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ORDER AMONG POWER MEANS OF POSITIVE OPERATORS
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ABSTRACT. Let My (A, ®,w) = (X5 w; ®;(A7))"" (r € R\{0}) be a weighted
power mean of positive operators A; with Sp(A;) C [m, M] for some scalars 0 < m <
M, where ®; are normalized positive linear maps from B(H) to B(K) and w; € R4
such that Z;?:l wj =1(j =1,...,k). As a continuation of our paper [Sci. Math.
Japon., 57 (2003), 139-148] we determined real constants a1, a2, 81 and B2 such that

asMP(A, @,w) < MI(A, ®,w) < a1 MF(A, &, w)

and
BoI < MY A, ®,w) — MIT(A, ®,w) < BiT

hold if » < s, r,s # 0. As applications, these inequalities for some special maps were
given.

1 Introduction. Let B(H) be the C*-algebra of all bounded linear operators on a
Hilbert space H, B+ (H) be the set of all positive operators of B(H) and Pn[B(H), B(K)]
be the set of all normalized positive linear maps from B(H) to B(K). We denote by Sp(A)
the spectrum of the operator A.

We consider the following weighted power means of positive operators. Let ®; €
Pn[B(H),B(K)], A; € B+(H) with Sp(A4;) C [m, M] for some scalars 0 < m < M and
w; € R4 such that Z?Zl wj=1(=1,...,k). We define

k
(1) M(AL@,w) = (O w &;(ANYTif e R\{0}.
j=1

Mond and Peéarié proved in [6] that
(2) MA@ w) < MA@, w)

holdsif r <s, s (-1, 1), r & (-1, or1/2<r<1<sorr<-1<s<-1/2.
We considered in [7] the power means when ®; =1 (j = 1,...,k), ie. Mg} (A w) =
(Z?Zl w; AT)Y" if r € R\{0} and proved that

AP (A, w) < M (AL w) < MPV(A, W)
holdsif r <s, s (-1, 1), r € (-1, or1/2<r<1<sorr<-1<s<-1/2and

ATMEN A w) < MIT(Aw) < AMP(A, W)
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holdsif s > 1, -1 <r<1/2,r#0o0orr < -1, —-1/2<s <1, s # 0, where

A= (5" = £") : s(K" — k%) - K= M
L (s=7)(k"—1) (r—s)(k*—1) ’ S om’
Miéi¢, Pecari¢, Seo and Tominaga in [5] considered the power mean ®(A”)Y/" if r €

R\{0}, where A is a Hermitian matrix with Sp(A) C [m, M] for some scalars 0 < m < M
and ® is a normalized positive linear map. They proved that

0 < P(A%)Ys — AV < AT
holdsifr <s, s (-1, 1), r€(-1,1)or1/2<r<1<sorr<-1<s<-1/2and
AT < DAY — DAY < AT

holdsif s > 1, -1 <r<1/2,r#0o0orr < -1, —-1/2<s <1, s # 0, where

Azerél[gﬁ]{[éM‘ F(1—)m]t — [9M" + (1— O)m ]r},

AT = min {1085 + (1= 0)m*]* — oM + (1 — O)m” — dJ} },
0€[0,1]U] 3t gt +1]
M3m" — M"™m? M — T T_is

d:u_(l 7«)<5 m) ,

Ms —ms s r Ms —ms

Of course, they proved that the lower and upper estimates for the ratio of this means are
equal as in our results [7].

The aim of this paper is to generalize the above results as follows. We determine real
constants ay, asg, f1 and (B2 such that

M (A, @, w) < MV A, ®,w) < oy M (A, 0, w)
and
Bol < MI(A,®,w) — MIV(A, ®,w) < i1

hold if » < s, r, s # 0. As applications, these inequalities for some special maps were given.

2 Previous results. The Lowner-Heinz theorem asserts that the function f(t) = ¢ is
operator monotone only for 1 > p > 0 though it is monotone increasing for p > 0. In our
papers [4] and [8] we proved the following theorems for the operator order and the reversing
operator order.

Theorem A Let A,B € By(H) with Sp(B) C [m, M] for some scalars 0 < m < M. If
A > B >0, then for a given a > 0

aA? + 61 > B? forall p>1,

where

_Pp_
P_mP p—1 p__ P . _ P_ P —
alp = 1) (L 2= ) 7T 4 Mupomd gy ppet < Mo < e

max{MP — aMP, mP — amP} otherwise.
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Theorem B Let A, B € By (H) with Sp(A) C [m, M] for some scalars 0 < m < M. If
A > B >0, then for a given o> 0

aB? + I > AP forall p< -1,

where (3 is defined in Theorem A.

If we put @ = 1 in Theorem A and Theorem B, then we obtain the following corollary
(see also [9]).

Corollary 1. If A;B € B (H), A > B > 0 and Sp(B) C [m,M] for some scalars
0<m< M, then

AP + C(m, M,p)I > B? forall p>1.
But, if A> B >0 and Sp(A) C [m, M], 0 <m < M, then

B? + C(m,M,p)I > AP forall p< -1,
where

1 MP —mpP ot MmP — mMP
_7m>’7 L MmP MR,

(3) C(m,M,p)=(p—1)< M —m

p M—m

Remark 2. Notice that
A>B>0 implies AP >BP >0 forall 0<p<l1
and
A>B>0 implies B> AP >0 forall —-1<p<0
by the Lowner-Heinz theorem and by the statement: A > B > 0 implies B~ > A= > 0.

If we choose a such that § = 0 in Theorem A and Theorem B, then we obtain the
following corollary (see also [3]).

