ¢ 4B, we have |zg —y —u + 0(z — x0)| > |x0 —y| — |z — 20| — |u| >
|zo — y| — 2r > 1|z — y|, and hence taking 6; > 0 with 2o < 26; < min(n + 1, 26) we have

/ ly — z0|® dy < C ly — 0| dy
(4B) tn(1+ |10—y—“‘t"9(f5—10)|)"+5 - ly—zo|>4r tn(1+ |10t—y|)n+61

S Ctél / |y _ x0|a7n761 dy _ Ctél / |y|a7n761 dy — C/tél,,,aféll
ly—xo|>4r ly|>4r

So,

> ly — 0| dy ( u[\ A=t di
)
/r /|u<r </4B)c 7 (1+ |3f/’0*yﬂ“r@(ﬂ@*%)|)"JF‘s * dut"+2

. C/ / 1261 p20=281 (g0 It P20 251/ / 29t du
lul<r (14 \ul An+1 tn+2 N lul<r tn+2

S C,r,2a7251 / t2617n72 dt/ du S CT2a7251T2617n717,n S Cr?ozfl.
r Ju|<r

For the integral on |u| > r we proceed as follows

[ )= fiel
(4B)e tn(1+ |[zo—u— y+0(r 10)|)"+6

f(y) — f(xo—U+9( 20))| |[f(zo —u+0(x — x0)) = flzo —u)|
</(4B) (+W)"+5 W +/(4B)c (1 LzozuzytOlmzo)|yn+o a

+/ 'f\iffl_zle?z{“.il\ s
(aB)e g7 (1 4 Fe—tg=e—d)
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<C

lzo —u —y + 0(x — 20)|*|| fllLip, dy |z — @o|*[| f l|Lip, 4y
C
@By (1 + —‘mo_u_yje(zﬁ‘))l)nw @B)e t"(1+ —le_“_yje(r_zO)‘)"H

1
+f 4y (o — )  fun
- |zo—u—y+0(z—zo)| \n+d
(4B)e t (1 + %)
|zg —u—y+0(x —x0)|* dy re dy
<C||f||Lia(/ s+ —
P Rn (1_|_ \-To—u—y-:9(1—-”ﬂo)|) +o ¢n R (1+ Ifo—u—y-:G(fv—-To)l) +6 ¢n

+/Rn( ! @|f($o—u)—f43|

1+ |10—u—yt9(r—ro)\)"+5 tn

ly| / 1
< Cta i / -_— d C,},,Ot i 1 2 [ \nt+d d
~ ||f||L Pa - (1 + |y|)n+5 Yy ||f||L Pa Rr (1 - |y|)n“l"s Yy

+|f($0—u)—f4B|/Rany-

Now we get

12 du 1 AU 5n_o 2a-1
/ /|u>T 1+ |u\ An+1 tn+2 / /n 1+ |u\ T u\An+1L t_”t dt < Cr

Similarly we get

P2 dy  dt 1 du _, 201
/ / |u\ An+1 tn+2 — / / |u\ An+1 tn ot dt < CT
lul>r (14 (14 &)

And by change of varlable t = |u|s and using Lemma 1 (p = 2) we have
/ / |f ()—’U, f4B|2du dt
[u|>r 1 + ‘u|))\n+1 e
o dt
S/ |f($0—u)—f4B|2/ " du
[u|>r 0 (1 + @)A +1t"+2

L) ]2 o0 d
S/ 7o ?ﬂ Juz| du/ Ai+1
[u|>r |ul o (1+13) snt2

|f(u) - f43|2 du 20—1 2
< < @2
=¢ me (74 [u — zo|)nH1 = Oz

Altogether, we have
1< CT‘2 ré” z HfHLlpa < C’["aHngap

(v) The case 5 < a < min(d,y,n) and A > 1 —|— . Since by Minkowski’s inequality we get
95, oo(fs)(l‘) < 93.00(f3)(20)

