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ABSTRACT. In this paper, we treat seven conditions approximating to measurable
norms.

First we have the equivalency of these conditions except two for rotationally quasi-
invariant cylindrical measures. Next it is shown that Yan-Gong’s condition is strictly
weaker than Gross’ condition.

1 Introduction

In 1962 Gross introduced the concept of measurable norms([5]), and in 1971 Dudley et
al. introduced another measurability of norms([3]).
Badrikian and Chevet offered the following question([1]).
”Do these concepts of measurable norms coincide with each other for every cylindrical mea-
sure?”
The first author solved this problem negatively([8]). Also these two concepts were investi-
gated from different directions and many results were gotten([9, 10, 11]).

On the other hand, several condition, that are similar to these conditions, are given and
studied by many mathematicians([2, 4, 14]).

In this paper, we take out seven conditions approximating to measurable norms and
research them with respect to some examples.
First we have the equivalency of these conditions except (iv) and (vii) in Theorem 1 for
rotationally quasi-invariant cylindrical measures. For four conditions induced in them, it
was proved by the first author([10]).
Moreover it is shown that Yan-Gong’s condition is strictly weaker than Gross’ condition,
where Yan-Gong’s and Gross’ conditions are included in the above seven conditions.

2 Preliminaries

Let X be a locally convex Hausdorff space over the real field R , X’ its topological dual,
(+,-) the natural pairing between X and X’ and £(X) the Borel c—algebra of X. Let
{&,...,&,} be a finite system of elememts of X’. Then by = we denote the operator from
X into R™ mapping x onto the vector ((x,&1),...,(x,£,)). A set Z C X is said to be a
cylindrical set if there are &1,...,&, € X’ and B € Z(R") such that Z = Z71(B). Let €
denote the collection of all cylindrical sets of X.

A map p from €x into [0, 1] is called a cylindrical measure if it satisfies the following
conditions:

(1) wX)=1;
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(2)  Restrict p to the o—algebra of cylindrical sets which are generated by a
fixed finite system of functionals. Then each such restriction is countably
additive.
By putting pe, .. ¢, (B) = p(E7*(B)) each cylindrical measure y defines a family of
Borel probability measures.
Next we interpret two kinds of measurable norms defined on a Hilbert space.
Let H be a real separable Hilbert space with norm |- | = /< -~ >. % will denote the
partially ordered set of finite dimensional orthogonal projections of H and FD(H) the
family of all finite dimensional subspaces of H. P > ) means PH D QH for P,QQ € %.
Also a subset E of H of the following form is a cylindrical set, F = {x € H; Pz € F},
where P € .% and F is a Borel subset of PH.

Definition 1 The canonical Gauss cylindrical measure is the cylindrical measure v from
Cu into [0, 1] defined as follows:

If E={xz € H;Px € F}, then

1B = (=) [ d

where n =dimPH and dx is the Legesgue measure on PH.

Definition 2 A semi-norm ||-|| in H is called (G)measurable if for every e > 0, there exists
Py € .F such that y({z € H;|Pz| > ¢}) <e for VPLPy and P € Z.

This concept was introduced by Gross in 1962([5]). It was the starting point of the
successive research concerning the abstract Wiener space. In Definition 2 , we can replace
v to g which is any cylindrical measure defined on H. Such a case we say that || - || is
i — (G)measurable.

Also we can redefine the above concept as follows:
Definition 3 We say that || - || is u — (G)measurable if for every e > 0, there exists G €

FD(H) such that p(N. N F 4+ F+) > 1 — ¢ whenever F € FD(H) and F1G, where N, =
{x € H;||z| <&} and F* is the orthogonal complement of F.

Definition 4 A semi-norm || - || is said to be p — (D)measurable if for every e > 0 there
exists G € FD(H) such that u(Pr(N:) + FL) > 1 — & whenever F € FD(H) and F1G,
where Pg is the orthogonal projection of H onto F.

This was introduced by Dudley-Feldman-LeCam in 1971([3]).

Let E be the completion of H with respect to the norm || - || and ¢ the inclusion map of H
into E. If || - || is v — (G)measurable, then the triple (i, H, E) is called an abstract Wiener
space. The norm || - || is continuous p — (D)measurable if and only if i(u), where ¢(u) is the

image of p under the map i, is countably additive.