Corollary 3. If A,B € B4 (H), A> B > 0 such that Sp(A) C [n, N]| and Sp(B) C [m, M]
for some scalars 0 <n < N and 0 < m < M, then

K(n,N,p)A? > B? >0 forall p>1,

K(m,M,p)AP > B >0 forall p>1,
K(n,N,p)BP > AP >0 forall p< -1

and
K(m,M,p)B? > A? >0 forall p< -1,
where
MmP —mMP (1—p MP—mP P
4 K(m,M,p) = R.
(4) (m, M, p) (1—p)(M—m)( » Mmp—mMP) forpe
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We cite the following known Jensen’s inequality for an operator convex function [1, 2].

Lemma J Let ®; € Py[B(H),B(K)|, A; € B4.(H) with Sp(A;) C [m, M] for some scalars
0<m< M andw; € Ry such that 25:1 wi=1(0=1,...,k). If f is an operator convez
function on [m, M), then

k k
FO wj 2;(4;) <) w; @
j=1 J=1

holds.

In the next theorems we have reverse inequalities of Jensen’s inequality for a convex
function.

Theorem 4. Let ®; € Py[B(H),B(K)|, A; € By(H) with Sp(A;) C [m,M] for some
scalars 0 < m < M and w; € Ry such that Z?Zl wi=10G=1,...,k). If f,g € C([m, M])
and f is a convex function, then for a given o € R

k
D wii(f(4;)) < ag( ij ) + BI
j=1

holds for
f(M) — f(m)

= ) - ago)}.

A= mex {f(m) +
Proof.  Since f is a convex function, we have f(t) < f(m) + %( —m) for

every t € [m, M]. Hence it follows that f(A4;) < f(m)I + W(AJ — ml) for each
j. Since ®; is a normalized positive linear map, it follows that ®; (f(AJ)) < f(m)I

W(@j (Aj)—mlI). Further, it multiplies with w; € Ry, summing ofall j =1,... ,k,

: k
and using > ;_; w; = 1 we have

ng ) < fmyr 4 LA T0) ng ~m).

Besides, it follows from mI < A; < M1I that mI < Z?Zl w;j®;(A;) < MI,
ie. Sp (Z _ L wj®; (Aj)) C [m, M]. Now we obtain

Sk wi®(f(A))) — ag(Xh_, wid;(A;))
< f(m)I + LI (528w ®i(A) —mI) — ag(3h_, wi®5(4;))

< o {r0m + L=y g} 1

m<t<M M—-—m
which is the desired inequality. O

Remark 5. Assume that conditions of Theorem 4 hold and let g be a differentiable function
on [m, M]. Moreover, suppose that either of the following additional conditions holds: (a)
g 1s strictly convex if a > 0, or (b) g is strictly concave if a < 0.
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Then 8 can be written explicitly [4, Remark 2.5]

B = f(m)+ p(to —m) — ag(to),

where
the unique solution of ¢'(t) = & if ag'(m) < p < ag' (M)
to=< M if w>ag' (M)
m if ag'(m)>p
and p = 710(]\]4\/}:%7”).

Theorem 6. Let ®; € Py[B(H),B(K)], A; € B+( ) with Sp(A;) C [m, M] for some

scalars 0 < m < M and w; € Ry such that E aw; =1 (G =1,... k). Let f,g €
C([m, M]) and f be a convex function. Suppose that either of the following conditions
holds: (I) g > 0 on [m,M] or (II) g <0 on [m,M]. Then

k k
D wi®i(f(A4)) < a0 g(d wi®i(A4)))
j=1 j=1

holds for
Q= mréltanM (fim)+ w& —m))/g(t) in the case (I)
or Q= mgigﬂf (f(m)+ %:;fn(m)(t —m))/g(t) in the case (II).

Proof.  If we choose a such that § = 0 in Theorem 4 then we have this theorem. O

Remark 7. Assume that conditions of Theorem 6 hold and moreover suppose that the
additional condition holds: (Ix) f(m) > 0, f(M) > 0 if g > 0 or (II+) f(m) < 0,
f(M) <0 if g <0, and additionally let either of the following conditions be valid: (I11) g
is a strictly concave differentiable function or (IV') g is a strictly convex twice differentiable
function.

In the case (I4) o, can be written explicitly oo = (pfto +v¢)/g(ts), where

i in the case (II1),

i BL
to:{ M Zf HngZVf,

m if Vg < Vfs
or
the solution of pusg(t) = (ust +vp)g/(t) if F(m)4EH < py < FOM) G
to=q M il ng > fM)LEE,
m if ny < Fm)%
in the case (IV'), where we denote py = W, vy = W and similarly v, .

In the case (I1+) we have a, as above with the opposite conditions.
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3 Results for means. In this section we discuss the usual operator order among
weighted power means defined by (1).

For the sake of convenience, we denote intervals from (7) to (iv) as in Table 1 (see Figure
1).

i) r<s, s (-1, r¢g(-1,1Yor 1/2<r<1<sorr<-1<s<-1/2,
(44) s>1, -1<r<1/2,r#0or r<-1, -1/2<s <1, s#0,

(4i7) —1<—-s<r<s<l,r#0o —-1<r<s<r/2<0,

(iv) —-1/2<r/2<s<-r<1, s#0.

