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ABSTRACT. Using a t-norm T, the notion of T-fuzzy topological subalgebras in BC K-
algebras is introduced, and the fact that T-fuzzy subalgebras of a BCK-algebra X
form a complete lattice is proved. Using a chain of subalgebras, a T-fuzzy subalgebra
is established. Some of Foster’s results on homomorphic image and inverse image to
T-fuzzy topological subalgebras are considered.

1. INTRODUCTION

A BCK-algebra is an important class of logical algebras introduced by Iséki and was
extensively investigated by several researchers. The concept of fuzzy sets, which was intro-
duced in [9], provides a natural framework for generalizing many of the concepts of general
topology to what might be called fuzzy topological spaces. Foster [1] combined the struc-
ture of a fuzzy topological spaces with that of a fuzzy group, introduced by Rosenfeld [6],
to formulate the elements of a theory of fuzzy topological groups. In [2], Jun, one of the
present authors, introduced the concept of fuzzy topological BC' K-algebras. Jun and Zhang
[4] redefined the fuzzy subalgebra of a BC K-algebra with respect to a t-norm, and Jun [3]
considered the direct product and ¢-normed product of fuzzy subalgebras of a BC K-algebra
with respect to a t-norm. In the present paper, using triangular norm, we discuss the con-
cept of fuzzy topological subalgebras in BC'K-algebras. We verify T-fuzzy subalgebras of
a BCK-algebra X form a complete lattice. Using a chain of subalgebras, we establish a
T-fuzzy subalgebra. We apply some of Foster’s results on the homomorphic images and
inverse images to a T-fuzzy subalgebra.

2. PRELIMINARIES

An algebra (X;*,0) of type (2,0) is said to be a BCK-algebra if it satisfies: for all
z,y,2 € X,
(D) ((zxy)*(zx2)*(z%y) =0,
(1) (z* (z*y))*y =0,
(III) zxx =0,
(IV) 0xz =0,
(V) zxy=0and y*x =0 imply = = y.

Define a binary relation < on X by letting < y if and only if x xy = 0. Then (X; <) is
a partially ordered set with the least element 0. A subset S of a BC' K-algebra X is called
a subalgebra of X if x xy € S whenever x,y € S. A mapping f : X — X’ of BC K-algebras
is called a homomorphism if f(z+y) = f(x)* f(y) for all z,y € X. In any BCK-algebra X,
the following hold:

(P1) (x*xy)*2z=(xx*2)=xy,
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(P2) zxy <u,
(P3) zx0=uz,
(P4) (z*2)*(y*z) <xzx*y,
EP5) zx(xx(xxy)) =T*Yy,

P6) x <y impliesxxz <y*zand zxy < z*x,
for all x,y,z € X. Generally, an aggregation operator is a mapping F : I — I™ (n > 2),
where I = [0,1]. Essentially it takes a collection of arguments and provides an aggregated
value. An important class of aggregation operators are the triangular norm operators, t-
norm and t-conorm. These operators play a significant role in the theory of fuzzy subsets
by generalizing the intersection (and) and union (or) operators, respectively. By a t-norm
T (see [7]) we mean a function T : I x I — I satisfying the following conditions:
(T1) T(x,1) =,
(T2) T(x,y) < T(x,z) whenever y < z,
(T3) T(x,y) =T(y,),
(T4) T(z,T(y,2)) = T(T(z,y),2),
for all z,y,z € I. For a t-norm T, let Ap denote the set of elements a € I such that
T(a,a) = a, that is,

Ap:={ael|T(a,a)=a}.
Note that every ¢t-norm 7" has a useful property:
(p7) T(a, B) < min{e, 5} for all o, 5 € I.
A t-norm T on [ is said to be continuous if T' is a continuous function from I x I to I with

respect to the usual topology. A fuzzy set p in a set L is said to satisfy imaginable property
if Im(p) C Ap.

3. TRIANGULAR NORMED FUZZY SUBALGEBRAS

Definition 3.1 [4] A fuzzy set u in a BCK-algebra X is called a fuzzy subalgebra of X
with respect to a t-norm T (briefly, a T-fuzzy subalgebra of X) if it satisfies the inequality

@ =y) > T(u(z), p(y)) for all z,y € X.