It is easy to see that (G)measurability implies (D)measurability. But the converse is false
generally([8], this is the 1984-Example). If p is a generalized rotationally quasi-invariant
cylindrical measure, then the converse is true ([11]). Of course, v and rotationally invariant
cylindrical measures and rotationally quasi-invariant cylindrical measures are genralized
rotationally quasi-invariant cylindrical measures.

Definition 5 Let p be a cylindrical measure on H. If u(C) = u(u(C)) whenever C is a
cylindrical set of H and u is a unitary operator of H, u is said to be rotationally invariant.
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Definition 6 If y ~. u(pu) whenever u is a unitary operator of H, p is called rotationally
quasi-invariant.
Remark 1 "~.” means to be cylindrically equivarent, and u(u) is the image of p under u.
3 Seven conditions

In this section we treat with seven conditions that are similar to measurable norms.
The following theorem is all.

Theorem 1 Let H be a real separable Hilbert space with norm |- | = /<>, p be a
cylindrical measure on H, || -|| be a continuous norm defined on H, B be the completion of
H with respect to || - || and i be the inclusion map from H into B. Moreover, let Y be the

bidual B" of B with weak*-topology o(B"”, B') and j be the inclusion map from H into Y.
Then the following seven conditions satisfy the relations:

(1) = (i) = (1i1) = (), (i) = (ii) = (v) < (vi) = (vii)

If v is continuous ( this means that the characteristic function of u is continuous on H ),
then the following conditions satisfy the relations:

(#31) = (vi) and (iv) = (vii)

(1) For any € > 0 there exists N € N, where N is the set of all natural numbers, such that
n > m > N implies

u({x € Hy||Ppx — Pl >e}) <e

for every sequence {P,} C F such that P, converges strongly to the identity map I, we
write it P, /1.

(@) || - || is a pp — (G)measurable norm.

(1ii) There exists a sequence {P,} C .F such that P, /" I, which has the property that for
any € > 0 there exists N € N such that n > m > N implies

p({z € H;||Phx — Pzl > e}) < e.

(iv) There exists a sequence {P,} C .F such that P, / I, which has the property that for
any € > 0 there exist No. € N and n. € N such that N > N. and n > n. implies

pw({z € H; sup ||Pex| > N}) <e.
1<k<n

() || - || s a p — (D)measurable norm.
(vi) i(p) (i.e. pwoi~t) is extensible to a measure.
(vit) j(p) is extensible to a measure.

Proof (i) = (ii) ( see Bazendale [2])
(1) = (#it) ( see Bazendale [2])
(i7i) = (iv) ( see Harai [6])
(v) < (vi) ( see Dudley-Feldman-LeCam [3])
Em) (vi) ( see Yan [14])

=
iv) = (vii) ( see Yan [14] and Gong [4])
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Remark 2 (1) If B is reflexive, then (vi) and (vii) are equivalent.
(2) The above (i), (ii), (iii), (v) and (vi) conditions are equivalent for v ([2]).

We have the following theorem.

Theorem 2 Let H be a real separable Hilbert space and p be a rotationally quasi-invariant
cylindrical measure. Then conditions (i), (i1), (iii), (v) and (vi) in Theorem 1 are equiva-
lent.

Proof The first author showed that the conditions (ii), (i4i), (v) and (vi) in Theorem 1
are equivalent for rotationally quasi-invariant cylindrical measures ([10]).

Here we have to show that (i) = (i). Since p is a rotationally guasi-invariant cylindrical
measure, there exists a rotationally invariant cylindrical measure A such that p ~¢ A([10]).
If the statement 7(ii) = (i)” is satisfied for A, then also for u. Therefore we have to show
that 7 (ii) = (1)” 1is satisfied for rotationally invariant cylindrical measures.

Here we need one lemma.

Let 4t be the Gauss cylindrical measure with parameter t > 0, i.e. y*(C) = 7(%) for
every C € € and v° = 8. Let X be a rotationally invariant cylindrical measure. Then we
have

M) = /[O’w)wt(-)dax(t)

by Yamasaki’s theorem ([13]), where oy is a Borel probability measure on [0,00) depending
to \. Let ||| be a norm defined on H. Obviously we can see that if ||-|| is v — (G)measurable
for some to > 0, then || - || is v* — (G)measurable for all t > 0.