Table 1: Intervals from (i) to (iv)

(4) (44) (44) ()
1

” (i) | (i)
i1 (@)
(i) 1| () % 1 r

(i) T3
(i) T

Figure 1

Our first result is given in the next theorem.
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Theorem 8. Let ®; € Py[B(H),B(K)], A; € BL(H) with Sp(A4;) C [m,M] for some
scalars 0 <m < M ande € Ry such thatz L wi=10G=1,... k).
@) If r<s,s¢(-1,1),r&(=1,1) or 1/2<r<1<s or r<-1<s<-1/2
then
0< MY(A,@,w)— MI(A,&,w) <AL

(@) If s>1,-1<r<1/2,r#0 or r<-1,-1/2<s<1,s#0 then
AT < MPYA, @,w) — MIV(A, &, w) < AL
(@ir) If —1<—-s<r<s<l,r#0 or —-1<r<s<r/2<0 then
—C(m", M", %)I < MFA, ®,w) — M(A,®,w) < AT+ C(m", M", %)1.
() If —=1/2<r/2<s<—-r<1,s#0 then
A*T — C(m", M, %)I < MF(A, ®,w) — MA@, ,w) < AT+ C(m", M", %)I,

where

1
s

3=

A = max {[9MS+(1—9)m] —[OM" + (1 — 0)m"]

0€[0,1]

}

—[0M" + (1= O)m” —d]} |,

AF = min {[9M5+(1—9)m]%
]

0€[0, 1)Ul g gt +1

d_MSmT—MTmS (1__) sM"™ —m" =
o M3 —ms3 r M5 —ms

and C(m, M, p) is defined by (3).

In order to prove Theorem 8, we need the following two lemmas.
Lemma 9. Let ®; € Py[B(H),B(K)], Aj € B (H) with Sp(A;) € [m, M] for some scalars

0<m< M and wj € Ry suchthatZ?zlezl G=1,...,k).
If 0<p<1 then

k
(5) futr ng )+ vl < ij AD) < (3w ®5(A;))7,
j=1 j=1
if —1<p<0 or 1<p<2 then
k k k
(6) (Z wj@j Z Ap < Mip ij ) + thI,
j=1 Jj=1 Jj=1
while if p<—1 or p>2 then
(7)
k (g0 p/(p—1) k
Htp ZWj(I)j(Aj)+(1—p) < D ) ISZwJ@j <utp Zw] —l—l/th
j=1 j=1
where g = M;:zp and Vi = %
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Proof.  The right hand inequality of (5) and the left hand inequality of (6) follow from
Lemma J, because f(t) = t? is an operator concave function if 0 < p < 1 and an operator
convex function if —1 <p <0 or 1< p < 2. The left hand inequality of (5) and the right
hand inequalities of (6) and (7) follow from Theorem 4 and Remark 5 if we put f(¢) = t?,
g(t) =t and a = p.

Next we prove the left hand inequality of (7). Suppose that p < —1 or p > 2. Since
f(t) = t? is convex, then for each s € [m,M], g5(t) = f(s )+ ()t —s) < f(¢) for
all t € [m,M]. Then it follows that Z _Wj J(A ) — e Z] Lwij®;(A;) > PoI, where

B = max min {gs(¢) — uwt}. The linear function gs(t) — purt attained a minimum at
gs <f m<t<M

m or M. We choose s which is the unique solution of gs(m) — pppm = gs(M) — pw M. We
obtain s = (utp/p)l/(p_l) and B2 > gs(m) — ppm = (1 — p)s? = (1 —p) (Mtp/p)p/(p_l). O

Lemma 10. Let ®; € Pn[B(H),B(K)], A; € By (H) with Sp(A;) C [m,M] for some
scalars 0 <m < M and w; € Ry such that E?lej =1(0(=1,...,k).
(o) If 1<r<s or r<-1<s then

_ 1/r k
[HZ _wj®;(A )—1—1/1} S(ijleéj(A;’))l/r
s a-nenT " g c1p<s<iszo

(Z?:l Wi j(A§))1/S otherwise.

b)) If r<s<-—-1 or r<1<s then

ENIN]

s . s b o1/
(L5 w0, (A) = Z1] T = (0 w0 (A)
1/s

J) e -2 (-5 BT —1<r<1/2r £0,
(Z?:l w; @ (AT otherwise.

(o) If -1<—-s<r<s<l,r£0 or —-1<r<s<r/2<0 then

1/r
(B0 i (A5) + 1] = O M7, )< (S s (A7)
< (o wy @ (A + C(m7, M7, 1)L

(d) If -1/2<r/2<s<-r<1,s#0 then

1/r
(850 s ®;(43) + 71| = O, M7, 1)< (S5 w;5(A7) "
r 1/r
< A w4 + (1= 1) GB) T 1|+ CmT M )

M"—m"

M*m"—M"m?
Ms—ms3

and U = No—ms

where 1 =
Proof.  Though the proof in the cases (a) and (b) is quite similar to [5, Corollary 5.8],

we give a proof for the sake of completeness. Firstly we prove (a). Let r & (—1,1). We put
p =% in (5)-(7) and replace A; by A (j =1,...,k). Then

k k k
(D wi®i(AN)7* <D wi®y(A)) < ﬂZ )+ ol
Jj=1 j=1 j=1
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ifr<-land (r<s<r/2or —r<s),

k
MZ% )+ v < ij ijq)j(A§)+ﬂI
j=1

ifr<-1,r/2<s<-r,s#0,

k k
ﬂzwj@j(Ai) + vl < ijcb Z% A%) r/s
Jj=1 j=1

23

if 1 <7 <s where v* = (1—2) (21)"”/"" . Using the fact that the function f(t) =

S T

is an operator increasing if 7 > 1 and an operator decreasing if r < —1 (see Remark 2) we

have i
(ijq)j 1/5 Zw] 1/T ,uZw] +VI]1/T
=1
ifr<-—1 andj(rgsgrﬂor—rgs),
“ZWJ )+ v Il/r Z% 1/r “Z"Jﬂ +VI]1/T
ifr<-1,r/2<s<-r, s#0,
ij N 4 oI < ij DT < ij )1/
if 1 <r<s. If weput s=—1orr=—11in (2), then we have
k
(ijq)j NV < ZWJ i< ZWJ )Y
j=1
for r < —1and —1 < s < —1/2. So, we obtain
ij N 41T < ij DT < ij )1/
ifr<-1<s<-1/20r (r<-1,1<s)orl<r<s,
“ZWJ $) + ol 1/r < ij 1/r HZ% )+ v 1]1/r

if r<-—-1,-1/2 < s <1, s #0. Therefore we have (a).

