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ON THE PROBLEM OF NEARLY DERIVATIVES
DONATELLA BONGIORNO

Received July 26, 2004

ABSTRACT. We provide a minimal constructive integration process of Riemann type
which includes the Lebesgue integral and also integrates the derivatives of nearly differ-
entiable functions.

1. INTRODUCTION

In [1] a minimal constructive integration process of Riemann-type which includes the
Lebesgue integral and also integrates the derivatives of differentiable functions is given. It
is called the C-integral and it is obtained from McShane’s definition of the Lebesgue integral
(see for example [6], [8], [9] and [10]) by imposing a mild regularity condition on McShane’s
partitions.

Given an interval [a,b] of the real line R and a positive function ¢ on [a,b] (in the
sequel called gauge), we recall that a d-fine McShane’s partition of [a,b] is (by definition)
a collection P = {(Ap,zp)},_; of nonoverlapping intervals A and points x), € [a,b] such
that Ay C (xp, — 6(zn), zn + 6(2)), for each h, and [a,b] =, An.

Definition 1.1. A function f: [a,b] — R is said to be C-integrable on [a, b] if there exists
a constant A such that for each € > 0 there is a gauge ¢ on [a, b] with

<e,

P
D fla)lAil - A
=1

for each d-fine McShane’s partition {(A1,z1),. .., (Ap, xp)} of [a, b] satisfying the condition
P dist(z;, 4;) < 1/e.

Theorem 1.2. [1, Main Theorem] A function f: [a,b] — R is C-integrable on [a,b] if and
only if there exist a Lebesgue integrable function g and a derivative h on [a,b] such that
f(z) = g(z) + h(z) for each x € [a,b).

The fact that the C-integral is properly included into the Denjoy-Perron integral is shown
by A.M. Bruckner, R.J. Fleissner and J. Foran in [4] by the following example:

The function in(1/a2) 0.1)

x sin(l/x or x € (U, 1},
F(z) = { 0 forz =0

is ACG* on [0,1] and, for each absolutely continuous function G, the function F — G is
not differentiable at 0. Therefore the function f(z) = F'(z) for € (0,1] and f(0) = 0 is
Denjoy-Perron integrable and not C-integrable on [0, 1].

We say that a continuous function F' is nearly differentiable on [a,b] if there exists a
countable set N C [a,b] such that F is differentiable on [a,b] \ N. A function f equivalent
to the derivative of a nearly differentiable function is called a nearly derivative. If f is
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a nearly derivative, then f is Denjoy-Perron integrable, but it may be not C-integrable
(previous example). Now let us consider the following example:
Let K be the family of all complementary intervals of the Cantor ternary set, A > logs 2
and F' =}, cx Fi, where
7 |8—al?

Flo =(z—a) ~ .

(a,8)(7) = (z — ) COS(2 pr— )

In [2] it is proved that F is ACG* and, for each absolutely continuous function G, the
function F' — G is not nearly differentiable. This implies that the Denjoy-Perron integral is

a solution “too general” for the

Problem of nearly derivatives: Recover, by integration process, the primitive of a nearly
derivative.

In this paper we provide a new solution to the above problem, by a constructive integra-
tion process of Riemann type, based on a slight modification of the C-integral:

Definition 1.3. We say that a function f: [a,b] — R is C-integrable on [a, b] if there exist
a constant A and a countable set N such that for each € > 0 there is a gauge § with

(1.1) <e,

p
D fla)|Ai - A
i=1

for each d-fine McShane’s partition {(A1,z1),. .., (Ap, zp)} of [a, b] satistying the following
conditions

dory dist(zi, Ai) < 1/g;
(1.2)

ifx; €N, thenz; € A;, i=1,---,p.

The number A is called the C-integral of f on [a, b].
In Section 3 we prove that

Theorem 1.4. A function f: [a,b] — R is C-integrable on [a,b] if and only if there exist a
Lebesgue integrable function g and a nearly derivative h on [a,b] such that f(x) = g(x)+h(z)
for each x € [a, b].

Therefore the C'—integral provides the minimal extension of the Lebesgue integral which
also integrates each nearly derivative.