Lemma 1 Let X be a rotationally invariant cylindrical measure on H and not &y and || - ||
be a norm defined on H. If || - || is X\ — (G)measurable, then || - || is v* — (G)measurable for
allt > 0.

Proof For any e > 0, there exists Py € .F such that A({z € H;||Px| > €}) < ¢ for every
PlP,, Pe ZF.
Recall that

A{z € H: [Pz > €}) = /[ (e Pz > hon )

and

= / 7'({z € H;||Px|| > e})dox(t) +/ 7({z € H;||Px|| > e})dox(t).
(0,u) [u,+00)

It is clear that there exists ug > 0 such that ox([ug, +00)) > 0, and denote it by o (i.e.ac =
U)\([Uo, +00)) > 0).

Since f[uD +o0) Y'({z € H;||Px| > e})dor(t) < € and a = ox([ug, +0)), there exists u’
such that v’ > ug and v* ({xz € H;||Pz| > e}) < £,

u’ depends on P, however its existence in [ug, +00) is sure . And so we have

!/

U u u u’ €
vz € H;||[Px| > e}) =~" ({z € H; || Pz > u—oé}) <7 ({z € Hy||Pz] > e}) < -
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Therefore it follows that for any € > 0 there exists Py € F such that

7 ({x € H; |Pal| > e}) < =
for every P1 Py, P € .
This means || - || is v*0 — (G)measurable. Then | - | is v* — (G)measurable for all t > 0.
Here we return the proof of Theorem 2. Suppose that ||| is A— (G)measurable, where

A is a rotationally invariant cylindrical measure and not &g.
It follows from Lemma 1 that || - || is v* — (G)measurable for all t > 0.
Given arbitrary e > 0. Let {P,} be a sequence included in F which strongly converges to I,

and u be a positive real number such that ox([u, +00)) < 5, where oy is the induced Borel
probability measure with X on [0,4+00) ( see Yamasaki [13] ). Also we check that Remark 2

is satisfied for every vt (t > 0).

Since || - || is v* — (G)measurable, || - || satisfies condition (i). This induces that there
exists ng € N such that n > m > ng implies

Vi ({z € H: |[Poz — Pozl| > £}) < %5.
Therefore for every t such that 0 <t < u, we have
V' ({z € H; || Pox = Pmz| > €}) =v"({z € H; [|Paz — Pzl > $e})
<"({z € H; || Pox — Pzl > €})

< 3€.

(SIS

Then we have
Az € H; || Poz — Pl > €}) = f[O,—i—oo) Y ({x € H; ||Ppx — Prx|| > e})dox(t)
= oy 7 ({2 € H;||Paz — Prz|| > })doa(t)

+ f[u#m) Y ({x € H;||Pox—Pnz| > })dox(t)

This completes the proof of Theorem 2. a

4 Some Examples and seven conditions

The 1984-Example([8]) showed that Gross’ condition((#¢) in Theorem 1) is strictly
stronger than D.F.L.’s condition((v) in Theorem 1).
In this section we treat some examples and clarify the relation between (ii) and (7i7)
(or (iv)).
First we introduce several continuous norms and several cylindrical measures on £2.
Let e, = (0,...,0,1,0,...), where 1 appears in the n—th place. It is clear that {en}n:m,_“
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is a complete orthonormal system (CONS) on ¢2.
() Construction of [ - ||y, [ - [, || - [|5 and [| - 4

Let {an}, 1o  be the sequence of non-negative real numbers such that oy <
as < a3 < ... and an — 00 as n — oo. Denote by I'y the convex hull of the set
{Fan(e1+ea+...+ey);n=1,2,...}, By the open unit ball of 2 and U; =T’y + By. It is
obvious that U; is open, convex, absorbing and circled. we denote by ||z||, gauge of U; at
z € (% |- ||, is the continuous norm defined on ¢2.