Next we prove (b). Let s ¢ (—1,1). We put p = 7 in (5)-(7) and replace A; by A’

(j=1,...,k). Then

k
ij (A7) 9/7"<ij A <Y w®,(AY) + oI
j=1
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ifs>1and (s/2<r<sorr<-s),

k k k
3w (A7) + 7T < 3wy, (A) < i w47 + 7
j=1 j=1 j=1
ifs>1, —s<r<s/2,r#0,
k k
uZw] )+ 71 <Y wi®(A3) < (O wi (A7)
j=1 j=1
1f7“ < s < —1,where i = ]W mi = %, U= Mrﬂij%:mr = —%, = (1-2)(%h) =
— By raising above mequalities to the power l we obtain
k
(s = (O 4 < 3 ) - 1
j=1
ifs>1and (s/2<r<sorr<-s),
R v
i) - a1 < () < 3 -
4
Jj=1
ifs>1, —s<r<s/2,r#0,
k
(D wi® (A7) < Z% DY < Z% - L
j=1
ifr<s<-—1.Ifweput s=1orr=1in (2), then we have
(et S 3 ) = ()
for s > 1 and 1/2 <r < 1. So, we obtain
k
(" wi@; (A < Z% s < Z% LE
j=1
ifl/2<r<1<sor(s>l,r<—-1lorr<s<-1
I]l/s

k
[% lej¢1 (A}) — 1/8 ZWJ 1/5 ZWJ
j=

if s>1, -1 <r<1/2, r#0. Therefore we have (b).
Next we prove (c). If 0 <7 < s <1then 0 < £ <1 and by (5) we have

k k
ﬂZqu)](A;)—i—f/ISZw](I) Zw] g T/g
j=1 j=1
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Using Corollary 1 for p = %, and because m"I < ,aZ?:l wj®;(A7) +vI < M"I and
m’l < Z?Zl w;j®; (A7) < M"I we obtain

[ 525 wi®;(A3) + DIV — C(m", M7, 1)1 < (X5 w;@, (A7) "

(A
< (Xfmy w5 (A)* + C(m", M7, )T

f(-1<r<0<s<land-1<Z<0)or(-1<r<s<0and]l<?%<2)then by (6)

we have . .
Zw] 9 T/S Z Ar Slaz —|—VI

Using Corollary 1 for p = = < —1, and because m"I < NZJ L w;®;(A3) + 71 < M'T and
m"[ < ijl wj J(Aj) < MTI we obtain
(4 w0y (437 + C(M™, ™, 1T > (S5 w;®; (A7)
> (A0 wy®(A5) + PI]T — O(M m", D)L

1

1/(1-1) T T _mM”
(2=1) (1) trg = () (ransile) T et =

(L 1) (rpdzm )77 g s M G, 7, ), we have that

Since C(M™,m", %)

T

S|

M’V‘
[ 525 wi®;(A3) + oI — C(m", M7, )1 < (X5 w;@, (A7) Y7
< (51 wi®s(A)* + C(mm, M7, )T
holds if —-1 < —-s<r<s<1,r#0o0r —1 <r <s<r/2<0. Therefore we have (c¢).

Next we prove (d). If (-1 <r<0<s<landf<-1l)or(-1<r<s<O0Oand?: >2)
then by (7) we obtain

k
ij —|—VI<ij gﬂij@j(A§)+DI.
j=1
Using Corollary 1 for p = % we have that

[ 525y wi®;(A3) + oI — C(m", M7, )T < (X5 w;@,(A7))Y"
[NZ _w;®; (A7) +v* ]1/T—|—C(m,M7’,%)I

holds if —1/2 <r/2 < s < —r <1, s # 0. Therefore we have (d). O

Proof of Theorem 8. Though the proof in the cases (¢) and (i) is quite similar to [5,
Theorem 5.9], we give a proof for the sake of completeness. It follows from Lemma 10 (a)
that

S 1/T S ks
MEAD,w) — [ah ) w®;(A3) + V*I} < MFI(A, ®,w) - M(A, W)

. - . B 1/r
8) < MPUAL @) = [a 30, wi®(43) + 71
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holds if —1/2<s<1,8#0,r<—1and
0=MA, @ w) - MFA G w) < MYA G w) - MT(A, 0, w)
0 < MP(A0w) - [ w04 +01]
holdsif 1 <r<sor (r<-1,s>1)orr<-1<s<-1/2.
It follows from Lemma 10 (b) that
[ Yh wi@, (A7) — Z11Y5 — M{T(A, @,0) < MJT(A, ®,0) — M (A, ,w)
(10) < [ES0N wy (A7) - 21Ye - M(A @,0)

holdsif —1 <r <1/2,r#0, s > 1 and
0= Ml[gr] (A7 (b,UJ) - M]gr] (Aa (paw) < M]ES] (Aa (paw) - Ml[gr] (A7 (b,UJ)
k r % s T
(11) < (L300 @y @A) — 2110 — MA@, 0)

holdsif r<s<—-lor(r<-1,s>1)orl/2<r<1<s.
It follows from the right hand inequalities of (8) and (9) that