(L et umlsolar) (+2) fi‘ff)%wmpa,

and since |f3(y)| = |f(y) — fas|x@uB)e < Cly — 20]®||fl|Lip, , it suffices to show

oo 2
o (/ / (/ wt(x—u—y)—wt(xo—u—y)|y—mo|°‘dy)
r U ye(4B)°

1
|u|\ =7 dudt 2 o
< (1+5) 7 5T ) Ifluin, < CrOlflens.
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For |u| < rand |[y—=o| > 4r, we have |zg—u—y| > [y—zo| —|u| > 3|y—zo| > 3r > 3|z —x0|.
So, for |u| < r we have by the assumption (iii) for ¢ and using o < 7

/ e — 1w — ) — Pe(zo —u — y)lly — zol* dy
ye(4B)°

\m zo| _ a «
< C/ G5y =l dy < C(i)ﬂy/ PP gy < e,
 Jye@pye tn (1 + |yt_mo\)n+n Y g (14 [v])F7 N

For |u| > r and |y—wzo| > 4|u| we have |zg—u—y| > |y—zo| —|u| > 3|y—x0| > 3r > 3|z —=0|.
So, like as above, we have for |u| > r

/ (& — u — ) — ulzo — u— y)lly — zo|* dy < CrIE,
ly—zo|>4|ul

And for the integration on 4r < |y — x¢| < 4|u|, we have, using the property (iii’) of ¢
/ Wl — =)~ ulro — u—y)ly — wol* dy
Ar<|y—zo|<4|ul
<clup | el — u—y) — (g —u— )] dy
Ar<|y—zo|<4|ul
< Cluf* [ ot~ u =) = oo —u =yl dy

— v
< C|u\a(|xt7xo|) < Crve ).

Thus we have

0 7,2fyt2a—2’y 7,2fyt2a—2'y 4y 2ar2'yt—2'y dt %
JSC(/ (/ de/ \|u|‘m du) t”“) 17l
r Ju|<r (1 + T) |u|>r (1 + T)
o 2vp2a—2y 200274 =27 dt 3
<c T gy [ T, e
[ul \ A [ul ) A ¢t Pe
” R (1+ £1) ul>r (1+ &)
1
du |u|20‘ du dt 2
=or (/ /n (1+ Iu\ g e 2a+27+1 / /n § ulym gnd2e gy=2a1 1 lese.,

< CT”(TQ"“ 2'*)El\fllLipa < Cr|[fllges-

Wehaveusedherea<’yand)\n—2a—n>01.e.)\>1+27°‘. O

Lemma 6. Let A > 1,1 < p < o0 and 0 < o < min(1,5). Then there exists C > 0 such
that for any ball B = B(zo,r) and any f € E¥P satisfying g3 o o (f3)(x0) < 400, it holds
93.0,00(f3)(x) < +00 for any x € B and

193,0,00 (f3)(%) = 93 0,00 (f3)(z0)| < CT| fllger for any x € B,
where f3(x) = (f(x) = faB)X(p)e and

o= ([ [,

Proof. By setting v = x — u we see

Ix,0,00(f3) (@ (/ /|v z|>8r

(1+

o Ye(r —u —y) f3(y) dy p 1

Z o\ A dudt 2
Rn%(v_ y)f3(y) dy (1+ L 7 x|) t:ﬂ)
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Hence, for x € B we have

gi,o,oo(f3)(x) < (/OT /Uwo>8r
+ (/OT /v—mggr

We see by Lemma 4 (its variant replaced 8r by 9r) that the second term in the right-hand
side of the above inequality is bounded by Cr?|| f|/g«.». Hence, we have

2 1 |[v — 2|\~ dudt H
(+ t ) tn+l

2(1+ |v—x\)*)\” dvdt)é

Yi(v —y)f3(y) dy
Rn

t {n+l

=) fs(y)dy

930,00 (f3)(2) < Cr%|[fllgwr + 93,0, oo(fs)(xo)

(o oy (o ey ey

= O fllear + 95,0,00 (f3) (w0) + I, s0y.