Example 3.2 Let X = {0, a,b,c} be a BCK-algebra with the following Cayley table:

* | 0 a b c
0j]0 0 0 O
ala 0 0 a
blb a 0 D
clec ¢ ¢ O
Let T),, be a t-norm defined by T,,(«, 3) = max(a + 3 — 1,0) for all a, 8 € [0, 1].

)
(1) Define a fuzzy set u: X — [0,1] by

o7 if ze{0,0),
w() _{ 0.07 otherwise.

Then p is a T),-fuzzy subalgebra of X which is not imaginable.
(2) Let v be a fuzzy set in X defined by

() ::{ 1 if z € {0,b},

0 otherwise.

Then v is an imaginable T},-fuzzy subalgebra of X.
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Proposition 3.3 Let T be a t-norm on I. If a fuzzy set p in a BC K-algebra X is an
imaginable T-fuzzy subalgebra of X, then p(0) > u(z) for all z € X.

Proof. For every x € X, we have pu(0) = p(z xx) > T(u(z), p(x)) = p(x).

Proposition 3.4 Let S be a subalgebra of a BC K-algebra X and let u be a fuzzy set in
X defined by

(z) = a if z€ S8,
pRE) = 3 otherwise,

for all z € X, where «, 3 € [0,1] with @ > 3. Then p is a Tp,,-fuzzy subalgebra of X. If
a=1and § =0, then u is imaginable, where T;,, is the t-norm in Example 3.2.

Proof. Let x,y € X. If z,y € S, then

To(p(2),1(y)) = Tm(a,a) =max{2a —1,0}
. 20—1 if a>1
o {0 if <3
< a:ux*y

IfxeSandy ¢S (or, z ¢ S and y € §), then

T (p(x), p(y))

T (e, 8) = max{a+ 5 — 1,0}
{a+ﬁ—1 if a+p8>1
0
8=

otherwise
< w(x *y).
Ifz¢ Sandyé¢S, then
_ [2-1 i g3
o 0 otherwise

< B=plrxy).
Hence p is a T),-fuzzy subalgebra. Assume that o =1 and = 0. Then

T, ) = max{2a — 1,0} = 1 = a,

T (0, 0) = max{26 — 1,0} =0 = 0.

Thus «, 3 € Ar, , that is, Im(u) € A7, and so u is imaginable. This completes the proof.

Proposition 3.5 If u;, ¢ € I, is a T-fuzzy subalgebra of a BC' K-algebra X, then [ p; is
il
also a T-fuzzy subalgebra of X where (] u; is defined by ( ﬂ wi)(x) = inl; wi(z) for all z € X.
i€l S
Proof. For any z,y € X, we have p;(x) > II€1£ wi(z) and p;(y) > 1I€1§ 1i(y). Hence for every

i €1,

YTqu%uxyD;211g§uxx%§g§uxyﬂ,
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and so ing T(wi(x), pi(y)) > T(in£ wi(z), ing wi(y)). It follows that
1€ 1€ 1€

(Yw)wxy) = infpi(zxy)
el

vV

inf T (i (), 13 (y))

> T(infpi(z), inf pi(y))
= T(((\ ) (@), () 1))
iel el
Obviously, ([ 1:)(0) = () pi)(1). This completes the proof.

i€l iel
It follows that the T-fuzzy subalgebras of a BC' K-algebra X form a complete lattice. In
this lattice, the inf of a set of T-fuzzy subalgebras p; is just () p;, while their sup is the
iel
least u, i.e., the intersection of p’s, which contains |J u;, where (|J p:)(x) = sup p;(x) for
il il il
allx € L.

Theorem 3.6 Let T be a t-norm on I and let u be a fuzzy set in a BC' K-algebra X with
Im(p) = {oq, a2, -, an}, where a; < oj whenever i > j. Suppose that there exists a chain
of subalgebras of X:

GocGyC---CGp=X

such that ,u(ék) = ay, where G, = Gy, \ Gg—1 and G_1 =0 for k=0,1,--- ,n. Then p is
a T-fuzzy subalgebra of X.

