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ABSTRACT. In this manuscript first by definition of regular congruence relation on a
hyper BC K-algebra, we construct a quotient hyper BC' K-algebra. After that, we state
and prove the homomorphism and isomorphism theorems for hyper BC K-algebras. Fi-
nally, we show that there exists at least one maximal regular congruence relation in a
bounded hyper BC K-algebra.

1. Introduction

The study of BCK-algebras was initiated by Y. Imai and K. Iséki[5] in 1966 as a gen-
eralization of the concept of set-theoretic difference and propositional calculi. Since then a
great deal of literature has been produced on the theory of BC K-algebras. In particular,
emphasis seems to have been put on the ideal theory of BC K-algebras. The hyperstruc-
ture theory (called also multialgebras)was introduced in 1934 by F. Marty [10] at the 8th
congress of Scandinavian Mathematiciens. Around the 40’s, several authors worked on
hypergroups, especially in France and in the United States, but also in Italy, Russia and
Japan. Over the following decades, many important results appeared, but above all since
the 70’s onwards the most luxuriant flourishing of hyperstructures has been seen. Hyper-
structures have many applications to several sectors of both pure and applied sciences. In
[8], Y. B. Jun et al. applied the hyperstructures to BC K-algebras, and introduced the
notion of a hyper BC K-algebra which is a generalization of BC'K-algebra, and investigated
some related properties. They also introduced the notions of hyper BCK-ideal, strong
and reflexive hyper BC' K-ideals. Now we follow [9] and introduce the concept of quotient
hyper BC K-algebras. Then we prove homomorphism and isomorphism theorems for hyper
BC'K-algebras and we get some related results. Finally, we show that there exists at least
one maximal regular congruence relation in a bounded hyper BC K-algebra.

2. Preliminaries

Definition 2.1. [8] By a hyper BCK -algebra we mean a non-empty set H endowed with
a hyperoperation “o” and a constant 0 satisfying the following axioms:

(HK1) (zoz)o(yoz)<Kzoy,

(HK2) (zoy)oz=(zoz)oy,

(HK3) zo H < {z},

(HK4) z <y and y < x imply = = y.

for all z,y,z € H, where x < y is defined by 0 € z oy and for every A,B C H, A < B is
defined by Va € A, 3b € B such that a < b. In such case, we call “<” the hyperorderin H.

Theorem 2.2. [8] In any hyper BCK -algebra H, the following hold:
() 000= {0},
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(i) 0z,

(i) <,

(iv) 0oz ={0},
(V) zoy<ku,
(vi) zo0={z},

forallxz,y € H.

Theorem 2.3. [2] Let (Hy,01,0) and (Hz,02,0) are two hyper BCK -algebras such that
HiyNHy;={0} and H= HyUH,. Then (H,0,0) is a hyper BCK -algebra, where the hyper
operation “o” on H is defined by,
xo1y if x,y€ Hy
roy=1<{ xooy if x,y € Ho
{z} otherwise,

for all x,y € H, and we denote it by Hy & Hs.
Theorem 2.4. [2] Let (Hy,01,01) and (Ha,o02,02) are two hyper BCK -algebras and H =

[T

H, x Hy. We define a hyper operation “o” on H as follows,
(a1,b1) o (az,b2) = (a1 0 as, by 0 by)
for all (a1,b1), (az,b2) € H. Where for AC Hy and B C Hy by (A, B) we mean
(A,B) ={(a,b) :a€ A,be B}, 0=(01,02)
and
(a1,b1) < (ag2,b2) <= a1 < az and by < b.
Then (H,o,0) is a hyper BCK -algebra, and it is called the hyper product of Hy and Hs.

Definition 2.5. [7, 8] Let I be a nonempty subset of a hyper BCK-algebra H and 0 € I.
Then I is said to be a hyper BCK -ideal of H if t oy < I and y € I implies = € [ for all
z,y € H, reflexive if zox C I for all z € H, strong hyper BCK -ideal of H if (xoy)NI # 0
and y € I implies x € [ for all x,y € H, hyper subalgebra of H if x oy C I for all z,y € I.

Theorem 2.6. [7, 8] Let H be hyper BCK -algebra. Then,
(i) any strong hyper BCK -ideal of H is a hyper BCK -ideal of H,
(ii) if I is a hyper BCK-ideal of H and A is a nonempty subset of H. Then A < I
implies A C I,
(iil) if I is a reflexive hyper BCK -ideal of H and (x oy) NI # 0, then x oy C I for all
x,y€e H,
(iv) H is a BCK -algebra if and only if H ={x € H : x oz = {0}}.

Note. From now on in this paper we let H denotes a hyper BC K-algebra.

3. Quotient hyper BC K-algebras

In order to give a definition of a quotient hyper BC K-algebra, Author in [9], defined the
notion of regular congruence relation on hyper BC K-algebra as follows:

“ An equivalence relation ¢ is called a congruence if it satisfies the following condition:
for all z, 2 ,y,y € H,

(z,y), (x,y)€Ep=(rox,yoy)cyp

where (xox/, Y oy/) € p is defined by (a,b) € ¢ for some a € zox andbeyoy .
A congruence relation is called regular, if for all z,y € H,

(0y,{0}),(yox,{0}) €p = (v, y)€p”
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[P

Then he defined the hyper operation “o” on quotient Structure £ for regular congruence

relation ¢ on H, as follows:

olyl=|Jlal laczoy}

Certainly, as we observed in the proof of the Proposition 1. of [9], his purpose of the notation
“J” in the above definition is as follows,

Jlal:aezoyt ={la]:aczoy)

Since, otherwise [z] o [y] ¢ %.
Now, in the following example we show that the above hyper operation is not well-defined.