Ye(v —y) f3(y) dy
RTL

By the mean value theorem we get

1 — — — —An—1 %
></ |z x0|(1+ |v— 20 + 0(x xo)\) dadvdt)
0 t

t tn+1

<c</// (/ [y — 2ol lLip, dy>2
= 0 0 [v—zo|>8"r (4B)e tn(1+ |’L);y‘)n+§

_ _ —An—1 1
" (1+ |v— 20 + 0(x x0)|) dvdtd&)

t t"+2

We take b > 0 so that 2b < An —n. Then noting o < ¢ and |[v — y| > |y — x| — |0 — v| >
2|y — ol for |y — zo| > 2|v — x|, we have

/ ly — 0| dy

ly—aol2ar 7 (1 + Lzul)"+o
</ ly — wo|* dy +/ ly — wo|* dy
~ Jarsiy-aal<alo—rol t7 (14 LR S jy—aopzofaal (14 L)

<C |v—x0|ady+c/ 0 dy
B lv—y|<3lv—xo| tb|v - y|n—b ly—z0|>2|v—20| |y - x0|n+6—a

< Ot v — 20|*T + CtOv — wo|*7°
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Hence noting 2b < An —n and a < § we have

COrs (/ / [ W= Lol An+1-2b-n—2
[v—x0|>8r |U - x0|An+1

|U _ x0|2a726

1
2
|v — x0|)\n+1 t)\n+1+257n72 dvdt) ||f||Lipa

s
1 du
< Cr? (/ An—2b—n-1 dt/ I
0 |u|>8r |u‘)\n72a72b+1

1

' du 3
] i Y
0 |u|>8r |u|An—2a+20+1 A1l ip,,

< CT‘% (rAnf2b7n7,,f)\n+2a+2b71+n + ,},,)\n+257n,,,7)\n+20472571+n)% ||f||Lipa < CTaHfo,‘a ..

Thus, we have

93,0,00 ([3)(2) < 93 0,00 (f3) (w0) + C77[| fl|gar for any z € B.

Reversing the roles of g3 , . (f3)(20) and g3 .. (f3)(x), we have

930,00 (f3)(20) < 93,0,00(f3)(2) + Cr7[| f||gew for any = € B,

and hence we have

193,0,00(f3)(2) = 930,00 (f3)(20)| < CT*[fl[ga» for any z € B,
O

Proof of Theorem 3. We follow the idea by Kurtz [4]. Let » > 0 and B = B(xg,r). Set
fi = fap, f2 = (f = fap)xap and f3 = (f — fip)x@p)e. Then, f = fi + fo + f3 and
93 (f1) =0.

(i) The case 0 < a < 1. By assumption, g3(f)(zo) < co. So, we have g5 (f)(zo) +
93,0,00(f)(@0) < 293 (f)(z0) < o0. Using Lemma 3 we have g3 . (f3)(z0) + 93 0,00 (f3)(20) <
5

900 (F)(@0) + 95 0,00 (F)(@0) + 95 o0 (f2)(T0) + 93 0,00 (f2)(70) < 00. Hence by Lemmas 4,
and 6 we have for x € B

9x(f3)(x) < 93,0,0(f3) (%) + 93,0,00(f3)(x) + 93 o (f3)()
<30T fllear + 95 0,00 (f3)(20) + 93 o0 (f3)(20) < 00

and

93 (f3)(2) = g3 (f3) (z0)| < [93,0,0(f3)(2) = 93 0,0(f3) (20) [ 4193 0,00 (f3) () = 93 0,00 (3) (z0) |
T 193 00 (f3)(%) = 93 00 (f3) (0)| < 4CT| [ ger.

Using LP-boundedness of g} we have ||gx(f2)|lzr < C||f2|lzr, and from this it follows that
g5 (f2)(z) < oo for almost all x € B. Thus, we have g5 (f)(x) < g5(f2)(x) + g5 (f3)(z) < o0
for almost all x € B. Since r is arbitrary, we see that g5 (f)(z) < oo for almost all x € R™.