Proof. Let z,y € X. If 2 and y belong to the same Gy, then u(z) = u(y) = ap and
x xy € Gi. Hence

p(z *y) > ap = min{p(x), p(y)} > T(p(z), w(y)).

Assume that z € G; and y € éj for every i #£ j. Without loss of generality we may assume
that ¢ > j. Then u(z) = oy < a; = p(y) and z *y € G;. It follows that

p(xxy) > ap = min{p(z), u(y)} = T(p(z), 1n(y))-
Consequently, p is a T-fuzzy subalgebra of X.

4. Fuzzy TOPOLOGICAL SUBALGEBRAS

In this section, for the convenience of notation, we use symbols A, B, --- , etc. instead
of fuzzy sets u, v, ---, etc., that is, A, B, --- are fuzzy sets with membership functions
WA, B, -+, respectively. Let B be a fuzzy set in Y with membership function pp. The
inverse image of B, denoted f~!(B), is the fuzzy set in X with membership function
p-1(gy(x) = pup(f(r)) forall z € X. Conversely, let A be a fuzzy set in X with membership
function pa. Then the image of A, denoted f(A), is the fuzzy set in Y such that

sup pa(z) i f7Hy) £ 0,
-
pray(y) =4 W
0 otherwise.

A fuzzy topology on a set X is a family 7 of fuzzy sets in X which satisfies the following
conditions:
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(i) For all c € I, k. € T, where k. have constant membership functions with the value
&
(i) If A,B€T,then ANBeT,
(i) If A; €7 forall jeA, then |J A4, €7.
jEA

The pair (X,7) is called a fuzzy topological space and members of 7T are open fuzzy sets.
Let A be a fuzzy set in X and 7 a fuzzy topology on X. Then the induced fuzzy topology on
A is the family of fuzzy subsets of A which are the intersection with A of 7-open fuzzy sets
in X. The induced fuzzy topology is denoted by 74, and the pair (A, 7Ty4) is called a fuzzy
subspace of (X,T). Let (X,7) and (Y,U) be two fuzzy topological spaces. A mapping
fof (X,7) into (Y,U) is fuzzy continuous if for each open fuzzy set U in U the inverse
image f~1(U) is in 7. Conversely, f is fuzzy open if for each open fuzzy set V in 7, the
image f(V) isin U. Let (A,74) and (B,Up) be fuzzy subspaces of fuzzy topological
spaces (X,7) and (Y,U) respectively, and let f be a mapping (X,7) — (Y,U). Then
f is a mapping of (A,74) into (B,Up) if f(A) C B. Furthermore f is relatively fuzzy
continuous if for each open fuzzy set V' in Up, the intersection f~1(V/)N A is in Tx.
Conversely, f is relatively fuzzy open if for each open fuzzy set U’ in T4, the image f(U’)
isin Up.

Lemma 4.1 [1] Let (A,74), (B,Up) be fuzzy subspaces of fuzzy topological spaces
(X, T), (Y,U) respectively, and let f be a fuzzy continuous mapping of (X, 7) into (Y,U)
such that f(A) C B. Then f is a relatively fuzzy continuous mapping of (A,74) into
(B,Up).

Proposition 4.2 Let T be a t-norm and let f : X — Y be a homomorphism of BCK-
algebras. If G is a T-fuzzy subalgebra of Y with the membership function pg, then the
inverse image f~1(G) of G under f with the membership function pp-1(q) is a T-fuzzy
subalgebra of X.

Proof. For any z,y € X, we have

pi-rey(@xy) = pa(flzxy)) = pa(f(z)* f(y))
2 T(ua(f(@)), pa(f(y)))
= T(ps-1(e)(®), k1) (W)
Hence f~1(G) is a T-fuzzy subalgebra of X.

Definition 4.3 [8] A t-norm T on I is called a continuous t-norm if T is a continuous
function from I x I to I with respect to the usual topology.

Proposition 4.4 [4] Let T be a continuous t-norm and let f be a homomorphism of a
BCK-algebra X onto a BC'K-algebra Y. If a fuzzy set ' with the membership function
wr is a T-fuzzy subalgebra of X, then the image f(F) of F under f with the membership
function py(p) is a T-fuzzy subalgebra of Y.