Example 3.1. Let H = {0, 1,2,3}. Then the following table shows a hyper BC K-algebra
structure on H.

ol 0 1 2 3

0 {0} {0} {0} {0}
{1} {01} {o,1} {01}
2| {2t {1, 2} {0,1,2} {0,2}
3
(1,

{3y {123} {1,2,3} {0,1,3}

Suppose ¢ = {(0,0), (1,1),(1,2),(2,1),(2,2),(3,3)}. We can check that ¢ is a regular con-
gruence relation on H and g ={[0 ] (1], [3]}. Moreover, [1] = [2], but [1] o [1] = {[0], [1]} #

{[1]} = [2] o[1]. Hence the hyper operation “o” which is defined as above is not well-defined.
Thus, % is not a hyper BC K-algebra .

Now, we introduce the another structure for definition of quotient hyper BC K-algebra.

Definition 3.2. Let © be an equivalence relation on H and A, B C H. Then,

(i) A®B means that, there exists a € A and b € B such that a©b,
(ii) A©B means that, for all a € A there exists b € B such that a®b and for all b € B
there exists a € A such that a©b,
(iii) © is called a congruence relation on H, if x©y and 2Oy then z oz Oyoy, for all
z,y,x,y € H,
(iv) © is called a regular relation on H, if z o y©{0} and y o z©{0}, then 2Oy for all
x,y € H.

Lemma 3.3. Let © be an equivalence relation on H and A,B C H. If AOB and BOC,
then AGC.

Proof. The proof is easy. O

Lemma 3.4. Let © be an equivalence relation on H. Then the following statements are
equivalent:

(i) O is a congruence relation on H,
(ii) if 2Oy, then x 0a®yoa and aoxOa oy, for all a,x,y € H.

Proof. (i) = (it) Let 0y and a € H. Since © is a congruence relation on H and a®a,
then z 0 a®y o a and a o xBa o y.

(ii) = (i) Let 20y and 2'0y’. By (ii), 7 02'Oyoa’ and yo2'Oyoy’. Hence by lemma
3.2, x 0 2'Oy o y'. Therefore, © is a congruence relation on H. O

Theorem 3.5. Let © and © are two regular congruence relations on H such that [0lo =
[Ole/. Then © = ©'.



220 R. A. BORZOOEI, H. HARIZAVI

Proof. Let © and ©' are two regular congruence relation on H such that [0]g = [0]er. It is
enough to show that, for all z,y € H

2Oy if and only if 20’y
Let 20y, for x,y € H. Since O is a congruence relation on H, then by Lemma 3.3, zox@zoy.
Now, since 0 € zox then there exists t € x oy such that 00t and so ¢ € [0]g. Thus, ¢t € [0]e-
and so z o y©'{0}. By the similar way, we can show that y o z0'{0}. Now, since @’ is a

regular relation, then ©’y. Similarly, we can show that if 0y, then 2Oy, for all z,y € H.
Therefore, © = ©'. O

Lemma 3.6. Let O be a regular congruence relation on H. Then [0lo is a strong hyper
BCK -ideal of H.

Proof. Clear that 0 € [0]e. Now, let o y()[0]e # @ and y € [0]o. Then, there exists
a € x oy such that a € [0]e and so a®0. Hence, z o y©{0}. Moreover, since yO0 and
© is a congruence relation on H, then by Lemma 3.3, y 0 200 o x = {0}. Now, since
xoyO{0}, yoxO{0} and O is a regular relation, then 2Oy. Since, yO0 then by transitive
condition 00 and so z € [0]e. Therefore, [0]o is a strong hyper BCK-ideal of H. O

Note. Let © be a regular congruence relation on H. Then by Lemma 3.5, [0]o is a strong
hyper BC'K-ideal of H and so by Theorem 2.6(i), [0]g is a hyper BC'K-ideal of H.

Theorem 3.7. Let © be a regular congruence relation on H, I = [0]e and

4 = {I, : 2 € H}, where I, = [z]e for allz € H. Then % with hyperoperation “o” and
hyperorder “<” which is defined as follows, is a hyper BCK -algebra which is called quotient
hyper BCK -algebra,

Inoly={I.:z€xo0y} , L <Il,<=Icl, ol

Proof. First, we show that the hyperoperation “o” on % is well-defined. Let x,2’,y,y’ € H

such that I, =1 and I, = I . Let I, € Iy ol,. Then thereisu € xoy such that I, = I,,.

Slnce x@x y@y and O is a congruence relation on H, then z o y©z oy . Hence, there
is 2 e a oy such that u©z and so I, = I,/. Since I, GI/oIf and I, = I, = 1,
then I, € I+ oI . Therefore, Iy oI, C I, oI. By the similar way, we can show that

Isol, Clyolyandso Iyol, = Iy ol . Hence, hyperopration “o” is well-defied. Now

we show that % satisfies the axioms of a hyper BC K-algebra.

(HK1): Let I,, € (I o L) o (I, o L), for I, I, I, €£. Then, there are I, € I, o I, and
I, € I, oI, such that I, € I,,0I,. Hence, there are = roz, = yoz and w € uowv such
that I, =1, , I, =1, , I, = I, , and so uOu', vOV' and wOW'. Since O is a congruence
relation on H, then uovOu ov’. Since w' € uowv, then there is a € v’ ov" such that w' ©a
and so Is = I,. Thus I, = I,y = I,. By (HK1) of H, a € u' 0v' C (z02)o(yoz) < zoy.
Then there is b € x oy such that @ < b and so 0 € aob. Hence, I, € I, oI, and
I =1,€ I,0l,. Since I, = I,, then I € I, oI, and so I, < I, and this implies that
(Izol;)o(Iyo0l,) < I;ol,. Therefore, (HKI) hold in %

(HK2): Let w € (I oIy) o I, for I,I,, I, e%. Then, there is u € z oy such that
I, € I, oI, and so there is w € w o z such that I, = I, . Since, by (HK2) of H,
w €uozC (xoy)oz=(roz)oy. Then I, = Iy € (I 01;) oI, Hence, (I oI,)oI, C
(I o I.) o I,. By the similar way, we can show that (I oI.)oI, C (I o I,) o I,. Therefore,
(I,ol)ol,=(I,ol )oI and so (HK2) hold in .