Let E = {z € R™; g5(f)(z) < oo}. We have only to show that for any ball B = B(zo,r)
with center zg € F,

(/B 193 (F) (@) = (9x(F))B[* dx)p < CIB7 || fllgwn.
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Set f = fi + f2 + f3 as above. Noting g3(f1) = g3 (f1) = 93 ..(f) = 0, and using
llgx(f2)llee < Cllf2llLr < C|B|i+% || flle=.» and the above inequality for g%(fs), we have

5 | 1900 = @l de < o [ 1630 - g3 () o) o
:——/m«ﬁ+ﬁmw—ﬁmmm+ﬁmmw—ﬁwmmﬂm
3] /s
<7 L@l + 2 [ 1630 - i) wo)l de

| :
<0(ig [ 1@l o)+ Crtlfllems < oo e

(ii) The case —£ < a < 0. In this case, the proof is simpler than the case (i). We have only
to use g3 and 9> o> Lemmas 3, 4 and 5. So, we leave the detailed proof to the reader.
This completes the proof of Theorem 3.

3. PROOFS OF THEOREMS 4, 5 AND 6

We proceed as in the proof of Theorem 3. For a ball B = B(zg,r) and a function f we
set always f1 = fup, fo = (f(y) — fa)xap and f3 = (f(y) — faB)X@uB)--

Lemma 7. Let Q@ € L>®(S"1), [q.1 Q do(z) =0, =% < a <1, and p = o +iT
(0 > 0,7 €R). Then, if f € Ea’p and ,w”(f)( 0) < 400 for some xg € R™, there exists
C > 0 such that for any ball B = B(xo,T)

18 (f2) (o) < C( (f) (o) + Qo[ fllex»)-
Proof. By assumption we have
2r
1 Qly—=x
(/ t_f’/ (7”0_)pf(y) dy
r ly—zo|<t |y - J?()|
Hence, for some r < ¢y < 2r we get

T 20 dy] < () (o).

tg —:Eo‘gtg |y - x0|’ﬂ P

2dt

L) =w e <+

-
to

Since, in the above integral, the integration domain is contained in |y — zo| < 4r, we see,
using the cancellation property of €2, that the above integral is equal to

Dy =m0) ey
/|ywo|<to ly — xo|"™P (f(y) = faB)xaB dy.

Hence

Qly — x
‘/ Lﬂp(ﬂy) — faB)XxaB dy‘ < Cr7pP(f) (o).
ly—zo| <to |y o x0|
Thus for ¢ > r we have

/|y Mfz(y) dy'

—xo|<t |y - x0|n ’

_ Qll e
‘/ Jflo)p faly )dy‘+/ 2ol f (y )n 54B|
ly—z0|<to |y—$0| to<|y—xo|<min(t,4r) |y—x |

< Cr7pP (f)(@o) + ClIQoor” || fll s
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Therefore we have

e = ([ oy
* dt

< Cr7(pP(f) (o) + IIQloorallfllsa,p)</ W)Q < CP(f)(@o) + [[Qloor® ([ fllger)-
O

L /|y Uy =10) )y

tr —zo|<t |y_x0|n P

As for pig o (f2) and uA (f2) we have

Lemma 8. Let Q € L>®(S" 1), p =0 +ir (0 > 0,7 € R), max(l, +20) < p < 400, and
—5 Sa<1. Then, for any f € E¥P, any ball B = B(xg,r) and any x € R™

P Qu —y) f2(y)
H5,00 (/ /u z|<t tp /y u|<t |u - y|n7p dy

Lemma 9. Let Q € L>®(S" 1), p= U—HT (0 >0,7€R), A> 1. Suppose « and p satisfiy
(a) max(l,n“(f) <p<+4ooand -2 <a<lor(b)1<p<+o0and0<a<1. Then,
for any f € EYP, any ball B = B(xg, r) and any x € R™

il (//}wﬁugmfﬁﬁgw

Since we can prove Lemmas 8 and 9 in similar ways, we only prove Lemma 9.

2 1
dudt \ 2 o
et ) < Crlflews.