S T S 1/T
MIE](Aa(I)vw)_MIL](Ach)’w)SM]LJ(Aa(I)v ) [HZ] 1wJ (A )+VI:|
< maxyeq {t* = [pt+ o)/} I

holds, where T' denotes the close interval joining m® to M*. We set t = OM* + (1 — 0)m
for some 6 € [0,1]. Then we have fi -t + 7 = M" + (1 — 0)m” and hence max,cp{t'/5—

[at+ D]l/r} = A. Therefore, we obtain Mlgs] (A, d,w) — Mg} (A, Q,w) <Alifl1<r<sor
r<-—1<s.
It follows from the right hand inequalities of (10) and (11) that

s T k r s T
M (A, ®,w) — MINA@,0) < [2 58w (A7) — 21V — MI(A, ®,w)

_11/s
< maxeq, { {% t— %} - tl/r} 1

holds, where T} denotes the close interval joining m” to M". We set t = OM" +(1— )m
some 6 € [0, 1]. Then we have = —3 = OM*+(1—60)m® and hence maxtefl{[ t— 2}

t'/7} = A. Therefore, we obtaln ME](A,CI), w) — M,ET](A,q),w) < Alifr <s< —1 and
r<l1<s.
Then we have the right hand inequalities of (i) and (¢7) in this theorem.
From the left hand inequalities of (9) and (11) we have the left hand inequality of (7).
From the left hand inequality of (8) we obtain that

S T S — 1/T
ME (A, 0,w) — M(A,0,0) > MPV (A, 0.w) = [0, 0@ (45) + 171

> min, . {tl/s —[mt+ I/*]l/r} I = min, .7 {tl/s —[pt+v— d]l/r} I
(12)  =mingepy {[0M* + (1 = O)m?]Y/* — [OM" + (1 — O)m" —d|'/"} I > A*I

holdsif —1/2<s<1,s#0,r < —1.
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From the left hand inequality of (10) we obtain that

*

s T k r v 1/s T
MA@, w) — MA@, w) > [% S (A7) — 71} ~ M(A, D, w)

L11/s
> minge g, { [%t — %} — tl/r} 1

—mlneeou{[ﬁMG ( 9)m3+%]1/5_[9Mr+(1_0)mr]1/r}1
M s w1 { HMS + (1 - e)ms]l/s - [QMT + (1 - 9)mr - d]l/r} I
(13) > A*T

= ming¢

holdsif -1 <r <1/2,r#0, s> 1.

From inequalities (12) and (13) we have the left hand inequality of (i¢) in this theorem.
Therefore we have (i) and (4¢) in this theorem.

By Lemma 10 (c) we obtain

—C(m", M, 1T < MPY(A, @,0) — MI(A,®,w)
< MPNA,®,w) = (B0 wi®;(45) + o1 o v, 1y
< max;cj {tl/s —lnt+ ﬂ]l/r} I+C(m",M", 1) = AT+ C(m",M", 1)I
if -1<—-s<r<s<l,r#0or—-1<r<s<r/2<0. Then we have (4i%) in this

theorem.
By Lemma 10 (d) we obtain

s 1/r
MENA, @) = [ 305 wi®i(A5) +v°T) = Clmr, M7, 1)1
< MY A,0,w) - MT(A, ®,w)
; 1/r
< MP(A,®.w) = [ X8 @@, (45) +71) "+ Clmr, M7, 1)1
if —1/2<r/2<s<—r<1,s#0. Then
AT — C(m", M", 1) < min,cq {tl/s it d]l/r} [—C(m", M, I
< MFA, ®,w)— M (A, ®,w)
< max,c {t”s —[at+ D]W} I+C(m" M, )] = Al +C(m", M", ;)1
and we have (iv) in this theorem. a

Our second result is given in the next theorem.

Theorem 11. Let ®; € Py[B(H),B(K)|, A; € BL(H) with Sp(A;) C [m, M] for some
scalars 0 <m < M and wj € Ry such that E?:ﬂ*’j =1(@(=1,...,k)
) Ifr<s,s¢(-1,1),rgd{-1,1) or 1/2<r<1<s or r<-1<s<-1/2
then
Ak, r,s) " MPE(A, @,0) < MT(A,@,w) < M (A, ®,w).

() If s>1,—-1<r<1/2,r#0 or r<-1,-1/2<s<1,s#0 then

Ak, 8) "ME(A, @,0) < M (A, ®,0) < A(k,r, s) M (A, ®,w).
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(i) If —1<—-s<r<s<l,r#0 or -1<r<s<r/2<0 then
A(r,r, 1) Ak, 7, 5) T MEN (A, @,0) < MIT(A, @,0) < As,r, )M (A, @, w).
(w) If =1/2<r/2<s<-r<1,s#0 then

Alr, s, 1) Ak, 1y 5) T MEN A, @, 0) < MITVA,@,w) < Ak, s, 1) MV A, D, w),

Al r,s) = {gﬁ?ﬂwﬂ—)n}i {<r%23@sﬁ?1>}_1’ " %

In order to prove Theorem 11, we need the following lemma.

Lemma 12. Let ®; € Pn[B(H),B(K)], A; € By (H) with Sp(A;) C [m,M] for some
scalars 0 <m < M and w; € Ry such that E?lej =1(0(=1,...,k)
() If 0<p<1 then

k k k
K (m, M,p)(Y_w;®;(4))" < D Jw;®;(A7) < (D w;®;(4))°
j=1 Jj=1 J=1

D) If —1<p<0 or 1<p<2 then

k
(Z w;P;(A;

(¢o)If p<—1 or p>2 then

where

i(A%) < K(m, M, p) Zw] AP
j=1

HM»

k
K(m,M,p)” Zw] SZ Ap)<KmMp Zw] b

where K(m, M, p) is defined by (4).