In Sections 4 and 5 we give two characterizations of the C-primitives.

In Section 6 we prove that each BV function is a multiplier for the C-integral .

2. PRELIMINARIES

The set of all natural numbers, integer numbers, and real numbers are denoted by N,
Z, and R, respectively. If £ C R then |E| denotes the Lebesgue measure of E. Let
A = (a, ) C [a,b] and let F be a real valued function on [a, b]. We set F(A) = F(8)— F(«).
By L![a,b] we denote the family of all Lebesgue integrable functions.

In this paper, to distinguish the different integrals, we denote by f; f the Lebesgue
integral, by (C’) f:f the C-integral, and by (DP) fabf the Denjoy-Perron integral of f on
the interval [a, b].

Given a subset E of [a, b] and a gauge d, we call -fine McShane partial partition anchored
on E any collection {(Ay, z5)},_; of nonoverlapping intervals Ay, C [a, b] and points zj, € E
such that A, C (xp, — 0(zn), zn + d(zr)), for each h.
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Remark 2.1. If f € L'[a,b] then f is C-integrable on [a,b] (with the same value of the
integral).

This follows by the fact that the Lebesgue integral is equivalent to the McShane integral
(see [6], [8], [9], and [10]).

Remark 2.2. If f is C-integrable on [a, b], then f is Denjoy-Perron integrable on [a, b] (with
the same value of the integral).

This follows by the fact that the Denjoy-Perron integral is equivalent to the Henstock-
Kurzweil integral (see [6], and [10]) and to the fact that the partitions involved in the def-
inition of the Henstock-Kurzweil integral are McShane’s partition {(A1,z1),...,(4p,zp)}
of [a, b] satisfying the conditions z; € A;, for each i.

Remark 2.3. The indefinite integral F(z) = (C) [ f is continuous.

Remark 2.4. If f is C-integrable on [a,b], then f is C-integrable on each subinterval of
[a, b].

Henstock's type lemma. If f is C‘—integrable on [a,b], then there is a countable set N such
that for each € > 0 there exists a gauge § so that

p
i=1

for each §-fine McShane partition {(A1,x1),...,(Ap,x,)} of [a, b] satisfying condition (1.2).

JalAil - (C f}<s

Lemma 2.5. If f is a nearly derivative on [a,b], then f is C-integrable on [a,b].

Proof. Let F' be a nearly differentiable function with nearly derivative f. Then there is a
sequence {a,} C [a,b] such that F'(z) = f(z) for each z € [a,b] \ {an}. Given 0 < & <
1/(b— a), define 4: [a,b] — R* such that:

(2.1) [F(an)] - 8(an) < 5z

forn=1,2,---;

[F(t) = Fan)| <

for |t_an| < 5(an), and n = 1’27... :

Fly) - Fla) e
y—T 8’
for x € [a,b] \ {an}, and y € [a,b] with |y — 2| < §(x).

Note that if z € [a,b]\ {a,} and if A = («, 3) is a subinterval of [a, b] such that dist(z, 4) <
d(z), then condition (2.2) implies

(2.2)

| F(A) = f(@)]All
<|F(B) = F(z) = f(2)(8 — o)
(2.3) +|F( ) — F(z) - f(z)(a — )]
2 2

< —w—x\ + —|oz—a:| < % (dist(z, A) + | A]).



278 DONATELLA BONGIORNO

Thus, given a d-fine McShane’s partition {(A1,z1), -+, (Ap, zp)} with Y0 dist(z;, 4;) <
1/e, and x; € A; if 2; € {an}, by (2.1) and (2.3) we have

Z f(@i)Ail = (F(b) — F(a))

< Z |f(zi)|Ail = F(Ai)] + Z |f@i)|Ail = F(A:)]

zi€{an} zi¢{an}
e 2 &
i=1 i=1
e e (1
<§+Z- <g+(b—a)> < e.
This complete the proof of C-integrability of f. O

An interval [, 8] C [a,b] is said to be f-regular if there exist a Lebesgue integrable
function g and a nearly derivative h on [a, b] such that f(x) = g(z)+h(zx) for each = € [, ].

Remark 2.6. If an interval is union of two f-regular intervals, then it is f-regular.