(HKS) Let I, € I, o , for I, €L 7. Then, there is I, el + such that I, € I, oI Hence,
there is z° € 2 oy such that I, =1,. By Theorem 2.2(v), z oy < « and so z < x. Now,
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since0 € 2 oz then I € I,y oI, andso I € I, o I,. Thus, I, < I, and this implies that
I$O¥<< I,.. Therefore, (HK3) hold in %

(HK4) Let I, < I, and I, < I, for I, I, €2, Then, I € I, oI, and I € I, 01,. Hence,
there are u € x oy and v € y o x such that I, = I = I, and so u©0 and vO0. Then we
conclude that = o y©{0} and y o ©{0}. Since © is a regular relation on H, then 20y and

so Iy = I,. Therefore, (HK4) hold in % O

Example 3.8. Let H = {0,1,2,3}. Then the following table shows the hyper BCK-
algebra structure on H.
ol 0 1 2 3
0{oy {0} {op {0}
L {1} {01}y {0} {1}
2142t {20 {01} {2}
313+ {3t {3+ {03}
Let © = {(0,0),(0,1),(1,0),(1,1),(2,2),(3,3)}. It is easy to check that © is a regular
congruence relation on H. Moreover, I = [0Je = {0,1} = 1, I, = {2} and I3 = {3} and so
%: {I,I,1I5}. Cayley’s table of % is as follows:
o | I L I
gy {1y {1y
I | {L} {1} {L}
I3 | {13} {Is} {I,1s}

We can check that % is a hyper BC K-algebra.

Theorem 3.9. Let © be a regular congruence relation on H and I = [0]le. Then

H
1 is a reflexive hyper BCK -ideal of H <= 7 is a BCK-algebra

Proof. (<=) Let % be a BC'K-algebra on H. Since © is a regular congruence relation on
H, then by Lemma 3.5, I = [0]e is a strong hyper BC' K-ideal and so by Theorem 2.6(i), it
is a hyper BC'K-ideal of H. Now, we must show that for all x € H, zox C I. Let z € zox.
Then, I, € I, o I,. Since % is a BCK-algebra and I € I, o I,, then I, o I, = I. Hence
I, =1 and so z © 0 and this implies that z € [0]o = I. Therefore, for all x € H, x ox C I
and this implies that I is a reflexive hyper BC' K-ideal of H.

(=) Let I, E%. Since aoa C I for all @ € H, then

ITel,ol,={I,:z€ac0a} C{l,:2z€l}={I,:I,=1I}={I}
Thus, I, o I, = I and so by Corollary 2.6(iv), % is a BCK-algebra. O
Theorem 3.10. Let I be a reflexive hyper BCK -ideal of H and relation © on H is defined
as follows:
20y <= xoyClandyox C I

for allx,y € H. Then O is a regular congruence relation on H and I = [0]g. Moreover, %
is a BCK -algebra.

Proof. 1t is clear that © is a reflexive and symmetric relation on H. We show that © is a
transitive relation. Let z©y and y©z, for x,y,z € H. Then x oy C I and so by (HK1) of
H,(xoz)o(yoz) K xzoy C I. Since yOz, then yoz C I and since I is a hyper BC' K-ideal
of H, then x 0oz C I. Moreover, since (zoz)o(yox) K zoy, zoy C T and yox C I,
then z oz C I and so z0x. Therefore, O is a transitive relation and so it is an equivalence
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relation on H. Now, we prove that © is a congruence relation on H. By Lemma 3.3, it is
enough to show that if 20y, then for all @ € H, 0 aOyoa and a o 20a o y. So, let 20y.
Then x oy C T and yox C I. By (HK1) of H, (xoa)o(yoa) < xoy. Sincexoy C T
then (x oa)o (yoa) < I. Since I is a hyper BCK-ideal of H, then by Theorem 2.6(ii),
(xoa)o(yoa) CI. Thusuowv C I, for all u € xoa and v € y oa. Similarly, since
(yoa)o(roa) <yoxand yox C I, then (yoa)o(zoa) C I and so vou C I for all
u € xoaand v € yoa. Thus, for all u € xoa and v € y o a, uOv and this implies that
r0aOyoa. Now, let u € aox. Since (aox)o (yox) < aoy, then there is t € y o x such
that uot < aoy and so there are w € uot and v € a oy such that w < v'. Hence, by
(HK2) of H, 0 € wov' C (uot)ov' = (uov )ot. Then, there is ¢ € uov such that 0 € cot
and so cot NI # (. Hence by Theorem 2.6(iii), cot C I. Sincet € yox C I and I is a
hyper BCK-ideal of H, then ¢ € I. Therefore, wov NI # () and so by Theorem 2.6(iii),
wov C I. Moreover, since (aoy)o(xoy) < aoxz and v’ € aoy, then similarly, we can
show that there is u' € a o x such that v o’ C I. Since u, u € aoxand I is a reflexive
hyper BCK-ideal of H, then u ou C (aox)o(aox) < aca C I and sou ou < I. Hence
by Theorem 2.6(ii), v’ o u C I. Now, since (v ou)o (v ou) < v ou CI,u' ou C I and
I is a hyper BCK-ideal of H, then v ou C I. Now, since uov' C I and v ou C I then
uOv’. By the similar way, we can prove that for all v € a o y there is u' € aox such that
u' ©v. Hence, ao2Oaox, for all a € H. Therefore, © is a congruence relation on H. Also,
we must prove that © is a regular relation on H. Let z,y € H, z oy ©{0} and y oz ©{0}.
Then, there exist a € z oy and b € y o x such that a®0 and bO0 and so, {a} =ao0 C T
and {b} = bo0 C I. Hence zoyNI # () and yox NI # (. Then by Theorem 2.6(iii),
zoy C I and yox C I and this implies that zOy. Therefore, © is a regular relation on H.
Moreover, we show that I = [0]e. Let « € [0]o. Then 200 and so {z} = x 00 C I. Hence,
[0l CI. Let « € I, then 2 00 = {z} C I. Moreover, by Theorem 2.2(iv), 0o z = {0} C I.
Thus, 200 and so z € [0]e. Therefore, I C [0]g and so I = [0]e. Now, since © is a regular
congruence relation on H and I = [0]e is a reflexive hyper BC K-ideal relation of H, then