1
2
t—|—|u—x tn+1> SCTaHngaJ"

( t ‘ )f\” dudt

Proof. (i) The case 0 < o < n and max(1

) n+gg) < p < +o0. First we see easily

Qu — Q o) a—+o
/ MC@’ < Bl | (y) = fanldy < CroF7 | fllgen.
<|y—u|<t r ly—zo|<4r

lu —y|"=r

/ Q= yh) , *
r<|y—u|<t |U— |n ’

1
arol [T lu—z|\= M du dt \?
o (7 () i ) Wl

o [ dt NP o
<Cr 2or1 [flleas < Cre([fllga.

Hence

(L L

(1+ |u—x|)—kndudt>%

t t"+1

So, we need only to show

v ([ L ) et y‘ (1+|u2x')_mffff)%<Cra|f|sa,p.

Since p > we have

+20‘

s (s 03) “ w0

So, we take pg = min(2, p) and choose a real number a so that

1 1 n n
—f—=1, ——>a>1—- ——.
po Dy 2(n — o) (n—o)pg
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Then, noting 0 < (n — o)(1 — a)pj < n we have by Holder’s inequality

Qfu —
‘ / (u y)ﬁ(y) dy‘
ly—u|<r |U - y| P
2 i
<] ( / dy ) ( / o)l dy )
B y—ul<r [u—y|rm)0=P y—ul<r [u =yl er
1
< Cpry (M7 (/ |fa(y) [P dy ) »o
- ly—u|<r |’LL - y|(nfa)apo
Hence by Minkowski’s inequality ( > 1) and by using 2a(n — o) < n we get
—n—o)(1-a) [ [ ()™ dun# woodt O\
p u—zx p
I= ot </r (/413 </|yu<r |u — y[?(n=o)a ) 729} dy) t2g+n+1)
2 1
~(n=0)(1=a) n_(n_oVa e o dt 2
<orvh ri-(no) (/T (/43|f(y)—f43|p°dy> W)

< O TN | fllgomr 0 < Or% | f g

(ii) The case 0 > n. In this case we see easily

s ([ (4] vssnaf 255 8)
SC</r (/n(1+ |u;x‘) An;lg>t2gil)%/43|f(y)—f43|dy

<Ot fllgan < O flgwr.

(iii) The case &« = 0. In this case £*? = BMO (1 < p < o0), and the norms are
equivalent. So, take p = 2 in the above (i) and (ii).

(iv) The case 0 < a < 1. In this case £*P = Lip, (1 < p < 00), and the norms are
equivalent. So, take p = 2 in the above (i) and (ii). O

As for p)”(f2), we need

Lemma 10. Let Q € L2(S" Y, p=0c+it (6 > 0,7 € R), A > 1,1 < p < +oo and
—% < a< 1. Then, for any f € E*P, any ball B = B(xo,r) and any z € B

. " 1 Qu-y kb | t o\ dudt)
P — - d =0.
#3000 (F2)() </ /|| 7 /| e Y (=) e

Proof. For |y —xzo| <4r, |ly —u| <t <rand |z — x| <r, we have |u —z| < |[u—y|+ |y —
xo| + |zo — | < 6r, and hence the integration u-domain of the above integral is empty. O

Nl=

Next we investigate p?(f3), ps(fs) and py”(f3).

Lemma 11. Let Q € L>®(S" 1), p=0+ir (6 > 0,7 €R), 1 < p < 400 and -2 <a<l
Then, for any f € E%P, for any ball B = B(xg,r) and any x € B

s = ([ [ iy 2%)% o,
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Qu—y)f3(y)
HSO f3 </ ~/|u w|<t /y u|<t |U'_ y|n—p I

Proof. For |x — x| < rand |[x —y| <t <r, we have |zg —y| < 2r, and hence the integration
domain with respect to y has no intersection with the support of f3 in the expression of
wb(f3). So, we have uf(f3) =0 for z € B.