Lemma 2.7. Let f be C'—integmble on a given interval [o, 8], and let E be a closed subset of
[ov, B] such that o, 3 € E and each closed interval disjoint with E is f-regular. If f € L'(E)

and if
S sup, o,

peEN J interval

© [ 1] <40
J
where {I,} is the sequence of all connected components of [a, 8]\ E, then [a, 3] is f-regular.

Proof. With no loss of generality, we can assume that F # [, 0] and that {I,} is infinite
(indeed, if it is finite we can reduce the proof to the infinite case by adding a suitable
sequence of points to E).

By Remark 2.1 the function fyg is C-integrable, then g = f — fxg is null on E and C-
integrable on [, 5]. So, if we prove that [, 3] is g-regular, then [, 5] is f-regular. Thus
we can assume f =0 on E.

Fix a sequence {e,} of positive real numbers such that

(2.4) Z en < 400,
neN
and
1
(2.5) ﬁ—a+2<5—.

Moreover, according to the Henstock’s type lemma, there is a countable set N C [a, 8] and,
for each n € N, a gauge J,,(z) such that

(é)/Aif’<€n,

for each d,-fine McShane’s partial partition {(A1,x1),...,(Ap,xp)} anchored on E and
satisfying condition (1.2).

Now, following [1, Section 3], we fix an increasing sequence of compact sets Hy such that
Ure Hi = (o, 8) \ E, Hi N I, is a proper interval for finitely many p and Hy, NI, = 0 for

p

(2.6) >

=1
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the remaining indices p, and such that

(2.7) ZSUPJC Ip\ Hy,

J interval

(C‘)/Jf‘<+oo.

Then we can repeat the proof of [1, Claim 1] to prove the existence of a family of real
numbers {7, q;p € N, ¢ € Z} such that

(c1) o = 22Fl;

(c2)  Vpg < Vp.gt1;

(c3)  p <Yp,g < Bp;

(ca) infgez {'Vp,q} =ap and SUPgez {'YP,q} = Bp;

and such that the intervals I, ; = [Vp ¢, Vp,q+1] satisfy the following conditions:

(¢5) for each z € E and each € > 0 there exists § > 0 with

© /s

for any interval J contained in I, 4, provided that I, ; C (x — §,x + 9);

<€ diSt(l‘vIP#I) )

(c6) ZpeN,qu ‘(é) f]m f‘ < +o00.

To prove condition (cg) we follows [1] and take x,, € Ex,,1,, \ N (to be able to apply
(2.6)), instead of x4 € E, -
Further, for each p € N and g € Z we put

1

P L,

< | f

Ipvq
and take

(2.8) 0 < npg < dist®(Jpq, E) suchthat Y 1,4 < +00.
pEN,gEZ

Therefore, by an easy extension of Lemma 1 of [1], for each p € N and ¢ € Z there exists a
nearly derivative hy, 4 such that h, , = 0 outside I, 4, and such that

/I If = cpq = Pl <Npgs

and
(©) : hpq = 0.

Now we define

h = Z Ppqs

pEN,qEZ
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and we prove the f-regularity of [a, 5] by showing that f — h is Lebesgue integrable in [« 3]
and h is a nearly derivative in [a, 3]. Since f =0 on E, we have

/jlf—hl

< ¥ / (epal + 1 = Cpig — i)

peEN,qeZ " P
+ E Tp,q-

<Y o >

pEN,qEZ Pyq

Then, by condition (cg) and by (2.8) we conclude that f —h € L'[a, 3]. Hence, by Remark
2.1 and Remark 2.2, h = (h— f)+ f is Denjoy-Perron integrable. Consequently its primitive

x

H(z) = (DP)/ h, z€la,f],

(o3

is differentiable with derivative H'(z) = h(z) for each z ¢ (E U N). Thus, to complete the
proof, we can follow [1, Page 125-126] to get H'(z) = 0 = h(x), for each z € E.
o

Corollary 2.8. If f is C-integrable on [a,b], and if each compact sub-interval of (a,b) is
f-regular, then [a,b] is f-regular.