by Theorem 3.8, (%, o,I) is a BC'K-algebra. O

4. Isomorphism theorems on hyper BC' K-algebras

Definition 4.1. Let H and H' are two hyper BC K-algebras and f : H — H’ be a map.
Then f is said to be a homomorphism of hyper BCK-algebras if f(xoy) = f(z)o f(y), for
all z,y € H. If f is 1-1 (onto) we say that f is a monomorphism (epimorphism). If f is
both 1-1 and onto, we say that f is an isomorphism. If f: H — H’ is an isomorphism,
then we say that H and H’ are isomorphic and we write H = H’. Moreover, the Kerf is
defined by Kerf = {z € H : f(x) = 0}.

Theorem 4.2. Iff: H — H' is a homomorphism of hyper BCK -algebras, then f(0) = 0.
Proof. Let f(0) = a. Since by Theorem 2.2(i), 0 0 0 = {0}, then

0€ f(0)of(0)=f(000)=f(0)=a
Hence, 0 = a and so f(0) = 0. O

Lemma 4.3. Let f: H — H bea homomorphism of hyper BCK -algebras and A, B C H.
Then,

(i) if <y, then f(z) < f(y),
(ii) if A< B, then f(A) < f(B),
(iii) Kerf is a hyper BCK -ideal of H.
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Proof. (i) Let z,y € H and x < y. Then 0 € zoy and so 0 = f(0) € f(zoy) C f(x)o f(y).
Hence, f(z) < f(y).

(ii) Let A,B C H, A< B and ¢ € f(A). Then, there is a € A such that ¢ = f(a). Since
A < B, then there is b € B such that a < b and so by (i), ¢ = f(a) < f(b) € f(B). Hence
F(4) < f(B).

(iii) Let z oy < Kerf and y € Kerf, for x,y € H. Since Kerf = f~1({0}) then by (ii),
f@)o fly) = f(zoy) < f(Kerf) = f(f~({0})) = {0}. Since f(y) = 0 € {0} and {0} is
a hyper BCK-ideal of H, then f(z) € {0} and so « € Kerf. Therefore, Kerf is a hyper
BCK-ideal of H. O

Lemma 4.4. Let © be a regular congruence relation on H and I = [0le. Then 7w : H —
% which is defined by w(x) = I, for all x € H, is an epimorphism which is called canonical

epitmorphism.
Proof. The proof is straightforward. O

Theorem 4.5. (Homomorphism theorem) Let © be a regular congruence relation on H
and I = [0le. If f : H — H' is a homomorphism of hyper BCK -algebras such that

I C Kerf, then f' :% — H', which is defined by f'(I,) = f(z), for allz € H, is an unique
homomorphism such that the following diagram is commutative:

H / H'

N A

Ll

I
i.e. ffom = f, where m denotes the canonical epimorphism.

Proof. Since O is a regular congruence relation on H, then % is a hyper BCK-algebra.
Now, let f’: % — H’ is defined by,

f'(I;)=f(x) , VzeH

Let z,y € H, and I, = I,. Then, I € I, oI, and so there exists z € x oy such that
I =1,. Hence, z € I C Kerf and so f(z) = 0. Since f is a homomorphism, then
0= f(z) € flxoy) = f(x)o f(y) and so f(x) < f(y). Similarly, we can prove that
fy) < f(z) and so by (HK4) of H, f(x) = f(y). Hence, f'(I;) = f'(I,). Therefore, f' is
well-defined. Moreover, it is easy to show that

f'(Iy 0 L) = (L) o fl(Iy)

and f'om = f. Now, we prove that f’ is unique. Let g :% — H’ be a homomorphism
such that gonw = f. Then, for all x € H, g(I;) = g(n(z)) = f(z) = f'(w(x)) = f'(Ip). O

Example 4.6. Let f: H — H be a homomorphism of hyper BC K-algebras and © be a
relation on H which is defined as follows:

Oy < f(z) = f(y)
Then O is a regular congruence relation on H and [0]g =kerf. It is easy to check that ©
is an equivalence relation. Let z,y,a € H, 2Oy and t € zoa(s € yoa). Then f(x) = f(y)
and so f(zoa) = f(z)o f(a) = f(y)o f(a) = f(yoa). Hence, there exists s € yoa(t € zoa)

such that f(t) = f(s). Thus, tOs and so x 0 a®y o a. By the similar way, we can show that
aoxOaoy. Hence, O is a congruence relation on H. Now, let 2 o y©{0} and y o 2z0{0}
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for ,y € H. Then, there exist s € z oy and t € y o x such that s©0 and t©0. Hence,
F(s) = £(0) = £(t) and s0 0 = £(0) € f(z)o f(y) N f(y) o f(x). Now, since f(z) < f(y)
and f(y) < f(z) then by (HK4) of H, f(z) = f(y). Therefore, x®y and so © is a regular
relation. It is easy to check that [0]e =kerf.