For |z —xo| <7, Ju—z| <t <rand|u—y| <t <r, wehave |zg—y| < |zo— x|+ |z —u|+
|u — y| < 3r, and hence the integration domain with respect to y has no intersection with
the support of f3 in the expression of yi o(f3). So, we have p% (f3) =0 for z € B. O

and

2 1
dudt\?
r) =0

Lemma 12. Let Q € L>®(S" 1), p =0 +it (¢ > 0,7 € R), X\ > 1. Suppose o, A and p
satisfiy (a) max(1 ,n+20) < p < 400, A > max(1, 2) and =2 <a <1or(b)1<p<+oo,
A>1+ 270‘ and 0 < o < 1. Then, for any f € 5‘”’, for any ball B = B(zo,r) and any

r€B
Q(U—y)f:s(y) 2 t An dudt 3
g O < ¢ a,p.
ﬂ’/ o (=) ) SOl

i (L5 ],

Proof. (1) The case 0 < ¢ < n and max(1, n+20) < p < 4o0. Take pg and «a as in the proof
of Lemma 10. Then, by Hoélder’s inequality we have

Q _
/ (u y)ﬁ(y) dy‘
ly—u|<t |U - y| P
1 1
o] </ dy > (/ )™ dy )
- \ny|St |u — y|(n—o)(1—a)p'0 \ny|St |u — y|(n—o')ap0

1
< (- </ |fs(y) [P dy )po.
ly—u|<t |U— |(n—o)apg

Hence using Minkowski’s inequality ( > 1) and then noting |u — x| > |y — zo| — |y — u| —

lzo — x| > $(ly — x| + 1) for [u—y |<t<7’ ly — zo| > 4r and |zo — x| < 7, we have

1o fs)(x)

r . pl L )
< C(/ (/ (/ |f3(y2‘_0(fy ) 0 du - tf’é) 2(n—o)(1—a)—20—n— ldt)
0 n ‘yiulgt |u — y| n—o)apo ( )
r p s . %
Xly—u|<t U 0 2n_9(n—g)(l—a)—20—n—1
SVAVA ) 1ty >|p0dy) i )
0 \Jap\ g u = yPor=2)e (sl X"
Po

P 1
SC(/T</ ( X|y—u£(§tfh§ )2 | f5(y) [P dypOM>POtAn+2—"—2(n o)(1~a)~20—n— 1dt)
0 \Jap\Jre|u = y[P=D) (o 4|y — zo]) ™%

2 1
< C(/ (/ 1f(y) — f4B|pZﬁ‘Z >”0 tn2(n0)at>‘"+i_g2(””)(1‘1)2‘7”1dt)2
0 B(r+|y—axo|) =

" )\n 2n _9(n—o)—20—1 2 a— (PO 1y
gc(/ e dt) ] T 2
0

)\n+ , —2n)

<Cr? PO | flleawo < O fllews.

We have used here An — 22 > 0, o < (5 — pio)n and Lemma 1.
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(ii) The case o > n. In this case, we take pg = min(2, p) and a = 0. Then the reasoning
in the step (i) still works.

(iii) The case o = 0. In this case £*? = BMO (1 < p < o), and the norms are
equivalent. So, take p = 2 in the above (i) and (ii).

(iv) The case 0 < a < 1. In this case £*P = Lip, (1 < p < 00), and the norms are
equivalent. So, taking p = po = 2 in the above (i) and (ii) and noting A > 1+ =% 22 implies
a < (§ — 3)n, we have the desired inequality. O
Lemma 13. Let Q € L™(S" 1), p=0+it (6 > 0,7 € R), A > 1,1 < p < +o0 and
0 <a< 1. Then, for any f € E¥P, for any ball B = B(xo,r) and any © € B

1xo0,0(f3)(x) < Cr¥||fllge,

where

lhoo (f3)(@ </ /|u z|<sr|t

Qu—y)fsly) , [Pr t \edudt)?
%y—ugtwdy‘ (t+|u—x|) t"+1> ’
and f3(z) = (f(x) — faB)X@B)e-