Proof. By Remark 2.6 we have

(C”)/abf

sup (C’)/f‘= < 400
J C (a,b) J
J interval
Then we can apply Lemma 2.7 to f and E = {a, b}. O

3. PROOF OF THEOREM 1.4

Assume that f = g+ h with g € L'[a,b] and with h nearly derivative. By Remark 2.1,
h is C-integrable on [a, ], and by Lemma 2.5 also g is C-integrable on [a, b]. Therefore f is
C-integrable on [a, b].

Now let f be C-integrable on [a,b]. By Remark 2.2, f is Denjoy-Perron integrable on
[a,b], then there exists an interval [o, 8] C [a,b] such that f € L[, 3] (see [12, Chap.
VIII, Theorem 1.4]). Consequently, denoted by  the union of the interiors of all f-regular
intervals contained in [a, b], we have 2 # (). By Corollary 2.8, if Q = («, §), then [«, (] is
f-regular, and the proof is complete.

Assume, by contradiction, that (a,b) \ © # (. We firstly prove that (a,b) \ Q2 does not
contain isolated points. In fact, let o <y < 8, with a,y, 8 € [a, b] \ 2 such that (a,y) C Q
and (v, ) C Q. Then, by Corollary 2.8, [, 7] and [y, ] are f-regular. So, by Remark 2.6,
[a, 8] is f-regular, which is in contradiction with the assumption v & Q.

Let E = [a,b]\ Q. Since f is Denjoy-Perron integrable on [a, b], then by [12, Chap. VIII,
Theorem 1.4] there exists an interval [a, 3] C [a, b] such that F N («, 8) # 0, fEm[aﬁ] lf] <

+oo and
Zsuchlp (DP)/f
J

peEN J interval
where I, is the sequence of all connected components of («, 5) \ E. Since EN («, ) has no
isolated points, we can assume «, 5 € E. Moreover, by Remarks 2.2 and 2.6, (DP) fJ f=
(C’) / 5 f, for each J C [a,b]. Thus all assumptions of Lemma 2.7 hold with E replaced by

< +oo,
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Ena,f]. So [, ] is f-regular, which, by definition of E means that (a, ) cannot meet
E. This is the final contradiction proving that [a, b] is f-regular.

4. ACGs—FUNCTIONS

We start by a characterization of the C-primitives in terms of a slight modification of
the classical ACG. notion.

Definition 4.1. A function F': [a,b] — R is said to be ACs on E C [a, b] if for each € > 0
there exist a constant 7 > 0, a countable set N C E and a gauge 0 such that ) |F'(4;)| < ¢
for each d-fine McShane’s partial partition {(A;, z;)}?_; anchored on E, satisfying condition
(1.2), and such that >©_, |4;] <.

Definition 4.2. A continuous function F': [a,b] — R is said to be ACG s on [a, b] if there
exists a sequence {E,} of measurable sets such that [a,b] = J,, E,, and F'is ACx on each
E,.

Lemma 4.3. If F' is ACGg on [a,b] and E C [a,b] with |E| = 0, then given € > 0 there
exist a countable set N C E and a gauge § such that Y 0_, |F(4;)| < €, for each é-fine
McShane’s partial partition {(Ai, z;)}r_, anchored on E and satisfying condition (1.2).

Proof. Since F is ACG s, there exists a sequence {E, } of pairwise disjoint measurable sets
such that [a,b] = |J,, En and F is ACs on each measurable set E,,. Given ¢ > 0, for a fixed
n € N there exists a positive number 7,,, a countable set N,, C E,, and a gauge §,, such that

q9

(4.1) SIF()] < 2%

i=1

for each d,-fine McShane’s partial partition {(J;,v:)}7_, anchored on E,, satisfying con-
dition (1.2), and such that ) |J;| < n. Since |[E N E,| = 0 we can find an open set
O, D E N E, such that |O,| < ny,. Define ¢} (z) = min(d, (z), dist(z,°O,,)), where by °O,,
we denote the complement of O,,. Therefore (4.1) holds for each 67 -fine McShane’s partial
partition {(J;,v;)}7_, anchored on E N E,, and satisfying condition (1.2).