Let {#n},—; o be the sequence of non-negative real numbers such that (2, = 0
form=1,2,..., 52m,71 > 0 form = 1,2,..., and the sequence {#2;,—1},,_; o is increasing
and tends to oo as m — co. Let I's be the convex hull of the set {£,(e1 —|—e727—|—. cten);n=
1,2,...} and Uy =T’y + B;. Us is also open, convex, absorbing and circled. We denote by
l|lz||, the gauge of Us at @ € £2. || - ||, is continuous, too.

Let {n,},_; 5 be the sequence satisfying the same condition as it of {5}, _; 5 -

Let T's be the convex hull of the set of {£n,(e1 + 2e2 + ...+ ney);n = 1,2,...}, By the
open set {x = (z,,) € £%;1/> 2 (%)2 <1} and U3 = I's + By. The gauge of Us at x € ¢2

n=1
defines the continuous norm ||z||.

For x = (x,) € (2, we denote |||, = />0° , (%)%
(74) Construction of pa and pp

Let (¢2)" be the algebraic dual of £2, equipped with its weak topology o ((£2), £?),
and (-,-) be the natural pairing (¢2)" x 2 — R. Then a cylindrical set in (¢2)" and in ¢2
can be described as

Z = {f € (62)*;(($,f1),.-. 7(x7£n)) € D}

and
Z={zel(<x,& >,... <zt >) €D}

where &1,...,&, € £2 and D € %(R"), respectively.
We choose an algebraic basis ¢ of £* containing {en},_; 5 -

Define a and b € (52)* as follows:
a,e,)=1forn=1,2,...,

aeq) =0foreq € F\{en},_i,
b,e,)=nforn=1,2,...

b,ey) =0 for e, € /\{en}nzl,z,...

Let 6, and &}, denote the Dirac measures at the fixed point a and b in (£2)" respectively.

Then the induced measures p, and pp, on ¢2 are defined by

pa(Z) = 0a(Z) ,

Z) = 6a
pb(Z) = 6u(Z) , respectively.
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It is known that || - || is ga — (D)measurable but not pa — (G)measurable ([8], this is
the 1984 Example).

Later, we have that || - ||, is not y—measurable([12]). Then we construct || - ||; and pp.
| - Il5 is s — (D)measurable but not up — (G)measurable ([12]), however it is y—measurable.
| - 1|, is the well known example that is y—measurable.

The following theorem is the main result in this section.

Theorem 3 (i) || - ||, satisfies the condition (iti) in Theorem 1 with respect to fia.
(it) || - ||5 satisfies (iii) in Theorem 1 with respect to .

Remark 3 This theorem implies that Gross’ condition ((it) in Theorem 1) is strictly stronger
than Yan-Gong’s condition ((iii) and (iv) in Theorem 1).

Proof Let P, be the orthogonal projection from £? onto the linear span of {e1,e2, ... , €241}
Clearly P, strongly converges to I.
For n > m, we have

Ha © (PTL - Pm)_l = (PTL - Pm)(ﬂ‘a) = 552171+2+~~+€2n+1

Now we show that for any € > 0

lim  pa({x € 0%; || Pyx — Ppall, <e}) = 1.

n,m— oo

It is enough to prove that for any € > 0 exists ng € N such that |leami2 + ... + €2ny1lly < €
for every n > m > nyg.

Put k = —————, we have

B2m+1 B2an+1

k(eamso + .-+ €ant1)
= k(61 + ...+ 62n+1) — k(61 + ...+ 62m+1)

= @Tﬁl{ﬁzn-«-l(ﬁ +...+emi1)}+ #ﬂ{—ﬂzmﬂ(ﬁ +...+eamt1)}

£ k=1,

It is sure that Bomet * Bonia

Resure that Ty is the convex hull of {£02j41(e1+...+e2j+1);7 = 1,2,...} and so k(eam42+
. —|—62n+1) ey CUs.
This means

1 1 1
leama + ..+ eontally < =

ﬁ2m+ 1 6271-4—1 '

For arbitrary € > 0, there exists ng € N such that 5 2+1 < g, so we have
no

<e

2no0+1

llezmt2 + .. + eantifly <

This completes the proof.
The case (i1) is shown by similar methods of the above proof (see [6]). ad
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The following theorem shows the connection between the cylindrical measure fi4,
and the norms || - ||, || - [|3 and || - I,

Theorem 4 The norms || - ||, |- |5 and || - ||, satisfies the condition (iii) in Theorem 1
for the cylindrical measure pi,.