Proof.  Since f(t) = tP is an operator concave function for 0 < p < 1, then by Lemma
J we have the right hand inequality of (a). By converse of Theorem 6 for f(t) = g(t) = t?,
0 < p <1 and Remark 7 we have Z?lejq)j(A?) > a, (Z?lejéj(Aj))p, when a, =
K(m, M,p) and the left hand inequality of (a) follows. Because f(t) = tP is an operator
convex function if —1 < p < 0or 1 < p < 2 then by Lemma J we have the left hand
inequality of (b) and by Theorem 6 for f(t) = g(t) = t? and Remark 7 we have the right
hand inequality of (b). Because f(t) = t? is a convex function if p < —1 or p > 2 then by
Theorem 6 for f(t) = g(t) = t? and Remark 7 we have the right hand inequality of (¢). Next
we prove the left hand inequality of (c¢). Suppose that p < —1 or p > 2. Since f(t) = tP is
convex, then for each s € [m, M|, gs(t) = f(s)+ f/(s)(t—s) < f(¢) for all t € [m, M]. Then
the following inequality holds (see [5, Remark 4.13]):

k k
ijq)j (f(4)) = o2 f ij<1>j (45) with (g = max min gs(t).
Jj=1 j=1

0<g.<f m<t<M  f(t)

The function gfs((tt)) is concave and its minimum is attained at m or M. We choose s

f g*(::)) = % Then we obtain s = ﬁ, where

which is the unique solution o
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p=(MP—mP)/(M—m),v=(MmP—mMP)(M—m) and it follows ay > sP~1 S“jﬁ# =
(Pt B = (P 2 = K (m, Mip) ™. o

Proof of Theorem 11.  Though the proof in the cases (i) and (i7) is quite similar to [5,
Theorem 5.7], we give a proof for the sake of completeness. Suppose that s > 1 and r < 1.
We put p = =. If » > 0 then Lemma 12 (b) and (c) gives

k
Y w;®;(4)))Y < Zw] A < K(m, M, 2 ij )/
j=1
if s/2<r<sand
k
O w®i(4))) Y < Zw] AV < K(m, M, 2 Zw] )/
j=1
if 0 <r < s/2. Replacing A; by A} (j =1,...,k) we have
Zw] Ar s/r<zw] <K7’TL Mr ij r s/r
if s/2<r<sand
K(m", MT Zw] i(A7)) S/T<Zw] ) < K(m" MT ij ATY)SIT

if 0 <r < s/2, where

T r S ( )i_MT(mT)%
K(m", M ’7“)_ (2 —1)(M" —mr) (

(2 - DM - (mr)i)

f "(M7)r — M (mT) ))r

_r(k® = k") s(k" — Kk®) wr

C(s—=7r)(km—1) \(r—s)(k*—1) '
By raising above inequalities to the power 1/s it follows from the Lowner-Heinz theorem
that

MIT(A, & w) < MY A, &, w) < K(m", M, —)WM[ A, D, w)
holds if s/2 <r < s and
K(m™, M7, 2y~ M (AL @ w) < MPVA, ®,w) < K(m", M, —)1/SM[’“](A 3,w)
T

holds if 0 < r < s/2, where

If we put s=1or r =1 in (2), then we have

ij Ar 1/T<ij S ij 1/9
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for 1/2 <r <1 and s > 1. Therefore for s > 1 we have
MI(A, ®,w) < MA@, w) < Ak, r, s) M (A, @, w)

if1/2<r<1and

Ak, r,s) "M (A, @,0) < MII(A, @,w) < A(r,r, s) M (A, ®,w)
if 0 < r < 1/2. So, we obtain

Ak, r,s) " ME(A, @,0) < MT(A, @,0) < MA@, w)

if1/2<r<1,s>1and

Ak, r,s) "M (A, @,0) < MI(A,@,0) < A(k,r, s) M (A, ®,w)

ifo<r<1/2,s>1
If r < 0 then Lemma 12 (b) and (¢) with the Léwner-Heinz theorem gives

MI(A, ®,w) < MEVA, ®,w) < K(M",m", 2) Y M (A, @, w)
T
if r < —sand
KM m", 2~V M (AL @, w) < MEVA, ®,w) < K(MT,m", 2 MA@, w)
T T

if —s <r <0, where

Therefore, similarly to above we have
M (A, ®,w) < MPI(A, ®,w) < Ak, r, s) M (A, @,w)

if r < -1 and

Ak, r,s) " MI(A, @,0) < MA@, w) < A(r,r, s) M (A, ®,w)
if =1 <r < 0. So, we obtain
Alk,r,s) "M (A, ®,w) < MI(A,@,0) < MF(A, ®,w)
ifr<—-1,s>1and

Ak, s) "M (A, @,0) < M(A, @,w) < A(r,r,s) M (A, ®,w)

if —1<r<0,s>1.
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Now, suppose that 1 < <s. Weput p = Z. Then Lemma 12 (a) with the Léwner-Heinz

theorem gives

K(m®, M* —)”TM[S](A ®,w) < MIA, &, w) < MFIA, &, w).
Since K (m?®, M*, L)1/ = A(k,r,s)~, we obtain
Alr,r, ) MT(A,@,0) < MT(A,@,0) < M (A, @,0)
if1<r<s.
Therefore, we have desired results in the cases (i) and (i¢) for s > 1.