Theorem 4.7. (Isomorphism Theorem) Let © be a regular congruence relation on H and
I=[0le. If f : H— H' is a homomorphism of hyper BCK -algebras such that Kerf =1,
then

Proof. Let f: % — H’ is defined by, f'(I;) = f(x) for all z € H. Tt is easy to show that
f" is a homomorphism. Now, we show that f’ is a monomorphism. Let f'(I;) = f'(1), for
z,y € H. Then f(z) = f(y) and so

0=/(0) C f(xox)= f(zx)o f(x) = f(z)o fly) = flzoy)
Hence, there exists t € x oy such that f(¢t) = 0. Then, t € Kerf = I = [0]o and so t© 0 and
this implies that o y©{0}. Similarly, we can prove that y o z©{0}. Since © is a regular
relation, then 2Oy and so I, = I,. Therefore, f’ is a monomorphism and so

O

Theorem 4.8. Let © and ©' are reqular congruence relations on hyper BCK -algebras H
and H', respectively, such that I = [0le and J = [0]g. If f : H — H' is a homomorphism
of hyper BCK -algebras such that Oy implies f(x)0' f(y), for allxz,y € H, then there exists
an unique homomorphism f* : % — 8 such that the following diagram is commutative;

J
H f H'
™ m’
H H
i f J

t.e. ™o f= f*om, where m and 7' denotes the canonical epimorphisms.
Proof. Let f*: % — % is defined by,

f*(fa;) = Jf(r), Ve e H
First, we show that f* is well-defined. Let z,y € H and I, = I,. Then, Oy and so
f(x)®'f(y). Hence, Jpz) = Jy(). Therefore, f* is well-defined. Moreover, it is easy to
prove that f*(I, o I,) = f*(I;) o f*(Iy) and 7’ o f = f* ow. Now, we show that f* is

unique. Let g : % — % be a homomorphism such that 7’ o f = g oxw. Then, for all
v e H,g(l:) = g(n(z)) =70 f(zx) = from(z) = [*(L). O

Theorem 4.9. Let f : H — H' be an epimorphism of hyper BCK -algebras, O bea
regular congruence relation on H' and J = [0]g/. Then, there exists a regular congruence
relation © on H such that,

H _H

I J
where, I = [0]e.
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Proof. Let relation © on H is defined by 20y <= f(x)@/f(y), for all 2,y € H. Since O’ is
a regular congruence relation on H ", then it is easy to check that © is a regular congruence
relation on H. Moreover,

zel=0]o < 200 < f(x)0 f(0) = f(2)0'0 < f(z) € [0y =J <=z € f1(J)

/

Hence I = f~%(J). Now, let 7 : H — HT be canonical epimorphism and f : H — HT is

defined by f = 7o f. Since m and f are epimorphism, then f is an epimorphism. Moreover,
Kerf = {geH:flx)=J}={zeH :n(f(x))=J}={z€H:Jy, =J}
= {ze€H :fx)eJ}={zcH:zcf ' (N)y={secH:zcl}=1

/

Therefore, by the isomorphism theorem %% HT O

Theorem 4.10. Let © and O; are regular congruence relations on H, J = [0lo and I =
[0le,. Then,

o~

~ls |~

il
T

where, % ={I, € %:xGJ}.

Proof. Let relation ©4 on % is defined by, 1,0, I, <= x0y, for all 1,1, € % Since ©

is an equivalence relation on H, then it is easy to check that ©s is an equivalence relation
on % Let I, 1,1, € % and I;0©21,. Then by the some modifications we can prove that
I,0 Ia@_gfy ol, and I, 0 I,©5I, 0 I,,. Therefore, by Lemma 3.3, ©5 is a congruence relation
on % Now, let I, o I,©2{I} and I, o I,02{I}. Then there exist u € zroy and v € yox
such that 1,021 and I,021. Hence, u©0 and vO0 and so z oy O {0}, yox ©{0}. Since O
is a regular relation on H, then zOy and so I;0©31,. Therefore, ©; is a regular relation on
H. Moreover,

[1]62

(L e ? T, O} = {1, € ?m@o}

H H J
= {ITET:xe[o}@:J}:{IzGT:er}:T

Now, we define ¢ :% — % by ¢o(Iz) = Jp. If I, = I, then I,051, and so zOy. Since
J = [0]e, then J, = J, and so ¢ is well-defined. Moreover, ¢ is a homomorphism. Also,

H H H J
Kercp:{ITET:<p([r)=.])}:{[m€T:Jz:J}z{IzET:xEJ}:T:[I]@2

~

Since ¢ is onto, then by the isomorphism theorem, O

Sl
~l

Theorem 4.11. Let © and Q are reqular congruence relations on H and K, respectively,
such that I = [0le and J = [0]q. Then,

HxK H " K
IxJ 1 J
Proof. Let I be a relation on H x K which is defined as follows:
(a,b)T'(¢c,d) if and only if aOc & b,

for all (a,b),(c,d) € H x K. It is easy to check that T is a regular congruence relation on
H x K. Now, let (a,b) € H x K, then

(a,0) € [(0,0)lr <= a®0and b Q0<=aclandbe J < (a,b) €I xJ
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Hence, [(0,0)]r = I x J. Now, we define f : H x K — £ x £ by f( ) (I, Jy),

for all (a,b) € H x K. It is easy to check that f is well—deﬁned. Let (a,b),(c,d) € Hx K.
Then,

f@byeled) = f(aocbod)= | f((0)

s€aoc,tebod

= J U= L U

s€aoc,tEbod s€aoc tebod

= (Iyode,Iyodyg) = (1a,Jp) o (I, Jg)
= f(@n)o ()

Hence, f is a homomorphism. It is easy to check that Ker f = [(0,0)]r = I x J. Moreover,

f is onto. Therefore, by isomorphism theorem,
HxK H
IxJ T

K
X_
J

O

Lemma 4.12. Let I' be a regular congruence relation on Hy X Hs. Then there are reqular
congruence relations ©1 and ©2 on Hy and Hs, respectively, such that

xO1u = (2,0) T (u,0)

yOov — (0,y) T (0,v)
for all x,u € Hy and y,v € Hs.