Proof. In this case £*P = Lip, (1 < p < o0), and the norms are equivalent. So, for
€ (1B)° we have fs()] = [f(5) — fal < 17(5) — [(@0)| + |f(w0) — fan] < I nip. (ly -
zo|* 4+ %) < C| flluip, [y — zo|*. For |z — x| <7, Ju—y| <t <rand |u—z| < 8r, we
have |y — xo| < |y — u| + |u — x| + |x — 20| < 107, and for |z — x| <7, |u —y| <t < r and
€ (4B)° we have |u — x| > |y — mo| — |u — y| — |wo — x| > L|y — 20| > 2r. Hence we have

1y ,0, 0.0(f3)(x

2 1
y — zol® t An dudt \?
<C”Q'°°</ I ] e ﬁd@/‘ () ) M,
2r<|u— z|<8r dr<|y—zo|<10r Y

o 1
< C(/ / —_— / E dy tkn,r,—)\n du(]t) 2 ||f||L
( id — t — - 1p
2 <|u ,’E|<8’I \y—u|<t |U, y|n o tn—‘rl o

1
r 2
< C(/ T?af)\nrnt)\nfnfl dt) ||f||Lipa
0

1
<O flLp, < Cr flleas.
O

2

Now we prepare three more lemmas.

Lemma 14. Let Q € Lips(S"™') (0< < 1), p=0o+ir (0 > 0,7 €R), 1 < p < o0,
and —n/p < a < . Then there exists C > 0 such that for any ball B = B(zg,r) and any
f € EXP satisfying pP(f3)(xo) < 400, it holds pP(f3)(x) < +oo for any x € B and

1 (f3)(x) — p?(f3)(zo0)| < Cr%(|fllgew for any x € B,
where f3(x) = (f(x) — faB)x @B
2n ) <

Lemma 15. Let Q € Lipg(S"™") (0< 8 <1), p=0+ir (0 >0,7 € R), max (1, 25

p < oo, and —n/p < o < 1/2 or 1/2 < a < min(B,0). Then there exists C > 0 such
that for any ball B = B(wo,r) and any f € E*P satisfying p ., (f3)(ro) < +oo, it holds
15 oo (f3)(2) < +00 for any x € B and

15,00 (f3) () = 15 oo (f3) (o) < Cr¥||flleecr for any x € B,
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where f3(x) = (f(x) — faB)X@B)e-

Lemma 16. Let Q € Lips(S™™') (0< 3 <1), p=0+ir (0 >0,7 € R), max(1, %) <
p < oo, and —n/p < a < 1/2 or 1/2 < a < min(f,0). Then there exists C' > 0 such
that for any ball B = B(xzg,r) and any f € E%P satisfying uA (f3)(zo) < +o0, it holds

1% (f3)(x) < +oo for any x € B and

HEE)E) ()G S Ol for any e € B
2

provided A > 1 in the case 0 < o < 3, A > 1+2% in the case £ < a <1 and A > max(1, )
in the case —3 < o <0, where fs(x ) (f(x) = faB)X(4B)<-

We can prove the above three lemmas modifying the proofs in the cube setting (see, Han
[2], Qiu [6], Yabuta [14] and Sakamoto and Yabuta [15]. We give here a way to use the cube
setting directly in the case of Lemma 16. Let @ be a cube with center zy and side length
2r, Q' be the cube with center xy and side length 164/nr. Let B be the ball with center

xo and radius r. Let f3(x) = (f(2) — faB)x@up)e and fi(z) = (f(x) — fo')x(q/)e- Then we
have

Lemma 17. Let Q € L>(S" ') and [g,_, Qz)do(z) = 0. Let p =0 + it (0 > 0,7 € R),
1 <p<oo, and —n/p < a < 1. Let x, B Q, Q', f3 and f4 be as above. Then, there
exists C > 0 such that for any x € B

(L L

Proof. Let I be the left hand side of the above inequality in the statement of Lemma 17.
Then by the assumption [g,_, Q(z) do(z) = 0 we see that

. ) P .
([, e s ey
smnoo(/om/n

l/ HOKSCIY 2( t )A”dudt :
to ly—ul<t |lu —y|"—e t+|u—=x|/ trtl
<<([ L7

0 n

dr<|y—zo|<8nr
( t )M dudt *
t+ lu—=z|/ ol
o0
T c(
T

1f&) - fol |
ly—ul<t  Ju —y|r—o
4r<|y—zo|<8nr
( t )A" dudt\ 2
t+ |u— tntl
=1 + I5.
I < Cr®||f||ger can be proved in a way quite similar to the proof of Lemma 12, and
I, < Cr%||f||ga» can be proved in a way quite similar to the proof of Lemma 9. O

2 1
t An dydt \ 2

< Cr® a,p.