Set N = |J,,(ENN,) and define §(z) = 6;(z), for x € ENE,, n € N. Then, given
a 0-fine McShane’s partial partition {(A;,z;)}?_; anchored on F and satisfying condition
(1.2), we have

SIEAN =Y IR <Y o =-
n=1

i=1 n=1z,€E,

O

Lemma 4.4. If F is a function differentiable at z, then given € > 0 there exists y(z) > 0
such that

|F(I) — F'(z)|I]| < e (dist(z,I)+ |1]),
for each interval I C (x —y(x),x + v(x)).

Proof. By the definition of derivative, there exists y(x) > 0 such that

[F(y) = F(a) = F'(x)(y — @)] < 5ly - al,
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for each y € (x —y(z),z + v(x)).
Therefore, given I = (o, 8) C (x — vy(z),z + v(x)) we have
[F(8) = F(o) = F'(2)(8 — o)
< |F(B) = F(x) = F'(2)(8 = 2)| + |F(a) = F(z) - F'(z)(a — )]
€ 5

< §|ﬁ—x\+§|a—x|

< g dist(x,T) + % (dist(z, I) +|I])

< e (dist(x, I) + |1|).

O

Theorem 4.5. F' is ACGg on [a,b] if and only if there exists a C-integrable function
f:]a,b] = R such that

(4.2) F(z)—F(a) = (CN')/$ f@®)dt, for each x € [a,b].

Proof. Note that if F'is ACGs on [a,b] then it is ACGj, according to Gordon’s definition
(see [5]). Therefore it is differentiable a.e. in [a,b] (see [5, Theorem 6] and [12, Chapter
VII, Theorem 7.2]). Let E = {z € [a,b] : F is not differentiable at x}. Then |E| = 0 and,
by Lemma 4.3, given 0 < € < 2/(b — a) there exist a countable set N C E and a gauge 7
such that

P
3
F Al -,
>oIP(A) < 5

for each 7-fine McShane’s partial partition {(A;,z;)}¥_; anchored on E and satisfying con-
dition (1.2).
If x ¢ E, by Lemma 4.4 there exists y(z) > 0 such that

2
| F(D) = F'@)|1]| < S (dist(x, 1) + 1)),

for each interval I C [a,b] N (x — y(x),z + v(z)).
Let
7(z) it xekF
0(x) = { ~(x) if v¢FE,
and let
0 if zek
@)= { F'(x) if x¢FE.
So, for each x € (a, b] and for each ¢-fine McShane’s partition P = {(A1,z1),... ,(Ap,zp)}
of [a, z] satisfying conditions (1.2), we have

> f@i)lAil = (F(2) - F(a)
=1

< 37 Il Ad - F(A)
i=1
< Z |F(A)| + Z |F" ()| Ai] — F(A;)]

z;,€FE z, ¢F

2
£ 9 .
<7+ > — (dist(xi, A3) + | Ai])
<§+£+i2(b—a)<
1711 .
This completes the proof of the “if” part of the theorem.
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Now assume that F is the C‘—primitive of a C‘—integrable function f. For each natural n
we set E,, = {z € [a,b] : |f(z)| < n}. Then [a,b] =, En. To complete the proof of the
“only if” part, it is enough to prove that F' is ACs on each FE,.

Let n € N and € > 0. By Henstock’s type lemma there exist a countable set N C [a, b]
and a gauge J such that

P
5
D 1f@i)lAil - F(A)| < 3
i=1
for each d-fine McShane’s partial partition P = {(Ap, zs)}_; of [a,b] satisfying condition
(1.2).
So, if P is anchored on E,, and ), |A;| < &/2n, then

S IF(A)

<

NE

|f(z)|Ail — F(Ai)| + Z |f(zi)] - [Ail

1
+TLZ|A1| <E.
7

Therefore F' is ACs on E,, and the proof is complete. O

<

wlmﬁ

5. THE VARIATIONAL MEASURE V&

Let F be an additive interval function defined on the family of all sub-intervals of [a, b].
Given a gauge 0, a set E C [a,b], a subset N of E, and € > 0, we set

V(F,8,E,N,e) =sup » |F(A;)],

where the “sup” is taken over all d-fine McShane’s partial partitions anchored on E and
satisfying condition (1.2).
The variational measure Vg is defined as follows:

V&F(E) = 611_% infs i%f {V(F,6,E,N,¢) : N countable}.

