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ABSTRACT. We shall give a useful decomposition of function related to its non-increasing
rearrangement in order to get some extrapolation estimates “nearer” to L' which contain
Yano’s classical work.

1. INTRODUCTION AND RESULT

Let (£2, 1) be a o-finite measure space. In extrapolation theory on LP-spaces, we treat
the operator which satisfies the following assumptions, so called ” Yano’s condition”:

Condition . Let 1 < p; < oo and fix it.

1. T is a sub-additive operator on LP(Q, u) for any p, 1 < p < py, i.e. |[T(f+g)| <
[Tf|+ |Tg| a.e. for any f,g € LP(, u).
2. For any f € LP(Q,u), 1 <p <py,

A
(1.1) 1T fller0) < mﬂfﬂmm)
Here, positive constants A and « are independent of p and f.

We can find many operators satisfying such conditions: Hilbert transform, Riesz trans-
form, Calderon-Zygmund operators, multiple Wiener integral operators, Hardy-Littlewood
many maximal operator, etc. For such operators, we cannot get L' boundedness but,
instead of it, S.Yano proved that such T is bounded from L'log® L to L' in the case
1(2) < co(Yano’s extrapolation theorem [8]).

In general case, u(2) < oo, the author proved the following extrapolation estimates
between some Orlicz spaces which include Yano’s result([6],[7]): For 1 < ¢ < py,

C
(1.2) ITfllL14pa) < G-1n IlfllLt10ge L4La)
and, as its consequece,

(13) ||TfHL1+L1 log=*—¢ L(Q) < CE”f”Ll log® L+Llog=¢ L(Q2)»

for e > 0. Here we denote L* + L®1(Q) = L?(Q), ® = min{®g, ®1} for any two Orlicz
classes L*°(Q) and L?(9).

Our aim is to get some boundedness between function spaces “near to L!”, however,
counter examples are known to (1.3) for e = 0. In this paper, instead of it, we shall show
the following estimate:
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Theorem 1. Fiz o >0 and 1 < p; < co. Let T be a sub-additive operator on LP(§2, ) for
any p, 1 <p<p1, i.e.
T(f+ 9l <|Tfl+1Tgl aen
for any simple function f and g and satisfy weak LP boundedness
A
1.4 T < —
(1.4) 1T £l (p,00) < = 1)0¢||f||p,1

for any p, 1 < p < py. Then, we have
(1.5) ITfll1,000,-0) < Cllfl1.1:00
for any f € L' + L'log® L(Q). Here,

o 1
191lp. 500,000 = / tr(1+log*
0

1 dt
t

)01+ log* )" ()7

(1.6) X
3 [e? [} *k
9wy =510 (5141087 101+ 105 =7 (0))

for ag, ase € R, with

(1) = nf{A > 0 (€ 2 lo(@)] > M) <8} and g0 =7 [ (s

fort € (0,00) and we write ||g|

p,l — ||g||p,1;0,0 and ”gH(p,oo) = ”gH(p,oo;0,0); simply.

Moreover, we can also show the following Koizumi type estimate after (1.2) (also see [4]),
similarly and indendently to Theorem 1.

Theorem 2. Under the same assumption of Theorem 1, we have

(1.7) 1T fllm(1,9),150,0 < Cllf llm(1,q),150.0
for any f € Ly(1,9),1:0,0, 1 < q<p1 and

(1.8) 1T fllm(1,p1),1:0,0 < Cllf llm(i,p1) 15001
Here,

dt

> : i1 1 a o *
191l m2(p.q), 15000000 :/ min(t7,t7)(1 + log™ ;) o(1 +logt t)*=yg (t)?
0

Remark 1. For any o > 0, we may prove
> 1 * «
fliseo= [ (10" 70t~ [ @I +log" |£(@)]) duta)
and L' + L' log® L(2) = {f : || fll1,1;0,0 < 00} (see [1]).

Remark 2. As is known, the condition (1.4) is weaker than (1.1). On the left hand side of
(15),

o @psds ot @) (s)ds
1T fl(1,00:0,—a) = 21;%)(34—10Tt)°‘ —/0 (Tf) (3)d3+21>111)m

and .
/ (TF)*(s)ds > / 1T f ()| dpu(z)
0 |Tf|>M

for some M > 0. Therefore, in the case p(£2) < oo, our result implies Yano’s theorem. After
Remark 1 above, it is easy to show that (1.7) or (1.8) does so, too.
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2. PROOF OF THE THEOREMS

We note that f*(t) — 0 (t — o) and |f| < oo, p-a.e. for any f € L' + L'log® L(Q).
Now, we shall decompose every function f € L' 4+ L'log® L as follows.
First, we consider a family of pairwise disjoint measurable sets

(2.1) E,={zecQ: 2" <|f(x)] < f*(2M)}, n € 7.