(=) th) < CrOfger

Qu—y)(fs(y) — f1(y))
tr /y u|<t a

"7

1 /
/ VW - sal
R™ to ly—u|<t |U |'rL g

dr<|y—zo|<8nr

Using this lemma, we can use the corresponding result to Lemma 16 in the cube set-
ting. We note here that in Sakamoto and Yabuta [7, pp 137-141], they really proved
132 (f3)(@) = 3% (f3)(z0)| < Cr®||fllgar in the case § <a < 1and A>1+ 2o

Proofs of Theorems 4, 5 and 6. Using Lemmas 7-16 and LP boundedness results in [7], we
can prove these theorems in the same way as in the proof of Theorem 3, and so we leave
the detailed proofs to the reader. O



78

(1]

(10]
(11]

[12]
(13]

[14]
(15]

Ké6z6 YABUTA

REFERENCES

E. B. Fabes, R. L. Johnson and U. Neri, Spaces of harmonic functions representable by Poisson integrals
of functions in BMO and L, », Indiana Univ. Math. J., 25 (1976), 159-170.

Han Yong sheng, On some properties of s-function and Marcinkiewicz integrals, Acta Sci. Natur. Univ.
Pekinensis, 5 (1987), 21-34.

L. Hérmander, Translation invariant operators, Acta Math., 104 (1960), 93-139.

D. S. Kurtz, Littlewood-Paley operators on BMO, Proc. Amer. Math. Soc., 99 (1987), 657-666.

J. Peetre, On the theory of £,  spaces, J. Funct. Anal., 4 (1969), 71-87.

Qiu Sigang, Boundedness of Littlewood-Paley operators and Marcinkiewicz integral on £%P  J. Math.
Res. Exposition, 12 (1992), 41-50.

M. Sakamoto and K. Yabuta, Boundedness of Marcinkiewicz functions, Studia Math., 135 (1999),
103-142

E. M. Stein, On the functions of Littlewood-Paley, Lusin, and Marcinkiewicz, Trans. Amer. Math. Soc.,
88 (1958), 430-466.

E. M. Stein, Singular integrals and differentiability properties of functions, Princeton Univ. Press,
Princeton, N.J., 1970.

E. M. Stein and G. Weiss, Introduction to Fourier Analysis on Euclidean Spaces, Princeton Univ. Press,
Princeton, N.J., 1971.

Sun Yongzhong, On the existence and boundedness of square function operators on Campanato spaces,
preprint.

A. Torchinsky, Real-Variable Methods in Harmonic Analysis, Academic Press, San Diego, Calif., 1986.
A. Torchinsky and Shilin Wang, A note on the Marcinkiewicz integral, Colloq. Math., 60/61 (1990),
235-243.

K. Yabuta, Boundedness of Littlewood-Paley operators, Math. Japonica, 43 (1996), 143-150.

K. Yabuta, Some remarks to Marcinkiewicz functions, Kwansei Gakuin Univ. Nat. Sci. Rev., 6 (2002),
9-15.

[16] Wang Shilin, Boundedness of the Littlewood-Paley g-function on Lip,(R™) (0 < « < 1), Illinois J.

Math., 33 (1989), 531-541.

[17] Wang Silei, Some properties of the Littlewood-Paley g-function, Contemp. Math., 42 (1985), 191-202.
[18] Wang Silei and Chen Jiecheng, Some notes on square function operator, Annals of Mathematics (Chi-

nese), Series A, 11 (1990), 630-638.

School of Science and Technology, Kwansei Gakuin University
Gakuen 2-1

Sanda, Hyogo 669-1337, JAPAN

e-mail: yabuta@kwansei.ac.jp