Next we prove desired results in the cases (i) and (i7) for r < —1.
If -1<s<1lweputp==Z.If0<s <1 then Lemma 12 (c) gives

K(m Ms Zw] s r/s ij Zw] 9 r/s

Since the function f(t) = t'/" is an operator decreasing for 7 < —1, then we obtain
s s z —1/7 7 sl8] [r] s Tyi/rprls]
K(m®, M*, 57V M AL @ w) > MIV(A, &,w) > K(m*, M?, ) MPF(A, ®,w),
s
so we have
Ar,r,s)  MT(A, @,0) < MT(A, ®,0) < A, )M (A, @,0)
fo<s<l1,r<-—1.
If -1 < s < 0 then Lemma 12 (b) and (c), with the fact that the function f(t) = t'/" is
an operator decreasing for r < —1, gives
MIA,@,w) > MIV(A, @,w) > K(M°,m®, 5)/ M (A, @, 0)
s
if -1 <s<r/2and

KO m®, 5~ M AL @, w) > MIT(A, @,w) > K(M*,m®, )V MA@, w)
S S

if r/2 < s < 0, where K (M?®,m?, £)V/" = A(k,7,5)"". If we put s = —1 or 7 = —1 in (2),
then we have

k
(ijq)J l/r ij -1 < ij 1/5
j=1
for r < —1and —1 < s < —1/2, so we have
Ak, r, ) " ME(A, @,0) < MTV(A,@,0) < MF(A, @, w)
if —-1<s<-1/2,r<-1and
Alr,r,5) " MI(A, @,0) < MT(A, @,0) < Ak, r, )M (A, @,0)

if —1/2<s<0,r<—1
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If r < s < —1 then we put p = 2. Lemma 12 (a), with the fact that the function

f(t) = t'/* is an operator decreasing for s < —1, gives
K(M",m", z)l/SM,L“(A,@, w) > MFYA, ®,w) > MA@, w),

so we have
Alr,ry ) " MEVA, ®,0) < MIV(A, ®,w) < MII(A, @, w)

ifr<s<-1.

We have the desired results in the cases (i) and (i) for r < —1.

(4ii) f 0 <r < s < 1then 0 < Z < 1. If we put p = % in Lemma 12 (a) and replace A;
by Aj (j=1,...,k), then we obtain

k
m Ms Zw] AS )r/s Szqu) Zw] 9 r/s
j=1
By raising above inequality to the power 1/r(> 1) it follows from Corollary 3 that

K(m", M", 1) K (m#, M*, D) M A, ,w) < MIT(A, @,0)
< K(m", M7, LY MIN (A, ®,w).

So, we have
Ak, 1) Ads,ry 8) MEA, @, w) < MIVA, ®,0) < A(k,r, 1) MEN(A, @, w).

If -1<—-s<r<0then -1 <Z<0,butif -1<r<s<r/2<0thenl1<Z<2 If

T

we put p = © in Lemma 12 (b) and replace A; by A% (j =1,... k), then we obtain

k
(wabj A%) T/9<Zw] ) < K(m® M'g Zw] A%) T/g
j=1

if -1 <—-s<r<0and

ij As T/S<ij ij S r/s

if -1 <r <s<7r/2<0. Using that K(M*,m*, £) = K(m®, M*,%) and by raising above
inequalities to the power 1/r then it follows from Corollary 3 that we obtain

K(m", M™, )M (A, ®,w) > MI(A,®,w)
> K (m", M", 1) K (m®, M*, )V M (AL @,0)

if—1<—-s<r<0or-1<r<s<r/2<0. So, we have
Alr,r, 1) Ak, r,s)  MEVAL @, w) < MITNA, ®,w) < Ak, r, ) MA@, w)

f-1<—-s<r<s<l,r#0or-1<r<s<r/2<0.
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(iv) Next, let =1 <7 < —s<0or—1/2<r/2<s<0. Then -1 < £ <0or0< %< 1.
If we put p = 7 in Lemma 12 (b) and (a) and replace A; by A% (j = 1,...,k), then we
obtain

Zw] Ar s/r <Zw] ij r s/r

if —1<r<—-s<0and

k
ZW] Ar s/r < Zw] ) < (ZWj(bj(A;))S/T
j=1

if —1/2 < r/2 < s < 0. By raising above inequalities to the power 1/s it follows from
Corollary 3 that

K(m®, M*, 1= M (A, ®,0) < MPUA, @, w)

< K(m*, M2, HK(M",m", 2)1 M (A, @)
if —1<r<-s<0and

K(M*,m*, LK (M7, mr, )V M (A, 8,0) > MPI(A, ®,w)
> K(M*,m*, L) MI(A, 8,0)
if —=1/2<r/2<s<0. Since K(M*,m*,1) = K(m*,M*,1) = A(k,1,5)" " = A(k, 5,1) we
have
Ak, s, 1) "MV A, ®,w) < MY A, ®,w) < Ak, s, )A(k,r, s) M (A, ®,w)
if —1/2<r/2<s<—r<1,s#0. So, we have
Ak, s, 1) Ak, r, ) "MV A, @,0) < MI(A, @,0) < Ak, s, )MV A, &, w)

if —1/2<r/2<s<-r<1,s#0. O

4 Applications. In this section, we show applications of Theorems 8 and 11 for some
special maps. Firstly, we state the following two corollaries obtained by applying ®; = I
(j =1,...,k) to this theorem. This is an extension of our results given in [7, Theorem 1].