Proof. 1t is easy to check that ©; is an equivalence relation on H;. Now, let z0;u and
a € H;. Then (x,0)I'(u,0). Since I' is a congruence relation on H x K, then (z,0) o
(a,0)T (u,0)0(a,0) and so (zoa,0)T (uoa,0). Hence, for all s € zoa(t € uoa) there exists
t € uoa(s € xoa) such that (s,0) T' (¢,0). Thus sO;¢ and this show that 0 a©1y oa. By
the similar way, we can prove that a o 01a o y. Therefore, ©; is a congruence relation on
H,. Now, let z,y € Hy, xoy©1{0} and yox©®,{0}. Then, there exist s € zoy and t € yox
such that $©10 and t©10. Hence (s,0)I'(0,0) and (¢,0)I(0,0). Thus (z,0) o (y,0)I'{(0,0)}
and (y,0) o (z,0)I'{(0,0)}. Since I is regular, then (x,0)I'(y,0) and so, ©0;y. Therefore,
O, is a regular congruence relation on H;. By the similar way, we can prove that O4 is a
regular congruence relation on Hs. O

Theorem 4.13. Let T' be a reqular congruence relation on Hy x Ha such that [0]p = L.
Then, there are hyper BCK -ideals I and J of Hy and Hs, respectively, such that

HoxHy My T
L I J

Proof. Let relations ©1 and ©2 on H; and Hs are defined as follow:

201y <= (2,0) T (u,0);

yOv < (0,y) T (0,v).
Then by Lemma 4.12, ©; and O, are regular congruence relations on H; and Hs, respec-
tively. Let [0]o, = I and [0Je, = J and let f : Hy x Hy — 1 x 22 is defined by
flz,y) = (Iz, 1), for all x € Hy and y € Hy. Then f is a homomorphism of hyper BCK-
algebras such that Kerf = I x J. Now, we prove that L = I x J. Let (z,y) € L. Then,
(z,y)T'(0,0). Since T is a congruence relation on Hy x Ha, then (z,y) o (0,4)T'(0,0) o (0,y).
Hence, (z 00,y 0 y)T'(0,0 0y) and so (z,y o y)['(0,0). Since 0 € y oy, then (z,0)I(0,0).



REGULAR CONGRUENCE RELATIONS ON HYPER BCK-ALGEBRAS 227

Hence by the definition of 01, 2010 and so z € I. By the similar way, we can show that
y € J. Therefore, L C I x J. Now, let (z,y) € I x J. Then, € I and y € J and so 2010
and y©20. Hence by the definition of ©; and O3, (z,0)I'(0,0) and (0,y)I'(0,0). Since I is a
congruence relation, then (z,%) o (z,0)T(x,y) o (0,0) and so (zoz,y)[(x,y). Since 0 € vow,
then (0,y)(x,y). Since (0,4)T'(0,0), then (z,y)'(0,0). Hence (x,y) € L and so I x J C L.

Therefore, L = I x J and so L =kerf. Since f is onto, then by the isomorphism theorem,
H1 X HQ ~ H1 HQ

= X
L I J
O
Theorem 4.14. Let f : H — H' be an epimorphism of hyper BCK -algebras. Then there
18 a one-to-one correspondence between reqular congruence relations on H' and the reqular
congruence relations on H such that the class of 0 with respect to them is contain Kerf.

Proof. Let f: H — H' be an epimorphism of hyper BC K-algebras and
A={0© : © is a regular congruence relation on H such that Kerf C [0]o}
B={Q : Q is a regular congruence relation on H'}

Let for all © € A, ¢ : A — B is defined by ¢(©) = Q such that the relation Q on H’ is
defined as follows:

uQv <= there exist x,y € H such that u = f(x),v = f(y) and 20y (1)

for all u,v € H'. First, we show that Q@ € B. Since f is an epimorphism and © is
reflexive, then € is reflexive. It is easy to check that Q is symmetric. Now, let u,v,w €
H' uQu and vQw. Then by (1) there exist z,y,y’,z € H such that 20y,y’ Oz, f(x) =
u, f(y) = v = f(¥') and f(z) = w. Hence, there exist s € yoy' and t € y' oy such
that f(s) = 0 = f(t) and so s,t € Kerf. Since Kerf C [0]g, then s©0 and t©0. Hence,
yoy'©{0} and y’ o y©{0}. Since O is a regular relation, then yOy’. Hence by the transitive
condition of ©, 20z and so by (1), u©v. Therefore, 2 is a transitive relation. Now, let
u,v,b € H and uQv. Then by (1), there exist z,y € H such that v = f(x),v = f(y) and
2Oy. Since f is an epimorphism, then there exists ¢ € H such that f(c¢) = b. Since © is a
congruence relation on H and 0y, then 2 0 cOyoc. Hence by (1), f(xoc)Qf(yoc) and so
f(z)o f(c)Qf(y)o f(c). Thus, uobQuob. Similarly, we can show that bouQbowv. Therefore,
Q is a congruence relation on H'. Similar to the proof of congruency of €2, we can prove
that € is a regular relation on H’. Therefore, 2 € B. Now, we show that ¢ is injective. Let
01,02 € A and p(01) = ¢(03). Then there are 1, Qy € B such that 1 = Q. Moreover,
for all z,y € H,

101y <= f(z)Q f(y) <= f(2)Qf(y) <= 102y

Hence, ©1 = ©5 and so ¢ is injective. Now, let 2 € B and © be a relation on H which is
defined as follows:

20y > [f(x)Qf (y)

It is easy to check that © is a regular congruence relation on H. Let z € Kerf. Then
f(z) =0= f(0) and so by (1), 00. Therefore, Kerf C [0]e and so © € A. Now, we claim
that p(0) = Q. Let p(0©) =, for ' € B. Then by (1) and definition of ©, for all u € H’

uQ'0 <= there exists € H such that u = f(x) and 200 <= f(x)Qf(0) < u0

Thus, [0]g, = [0]q and so by Lemma 3.4, ' = Q. Hence, ¢(0) = Q and so ¢ is onto .
Therefore, ¢ is a bijection. O
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Theorem 4.15. Let Hy and Hs are two hyper BCK -algebras. Then there exists a one-
to-one correspondence between the set of all reqular congruence relations on H = Hi &
Hy and the product of the set of all regular congruence relations on Hi and the set of
all regular congruence relations on Hs. Moreover, if T' is correspondent to (0,Q) in this
correspondence, then, [0]r = [0]e U [0]q.