For any BC'K-algebra X and any element a € X we use a, to denote the self-map of X
defined by a,(z) =z *xa for all z € X.

Definition 4.5 Let 7 be a fuzzy topology on a BC' K-algebra X. For a t-norm T', let F' be
a T-fuzzy subalgebra of X with the induced topology 7r. Then F' is called a T'-fuzzy topo-
logical subalgebra of X if for each a € X the mapping a, : ¢ +— z x a of (F, Tp) — (F, TF)
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is relatively fuzzy continuous.

Theorem 4.6 Let T be a t-norm. Given BCK-algebras X, Y and a homomorphism
f: XtoY, let U and T be fuzzy topologies on Y and X respectively such that 7 = f=1(U).
Let G be a T-fuzzy topological subalgebra of Y with the membership function pg. Then
f7YG) is a T-fuzzy topological subalgebra of X with the membership function Hf-1(a)-

Proof. Note from Proposition 4.2 that f~1(G) is a T-fuzzy subalgebra of X. It is sufficient
to show that for each a € X the mapping

Qp 1T — T *a of (f_l(G)a 7}*1(G)) - (f_l(G)a 7}*1(G))

is relatively fuzzy continuous. Let U be an open fuzzy set in 7;-1(g) on f ~1(G). Since
f is a fuzzy continuous mapping of (X,7) into (Y,U), it follows from Lemma 4.1 that
f is a relatively fuzzy continuous mapping of (f’l(G),Tf_l(G)) into (G,Uq). Note that
there exists an open fuzzy set V € Ug such that f~(V) = U. The membership function
of a;}(U) is given by
(@) = p(an(@)) = pule + a) = sy @+ a)
= w(f(zxa)) = pv(f(x) = f(a)).
As G is a T-fuzzy topological subalgebra of Y, the mapping
briy—yxb of (G, Ug) — (G, Ug)
is relatively fuzzy continuous for each b € Y. Hence
o2y (@) = pv(f(@) * fa)) = pv (f(a)(f(z)))
= by o F@) =t pam 1) ()

which implies that a, *(U) = f~1(f(a),*(V)) so that

a ' (U)NfHG) = T (f(@) (V) N fHG)

is open in the induced fuzzy topology on f~!'(G). This completes the proof.

We say that the membership function pg of a T-fuzzy subalgebra G of a BC K-algebra
X is f-invariant if, for all z,y € X, f(z) = f(y) implies pg(x) = pa(y).

Theorem 4.7 Let T be a continuous t-norm. Given BC K-algebras X, Y and a homomor-
phism f of X onto Y, let 7 and U be fuzzy topologies on X and Y, respectively, such that
f(T)=U. Let F be a T-fuzzy topological subalgebra of X. If the membership function
wp of Fis f-invariant, then f(F) is a T-fuzzy topological subalgebra of Y.

Proof. By Proposition 4.4, f(F') is a T-fuzzy subalgebra of Y. Hence it is sufficient to
show that the mapping

by y b of (F(F), Upry) — (F(F), Upry)

is relatively fuzzy continuous for each b € Y. Note that f is relatively fuzzy open; for if
U’ € TF, there exists U € T such that U’ = U N F and by the f-invariance of ur,

fU") = fU) N F(F) € Upr.
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Let V' be an open fuzzy set in Us(py. Since f is onto, for each b € Y there exists a € X
such that b= f(a). Hence
et (@) =t 1) 8) = ) 0o (F(2))
= py (f(a), (f(x))) pve (f(x) * f(a))
= Ul ) g -
_/J“f 1(V/ ( T(LU) _1(f_1(V'))(x)’
which implies that f=1(b,1(V’)) = a,; (f~1(V"')). By hypothesis, a, : x — z * a is a rela-
tively fuzzy continuous mapping: (F, T r) — (F, Tr) and f is a relatively fuzzy continuous
mapping: (F, Tr) — (f(F), Usr)). Hence
O V)N E=a (fTH (V)N E
is open in 7p. Since f is relatively fuzzy open,
FUTOI V) NE) = b (V)N f(F)
is open in Uy(p). Consequently, f(F) is a T—fuzzy topological subalgebra of Y.
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