Here, if f*(2") = f*(2"*1), we define E,, = (). Now, we put

{f(x) x € E,

0 otherwise.

(2.2) fulz) = (n € Z).

It is easy to show

L flx) =" fo(z) for any z € Q,

2. u(Ey,) < 2ntl,

3. @)l (fn)"(1) < f7(27)
for any n.

For simplicity, we shall write p(p) = A(p — 1)~*. ;jFrom the assumption (1.4), we may
have

TR <o) [ 50T

0
) n+1
o) 3 @) ) =) Do ()P L)

< 2p(p)(2"H) 7 £*(27) < 4p(p)(2")7 £*(27)

for any n € Z. Put s = 2*, k € Z, we have

(Tf)™ (2%) < 4p(p)(2"~*)7 f*(2")

(=00 < k < 00, —00 < n < 00). Taking infimum with respect to p, we may get

(2.3) (Th2)*(2°) < 4inf (p(p)(2"7)? ) £ (2")
Summing up with respect to n,
(TF)=(2%) < D (Tf.)*(2")
(2.4) e
. n—k % * (N

<4 3 (pr) 2" ")) £(2)

and we call it “almost pointwise estimate”. Note,
AT SR (VR LR
we conclude
k—1 9]

(2.6) (TH™2%) < 30 (k—n)e2n k@) + Y (@0 F)en fr(2n).

n=—oo n==k
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Multiplying 2*, we have

(2.7)
sup #(T f)*(t) ~ sup2"(T f)*(2")

o<t<1 k<0
k-1
< sup [ Z (k — (2™ + Z (k) (2m) “f (Qn)]

k<0

k—1
< sup [ S 0-meerfen+ 3 2"f*(2”)]
k<0 n=—oo n==k

0 00
< Z (l_n)a2nf* 2n +22nf* 2n

n=—oo

/01(1—logt dt+/ fr(e

On the other hand, multiplying 2% /k%, we get

e MDD 5 G ety
- N\ aon ex/on O°2k n—k\L px/on
Sig L_X:Do(l—E) 2"f*(2 )+Zk_a(2 )7 fr(2")

-1
(2.8) sSup[Z( )2 f*(2") +Z )2 f*(2") +Zz" 1

=—00 n=k

IN

Z (l_n)a2nf* 277, +Z2nf* 277,

n=—oo

/Ol(l—logt dt+/ fr

and Theorem 1 is proved.
Next, we assume f € Ly, (1,p,),1:0,1(€2) and use the decomposition (2.6). Putting k = 0

n (2.6),

T = [ TS
(2.9) < Y a—me2npren) + Y@ e
n=-—oo n=0

! o p X dt
N/O(l—logt) f (t)dt+/1 (05



ALMOST POINTWISE ESTIMATE AND EXTRAPOLATION THEOREM 147

On the other hand, multiplying (Zk)ﬁ to the left hand side of (2.6) and summing up with
respect to k, we have

S @by (T (2)
k=0
oo k
DICILENS PERCHNED
(2.10) ’“:00 . n=mee
ZZ pi k2n Tf 211 Z Z 2k [% k2n Tf) (277,)

n=0k=n
dt

%,;O( ™1 (T f)*(2") %/1 +T (TF)*(t)— -

oo k—1 (e
3 [ 3 (k—n)e2r @b pren + Y2 g <2”>]

n=—oo n==k

[e%S) 0 k 9]
= l( > +Z> (k—n)e2n(@h)e L en) + Y (2 f (zn)l

k=0 n=—oo n=1 n=~k
0 oo
< > 2M(1-n)* Y (L4 k)@ e
(2.11) n=—o0 k=1
DO B ACH e +Z CORFAED
n=0 k=0
0 o0
~ YD M- n) @Y + D n(2m) fH (2
n=—oo n=0

! 1 * 4
z/ (1+log ;)o‘f*(t)dt + / toi (1+1logt)f*(t)dt.
0 1
Therefore, we conclude

dt

1) [@pras [Coiarod

1 .
SC[/O (14—log%)af*(t)aht+/1 tﬁ(1+10gt)f*(t)%}

and (1.8) is proved.
For f € Lm(l,q),l;a,O(Q)v 1 < ¢ <p1, we may get

1 1 oo
(2.13) / S(Tf) (s )ﬁ <c [/ (l—logt)"‘f*(t)dt+/ tﬁf*(t)%]
0 0 1
similarly to (2.9). Moreover, multiplying (2’“)% to (2.6) and summing up with respect to k,
we get
= k *ok ! 1 o px e 1, dt
(2.14) S EHTENTEY <C| [ Qtlog ) wdt+ [ 0T
k=0 0 !
similarly to (2.10) and (2.11). Therefore (1.7), then, Theorem 2 is proved.
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