Proof. Let H = Hy, & Hs and
A={ T :T is a regular congruence relation on H}
B={ © : O is a regular congruence relation on H;}
C={ Q: Qis aregular congruence relation on Hs}

and ¢ : A — B x C is defined by ¢(T') = (0,Q), where © and  are defined on H; and Hs
as follows:

2Oy < 2Ty , zQy < «Ty (1)
for all x,y € H; and for all z,y € H,. It is easy to check that ©® and 2 are regular
congruence relations on Hy and Hs and ¢ is well-defined. Hence, (0,Q) € B x C. Now, let
I, I € Aand o(T') = p(I"). Then (0,Q) = (©’,) and so © = ©" and Q = Q. Hence, for
all x € H,

20 <= (20, z € Hy) or (20, = € Hy)

<~ 200 or 200

& 260’0 or 220

< (210, x € Hy) or (210, x € Hs)

— 200
Hence, [0]r = [0]r» and so by lemma 3.4, T' = I”. Therefore, ¢ is injective. Now, let
(©,9) € Band T be a relation on H which is defined as follows:
Oy ife,y e Hy
2Ty = xQy ifz,y € Hy

200 and yQ0 ifz € Hy,y € Ho
Q0 and yO0  ifx € Ho,y € Hy

It is easy to prove that I' is a regular congruence relation on H. Now, let a,z,y € H such
that aT'y. If z,y € Hy or x,y € Ha, the proof is clear. Now, without loss of generality,
let x € Hy and y € Hs. Since zI'y, then 200 and y0. If a € Hy, then by definition of
H, ® Hy, aoy = a. Since © is a congruence relation on H, then a o z0a o 0=a. Hence,
aox0aoy and so aozlaoy. By 00 and Lemma 3.3, z0aO00a = 0. Since yoa =y
and yQ0 then y o aQ0 and so y o a©0. Thus by the definition of T', o al'y 0 a. By the
similar way, if @ € Hs, then we can show that a o 2T'a oy and x o al'y o a. Therefore, I is a
congruence relation on H.

Now, let £ 0o yI'{0} and y o 2T'{0} for x,y € H. It z,y € Hy or z,y € Hs, the proof is clear.
Now, without loss of generality, let x € H; and y € Hs. Then by definition of Hy & Ho,
roy=x and yox =y. Hence zI'0 and yI'0. Since I is transitive, then zI'y and so I" is a
regular relation on H. Now, we show that ¢(T') = (0,Q). Let ¢(T') = (6',Q), for © € B
and IV € C. Then by (1) and definition of I' we can check that [0]e = [0]g and [0]o = [0]5,.
Hence by Lemma 3.4, © = ©" and Q = Q. Therefore, ¢(I") = (0, Q) and so ¢ is a bijection.
Now, let p(I") = (©, ). Then by definition of T,

x € [0]pr <= (00, z € Hy) or (zQ0, = € Hy) <= z € [0]o or z € [0]q < z € [0]o U [0]a
Therefore, [0]r = [0]e U [0]q. O
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Corollary 4.16. Let H = H, & H»,0 and (2 are regular congruence relations on H; and
Hy, respectively, I = [0]e and J = [0]q. Then,
H _H _H
o 1T
Proof. Let H = H; & H5,0 and ) are regular congruence relations on Hy and Hs, I = [0]g

and J = [0]q. Then by Theorem 4.15, there exists a regular congruence relation I' on H
such that [0]r = [0]e U [0]q = U J. Now, let f: H — 21 @ 22 is defined by,

(I, , faxzeH
f(‘”)_{.fr if xe Hy

We can check that f is an epimorphism and Ker f=IUJ. Hence by the isomorphism theorem
H _H H

ITuJ I J

5. Maximal regular congruence relation

Definition 5.1. Let H be a hyper BC'K-algebra. If there is an element ¢ € H such that
r < efor all x € H, then H is called a bounded hyper BC' K-algebra and e is said to be the
unit of H.

Lemma 5.2. Let © be a regular congruence relation on bounded hyper BCK -algebra H
and I = [0]le. Ife € H be a unit of H, then e € I if and only if I = H.

Proof. (=) Let e € H be a unit of H and e € I. Let x € H. Since © is a congruence
relation and e©0, then by Lemma 3.3, ec 2000z = {0} and so eo20{0}. Since e is unit of
H, then = < e. Hence, 0 € zoe and so z 0eO{0}. Now, since e o 20{0}, z 0 e©{0} and ©
is a regular relation on H, then 20e and so by e©0, we get that z00. Hence, z € [0]o = I,
for all x € H. Therefore, I = H.

(<) The proof is clear. O

Definition 5.3. Let O be a congruence relation on H. Then O is called a maximal congru-
ence relation on H if [0]e # H and if ©' is a congruence relation on H such that © C €,
then [0]ler = H.

Theorem 5.4. Let H # {0} be a bounded hyper BCK -algebra. Then there is at least one
maximal reqular congruence relation on H.