Corollary 13. Let Aj € By (H) with Sp(4;) C m,M], 0 <m <M (j =1,... k) and
wj € Ry such that Z?Zl wj =1.
@) Ifr<s,s¢(-1,1),rg(-1,1) or 1/2<r<1<s or r<-1<s<-1/2
then
k k
0< (O wid)s — (3w ANV <AL
— e
(@) If s>1,-1<r<1/2,r#0 or r<-1,-1/2<s<1,s#0 then

k k
AT < (Y wiANY = (3w AT < AL
j=1

j=1
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(i) If —1<—-s<r<s<l,r#0 or -1<r<s<r/2<0 then

k
—CI < () wA'* - Zw ADYT < (A+CO)IL

Jj=1

(w) If —=1/2<r/2<s<—-r<1,s#0 then
O < ( Zw] SL/s Zw A7) Ur <(a+ 01,

where

A:egl[gﬁ]{[m‘ F(1—)m])F — [9M" + (1— O)m ]r},

A= {HMS —9)ym]E — (oM + (1—9)mr—d]%},

oelo, 1]U[M1‘_mr e +1]
_ M3Sm"™ — M™m? ( r sM™ —m" s
o M$ —ms s) \r Ms —ms ’

o_ 1 1 M—m ﬁ_FMTm—mTM
T \r "M Mr —mr

Corollary 14. Let Aj € By (H) with Sp(4;) C [m,M],0 <m <M (j =1,... k) and
wj € Ry such that Z?Zl wj = 1.
@) Ifr<s,s¢(-1,1),rg(-1,1) or 1/2<r<1<s or r<-1<s<-1/2

then i i
(k,T,5) ZwJAS Vs < (ijAg)l/T < (ijA§)1/5.
j=1 j=1

(1) If 821,—1<r<1/2,r7$0 or r<—-1,-1/2<s<1,s#0 then

d

k k
(k,1,8) ZwJAS e < (ijAg)l/r < A(fi,r,s)(ijAﬁ)l/s.

=1 j=1
(ti) If —1<—-s<r<s<lL,r#0 or —-1<r<s<r/2<0 then

k

Ak, r, 1) Ak, 1, 5) Zw] /s < Zw Ar)l/T<A/@r1 ij )L/,

j=1 j=1

(w) If =1/2<r/2<s<-r<1,s#0 then

k k
Ak, s,1) " Ak, 7, 5) Z%AS Vs < (ijAg)l/r < A(k, s, 1)(ijA§)1/S,

Jj=1 Jj=1

A(“’“){(sﬁi@rﬂ—H)}i {<r%23(ﬁi)1>}i’ T

where
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Next we can state two results obtained by applying ®,(A4;) = (4;z;,z;)/(zj,x;) (j =
1,...,k) to Theorems 8 and 11. Because in this case ®;(A;) € R, then in statements
where we demanded functions be operator convex or monotone, now we request some weaker
conditions, i.e. we demand (real) convex or monotone functions. Hence we obtain better
constants as follows.

Corollary 15. Let A; € By (H) with Sp(4;) C m,M], 0 <m <M (j=1,...,k) and
xj € H such that Z?Zl llz;||> = 1. Then forr <s, r,s#0

k
0< (Z Ajzj, x5)) NYe —

Jj=1 J:1

(Ajzj,x5)) NYT < AL

M»

where A = maxge[o 1] {[HMS +(1-0)m ]% —[OM" + (1 — H)mr]%},

Corollary 16. Let Aj € By (H) with Sp(4;) C m,M], 0 <m <M (j =1,... k) and
xj € H such that Z?:l llz;|>=1. . Then forr <s,r,s #0

k k k
(Z(A;:tj,xj Z (Ajzj,25)) /T < A (kyT,8) Z Asxj,xj s,
j=1 j=1

Jj=1

1 1
A r(k°—kr") s s(k"—K®) T _ M
where A(K},T,S) {(sfr)(n"fl)} {(T*S)(Hsfl)} , K= ™
Finally we state the following two corollaries obtained by putting k = 1 in Theorems 8
and 11. Then we apply these theorems to the following maps: ® € Py[B(H),B(H)],
O(A) = X*AX, where A € Bp(H) and X € B(H) is unitary operator. Next we need to
generalize all inequalities by sums.

Corollary 17. Let A; € By (H) with Sp(4;) C m,M], 0 <m < M (j=1,...,k) and
X, € B(H) be contractions such that 2521 XiX;=1.

) Ifr<s,s¢(-1,1),rgd{-1,1) or 1/2<r<1<s or r<-1<s<-1/2
then

ZXAXW ZXAT VT < AL

Jj=1
(@) If s>1,-1<r<1/2,r#0 or 7‘§—1,—1/2<s<1,s7é0 then

AT < ZXAS ) - ZXAT )T <AL

j=1

(@ir) If —1<—-s<r<s<lL,r#0 or —-1<r<s<r/2<0 then

—CI < ZXAXU* ZXA’“ )T < (AT + O

j=1

() If —=1/2<r/2<s<—-r<1,s#0 then

(A" —CO)I < ( ZXAXU* ZXAT YT < (A+ O,

Jj=1
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where A, A*, d and C are defined as in Corollary 13.
Corollary 18. Let A; € By (H) with Sp(4;) C [m,M], 0 <m <M (j=1,...,k) and
X; € B(H) be contractions such that Z?Zl XiX;=1.

) Ifr<s,s¢(-1,1),rg{-1,1) or 1/2<r<1<s or r<-1<s<-1/2
then

Ak, 7, 5)” ZXAX e < ZXAT )< ZXAX)”S
j=1 j=1
(1) If 821,—1<r<1/2 r#0 or r<-1, —1/2<s<1,s7$0 then

(kyT,8) ZX A X DY < ZX AjX DY < Ak, T, 8) ZX A3 X X;)Ve.
j=1
(231) If —IS—SSTSSSLT;&O or —1<r<s<r/2<0 then

A(r,r, 1) Ak, 7, 8)~ ZX A3 X DY < ZX AjX YT < Ak, 1)( ZX ATX X;)Ve.

Jj=1
() If —1/2§7‘/2<s<—r§1,57é0 then

A(k,5,1) YAk, 7, 5)” ZXAX Y < ZX ATX YT < Ak, s,1)( Z:XAX)US

j=1 j=1

where A(H,T, s) is defined as in Corollary 14.
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