V& F is a regular Borel measure in [a,b] (we can easily follows the proofs of Theorems
3.7 and 3.15 of [11]).

Theorem 5.1. An additive function F is a C-primitive if and only if the variational mea-
sure V& F' is absolutely continuous with respect to the Lebesgue measure.

Proof. Let F(z) = F(a) + (O) [ f(t)dt be the indefinite C-integral of a function f, and
let E C [a,b] be a Lebesgue null set. Without loss of generality we can assume f(x) = 0 for
each € E. Then, by the Henstock’s type lemma, there exists a countable set N C [a, b]
such that for each € > 0 there is a gauge § with

P
Do) <e,
i=1

for each d-fine McShane partial partition {(A1,21),...,(Ap, xp)} anchored on E and satis-
fying condition (1.2).
Consequently V(F,d, E,N,¢) < ¢, hence V5 F(E) = 0. This completes the proof of the “if”
part of the Theorem.
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Now assume that VzF is absolutely continuous with respect to the Lebesgue measure,
and remark that

V(F,0,E,E,400) < V(F,,E,N,¢),
for each 6, F, N and . Then

inf V(F, 4, B, B, +00) < V& F(E),

for each set E C [a, b]. This implies that the Henstock-Kurzweil variational measure Vi F,
defined by Vg F(E) = infs V(F,§, E, E, +00), is absolutely continuous with respect to the
Lebesgue measure. Thus, by [3, Theorem 2], the function F is differentiable outside a
Lebesgue null set £. Therefore, since V~F(E) = 0, for each € > 0 there exist a positive 7,
a gauge 41, and a countable set N C F such that

q

S IF(B)| <5,

i=1
for each 01-fine McShane partial partition {(B1,21), ... , (Bp,Z4)} anchored on E and sat-
isfying condition (1.2), with B; instead of A;.
Now, by Lemma 4.4, to each t € [a,b] \ N there exists d2(¢t) > 0 such that

F()IB = F(B)| < T (dist(t, B) +B)),

for each interval B C (t — 01(t),t + 61(t)).
Then, to complete the proof of the “only if” part, it is enough to prove that F is the
indefinite C-integral of the following function:

[ P iftefab]\N
f(t)_{ 0 ifteN.

Let
5(t): 51(t) }ftEN,
do(t) if t € [a,b] \ N,
and, for x € (a,b], let {(A1,21),...,(Ap,zp)} be a d-fine McShane partition of [a, ],
satisfying condition (1.2).
Then

> f@i)|L] = (F(x) - ) < If @) L] = F(IL))|
i=1 =1

< Y IR \+— > (dist(zs, ;) + 1))
z; EN &N
2

€
<2+4+ (b—a)<e.

By the arbitrariness of ¢, the function f is C-integrable on [a, z], and

© [ " ft) dt = F(x) — F(a).

So, by the arbitrariness of z € [a,b], the function F is the indefinite C-integral of f on
[a,b]. O



ON THE PROBLEM OF NEARLY DERIVATIVES 285

6. THE MULTIPLIERS

In this section we prove that each BV function is a multiplier for the C’—integral; in the
sense that if f is a C-integrable function and g is a BV function, then fg is C-integrable.
Recall that a function ¢: [a,b] — R is said to be a BV function whenever there exists a
function of bounded variation §: [a,b] — R such that g = § a.e. in [a, b].

Theorem 6.1. Each BV function is a multiplier for the C'-integml.

Proof. Let f be a C-integrable function and let F be its primitive. If ¢ is a BV function,
then by [12, Chap. 8, Theorem 2.5], fg is Denjoy-Perron integrable, and for each = € [a, b],

xT

(6.1) (oP) [ fodt=(Fal;~ | Fdg.
for cach « € [a,b]. Let ®(x) = (DP) [ fgdt, and let

E={zelab]: ()= f(a)g(x)}.