Proof. Let
T = {0© : © is a regular congruence relation on H, and [0]e # H}

Let p be a relation on H which is defined by, zpy <= =z =y, for all z,y € H. It is
easy to check that p is a regular congruence relation on H and [0], = {0} # H. Hence,
p €T and so T # 0. Clear that, (T, C) is a partially ordered set. Now, let Ty be a totally

ordered subset of T" and © = U O;. It is easy to check that © is an equivalence relation
[SHS/A
on H. Now, let z,y € H such that zOy. Then, there is a ©; € T such that z0;y. Since
©; is a congruence relation on H, then by Lemma 3.3, x 0 a®;y o a and a o 20;a o y, for
all @ € H. Since ©; C O, then 2 0 aOy oa and a o xOa oy, for all @ € H. Therefore, O is
a congruence relation on H. Now, let 2 0 y©{0} and y o z0{0}, for 2,y € H. Then, there
are ©;,0; € Tj such that z o y©,;{0} and y o 20,;{0}. Since T} is a totally ordered, then
©; C O, or ©; C ©;. Without loss of generality, we assume that ©; C ©;. Then zoy0,{0}
and y o 20,{0} and since ©; is a regular relation, then z0;y and so z0y. Hence, O is a
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regular relation on H. Now, let [0]o = H, by contrary. Since H is bounded, then e € H and

so e € [0l = U [0]e,. Hence, there is ©; € T such that e € [0]e, and so by Theorem
©,€T0

5.2, [0]e, = H, which is a contradiction. Thus [0]e¢ # H and so © € T. Moreover, © is a

upper bound of Ty. Now, by Zorn’s lemma 7" has at least one maximal element in H.

In the following example, we show that the bounded condition is necessary in Theorem
5.4. O

Example 5.5. Let N = {0, 1,2,3,...} and hyper operation “o” on N is defined as follow:

[ A{0,z} , i z<y

xoy—{{m} , if x>y
for all z,y € H. Then (N, o,0) is a hyper BC K-algebra. It is easy to check that hyperopra-
tion “o” is well-defined. Now we show that N satisfies the axioms of a hyper BC K-algebra.

(HK1): Let x,y,z € N. Then by definition of “0”, (x0z)o(yoz) C {0,z2} and z € zoy.
Since {0,2} < z, then (zoz2)o(yoz) Kz oy.

(HK2): Let z,y,z € N. Clear that, z € (zoz)oy and z € (zxoy) o z. Now, it is enough
to show that 0 ¢ (zoy)oz <= 0 (xoz)oy. Let 0¢ (xoz)oy, thenax >z and z >y
and so by definition of “0”, (zoy) oz = {x} oz = {x}. Thus 0 & (x oy) o z. The proof of
the converse is similar. Therefore, (zo2)oy = (zoy)o 2.

(HK3): Let 2 € N. Since, zo N = U zxoy C{0,2} <z, then zo N < z.

yeN

(HK4) Let z,y € N, x < y and y < . Then 0 € x oy and 0 € y o z. Hence, x < y and
y < x and so x = y.

Therefore, (N, o,0) is a hyper BC K-algebra, which is not bounded. Now, let I be a hyper
BCK-ideal of N. Then, we claim that, I = N or I = {0,1,2,...,n}, for some n € N. Let
I # N. Since 0 € I, then there is 0 # m € N such that m ¢ I. Let n be smallest element of
N such that n € I but n+1 ¢ I. Then by Theorem 2.6(ii), {0,1,2,...,n} C I. Now, letk € T
but k ¢ {0,1,2,...,n}, by contrary. Thenn+1<kandso (n+1)on={n+1} < {k} CI.
Since I is a hyper BCK-ideal of N and n € I, then n + 1 € I, which is a contradiction.
Hence, I C {0,1,2,...,n} and so I = {0,1,2,...,n}. Now, we prove that N has not any
maximal regular congruence relation. Let © be a maximal regular congruence relation on IV,
by contrary. Since, by Lemma 3.5 and Theorems 2.6(i), I = [0]e is a hyper BCK-ideal of N
and [0]g # H, then by the above comment, there exists n € N such that I = {0,1,2,...,n}.
Let relation ©' on N is defined as follow:

10y <= (0<z,y<n+1) or (z,y>n+1and zO0y)

It is easy to check that ©' is a reflexive and symmetric relation. Now, let x©'y and y©'z.
IfoO<y<n+1,then0<z,2<n+1andsoz0z Ify>n+1, then 20y, yOz and
z,2 >n+ 1 and so z0z. Hence, x0’z. Therefore, ©' is transitive. Now, we show that ©’
is a congruence relation on N. First, we claim that if x,y € N such that z,y > n+ 1 and
zOy, then x = y. Let x # y, by contrary. Without loss of generality, we assume that x < y.
Since O is a congruence relation and Oy, then by Lemma 3.3, {y} = yo 2Oy oy = {0,y}
and so 00y. Since 0 < 0 < n+ 1, then 0 < y < n, which is a contradiction. Thus, = = y.
Let a € N be an arbitrary element of N and x,y € N such that x0y. Then by definition
of @, 0<z,y<n+lorzy>n+1and20y. If x,y > n+1 and 2Oy, then by the above
comment, z =y and so £ 0aO®’yoa and a0 x@'aoy. If 0 < x,y < n + 1, then 00’y and
00’z and so 0'y. Now, since x oa C {0,z} and yoa C {0,y}, then x 0 a®’y o a. For case
aox®aoy,ifa>n+1,then aoxr = {a} = aoy and so acz0’aoy. If 0 < a < n+1, then
a®'0. Since aox C {0,a} and aoy C {0,a}, then a o x0’a o y. Therefore, by Lemma 3.3,
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© is a congruence relation on N. Now, let 2,y € N such that z o y©'{0} and y o 2©’{0}.
If x = y, the proof is clear. Let x # y. Without loss of generality, we assume that z < y.
Hence, y o x = {y} and so y©’0. Thus, 0 < 2 < y < n+ 1, and so zO'y. Hence, O is a
regular relation on N. Moreover, z € [0 <= 20’0 <= 0 < z < n+ 1 and this implies
that [0]g = {0,1,2,...,n+1}. Hence, © C © (since (n+1,0) € © but (n+1,0) € ©) and
[0]er # H, which is a contradiction by maximality of ©. Hence, there is not any maximal
regular congruence on N. Therefore, the bounded condition in Theorem 5.4 is necessary.
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