Proof First we show the case of || - ||,. Let P, be the orthogonal projection from 22 onto
the linear span of the {e1,ea,... ,ex}. P, converges strongly to I as n — oo.
Forn >m, (P, — Py,) is the orthogonal projection onto the linear span of {€mi1,... ,€n}.
1
Qam + a

After is similar to the proof of Theorem 3.
Second we consider the case of || - ||,.

Let P,, be the same as above.

For any € > 0, there exists N € N such that

> imma (%)2 < &? for everyn >m > N.
. 2
Since (P, — Pr)fta = 0cpyir+..ten aNd [l€myr + ...+ enl, = Z?:m_H (%) < e, we have

pa({z € 82? | Pn — meH4 <e})= 5em+1+...+en({y € (P — Pm)KQ? ||y||4 <ep) =1

This means that || - ||, satisfies the condition (iii) for pa.
Now check that ||z||; < ||z||, for all x € £2. Then || - ||5 satisfies (iii) for pa, too. O

We close this section by the next Theorem.

Theorem 5 || - |, is not pup — (D)measurable.

Proof [t is sufficient to show that there exists a positive number €g satisfying that any
G € FD({?) there exists F € FD({?) such that F1G and pn(Prp(N.,) + F1) < 1 — e,
where N., = {x € 0 ||z, < eo}.

Let ey = % be given.

Let G be an arbitrary finite dimensional subspace of €2, and {fj}j:1727___,n be a CONS of
G. Then each {7} is of the form & = 377, a{ei where ag eR forj=1,2,...,n and
i=1,2,....

Then we have the following matriz A :

1 1 1
Q] e Qe Qi
A:
n n n
of o o,

where m is chosen such that rank A = n. Suppose N > n+m. Then the next equation has
its solution in R"T™,

T1
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By construction we know that a{ — 0 asi— oo for j =1,2,... ,n. Therefore,
for every 6 > 0, we may choose a positive integer N(> n 4+ m), N sufficiently large, such
that the equation (x) has the solution 1 = N1, ... ,Tptm = Jntm Satisfying

<6....
| nax b (%)

Let 1 =me1~+ ...+ Nnymenim +en and F be the one dimensional subspace of £? generated
by 7. Then F1QG.

Upon putting ¢ = ﬁ, where | - | is the original norm of £, we obtain

(b,¢) = G2 = (m + 205 + ... + (N + M)0yn + N)/I7]

We have to show that (b, $)¢ & Pr(Ne,). Suppose that (b, ¢)¢p € Pr(Ng,).
Let 6 < M#m
If (b, ¢)¢ € Pr(Ng,), then there exists vg € N, such that Prxo = (b, ).
Now for any x € N,,, we have

|m|| < x,e1 > | < deo,

In2l| < @,e2 > | < 26e,

[Mntml|| < 2, entm > | < (n+m)dey and
| <z,en >| < Neo.
Then
| <72 >|
=|m<zer>4...4+ Mtm < T, enim >+ <z, eN > |
<Imll<z,er >+ .o+ Dnaml] < T enim > |+ | <z eny > |
<eg+eoN
- (1+N)€0
=3(1+N)
On the other hand, we have
| <72 > |
=Im+2n+...+ @O+ m)0ppm + N
=N = [m|=2n| —... = (n+ m)[Nptm]
>N-—{14+2+...+(n+m)}

This means contradiction.

Appendix
By the above results and [8] and [12], we have the following table.

The sign () means the norm satisfies the condition with respect to the cylindrical
measure, the sign X means it does not satisfy and the blank space means indefiniteness.
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norm | cylindrical measure | (i) | (i7) | (iit) | (dv) | (v) | (vi) | (vid)
[ - H1 Y

Ha O O
T, ) RN =

Ha x| x| O] O[O0 0]| 0O
115 Y OO0 ] O 10101010

Ha O O

Hb x | x| O] O[O0 0]| 0O
- 14 gl OO0 ] O 10101010

Ha O @)

b X X X X X

Most blanks except a few ones will be filled by O or X in the near future.

It will appear elsewhere.

1]

[5]
[6]
[7]

(8]
[9]

[10]
[11]
[12]

[13]
[14]
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