Then N = [a,b] \ E is a Lebesgue null set. Without loss of generality we can assume that
f(z) =0 for each € N, and g(x) is increasing and positive on [a, b].

Now fix an € > 0. By Lemma 4.4, for each « € E there exists d;(x) > 0 such that
e2(dist(x, I) + |1|)
(6.2) |f(z)g ()1 — @(I)] < G :
for each interval I € (x — d1(z),z + 61 (x)).
As the variational measure VI is absolutely continuous with respect to the Lebesgue
measure, by Theorem 5.1, there exists a gauge d2 such that

P
€
(6.3) [F(L)] < oo
2 39l + 1)
for each Jo-fine McShane partial partition {(A1,z1),--- ,(Ap, xp)} anchored on N and sat-
isfying condition (1.2).
Choose o > 0 so that
€

(6.4) |F(z) = F(y)| <

6(Ilglloc +1)

for each z,y € I with |x — y| < o, and define the function § by the formula
_ 01(x) it xek
(6.5) 0(z) = { min(dz(z),0) if x € N.

Let {(A1,21), -+, (Ap, zp)} be a o-fine McShane partition of [a, b] satisfying condition (1.2).
Then

Zf(xi)g(%)\m — ©([a, b])
(6.6) < Z [f(@)g(@i)| L] — (@) < >+ >

z;,€F x; EN

An estimate of ) 5 follows from (6.2):

> f@i)gla)|Li| — (1)
z,€EE

g? e?

(6.7) <% > (dist(zi, L) + |Li|) < —

e
x,€FE 6

M | =
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Next we estimate ), .n. Note that f(z;) = 0 for z; € N. Then, using (6.1) and letting
I; = [, ;] we obtain

Toen = Taen @)
= aen | (F(B)9(5) = Flasglan) - [ Fdg))|
= Y en [(F(5:) = Flas)) g6+
+F () (9(5:) — 9(0a) = F(&) (9(8:) — g(0s)|
< Ve I(F(5:) = Flan) g(50)| +

+ 2 pen [Fas) = F(&)] (9(Bi) — g(aw)) ,
where &; € [y, (;]. Moreover, by (6.3), we have

(6.8) 1R (5) = Fle) ()| < 5y lollee < 5

R Tols+ D)

and, by (6.4) and (6.5), we infer

(6.9) Y [F(ai) = F&)l (9(Bi) — g(n)

T, EN

9
2 o< .
lglles 5

€
< - - .
~ 6(lgllee +1)

Finally, summing up the inequalities (6.7), (6.8) and (6.9) and taking into account (6.6)
and (6.7), we obtain

> f(aa(ali] - 2(la.t) | <

which completes the proof. O

Corollary 6.2. The product of a nearly derivative and a BV function is a nearly derivative
modulo a Lebesgue integrable function having arbitrarily small L' -norm.

Proof. Let f be a nearly derivative and let ¢ be a BV function. By Lemma 2.5, f is C-
integrable, and, by Theorem 6.1, fg is C-integrable. Thus, by Theorem 1.4 there exists a
nearly derivative f; such that fg — f1 is a Lebesgue integrable function. Choose an € > 0.
The absolute continuity of the Lebesgue integral and Lusin’s theorem imply that there
exists a continuous function h; such that

b €
/ |f9—f1—h1|<1-

Let hs be a continuous function such that ha(a) = fi(a) + hi(a), ha(d) = f1(b
) =

and f: |ha| < €/4. Moreover, let hs be a continuous function for which hs(a
and

) + ha(b),
h3(b) =0

Phs = [l(fr+hi - ffg
[, (f1+h1 — f ha.
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Clearly, we may assume hz > 0 or hz < 0. Thus

b b b b
/|h3|=/h3 < /|fg—f1—h1|+/ |z
< £4E8_°¢
4 4 2

Observe that the function he = fi1 + h; — hy — h3 is a nearly derivative, since a continuous
function is a derivative and the sum of nearly derivatives is a nearly derivative. Furthemore,

b b b b
/Ifg—hsl < /Ifg—fl—h1|+/ |h2|+/ |

<E+£+E_E
4 4 92 7

Consequently, the claim follows by the obvious identity fg = he + (fg — he). O
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