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ABSTRACT. Through the application a suitable version of Noether’s theorem to the
composite variational principle, a new method was investigated for the derivation of
conserved quantities for second order differential system. In this article, the variables
provided for higher order differential system are arranged to convert the system into the
second order one. And then the method is applied effectively to construct conserved
quantities of the higher order differential system.

Introduction. Noether’s theorem (Noether [7]) has been extensively initiated for the
derivation of conserved quantities based on the symmetries in the Lagrangian or the Hamil-
tonian structures. However, without using the structures (which may fail to exist), Caviglia
([2], [3]) determined the new operative procedure for the quantities via the application of a
suitable version of Noether’s theorem to the composite variational principle. The procedure
was analyzed by Mimura and Néno [6] with various viewpoints for the derivation of the
quantities of a given second order differential system. Following Sarlet and Cantrijn [8],
Mimura, Ikeda and Fujiwara [5] introduced some geometric notions associating with the
equation field of the differential system to construct the quantities. The local version of the
result in [6] was reformulated in [5] with the geometric notions.

In this paper, we give a further derivation of conserved quantities of higher order dif-
ferential system by virtue of the method in [6], while some results in [6] were translated
by Crasmaéreanu [4] for higher order one with the extended notion of adjoint for a linear
operator. Arranging the original variables in higher order differential system, the system
is converted into a second order one to apply the method (Remark 2 of Theorem 1 in [6]).
The result in the consideration is carried into the case of higher order differential system,
and one arrives at the theorem 1. Some postulations are imposed on unknown functions
which give rise to the conserved quantities. Then the theorem 1 deduces to the theorem 2.
In the context of the deduction, it can be observed that the theorem 2 is equivalent to the
result of Cragmaéreanu [4]. Moreover the theorem 2 yields the theorem 3 by imposing an
arbitrary degree of homogeneity on the higher order differential system. As illustrations for
two types of third order differential equations, conserved quantities are constructed through
which the solutions of the equations are determined completely.

1 Conserved quantity for higher order differential system. We set our starting
point for a given k-th order differential system

(1) FA(tvxaxavx(k))ZO (A:137n7k22)7

where z = (2°(t)), & = (2°(t)) = (dz? /dt), 2®) = (d*z7 /dt*), (0 =1,--- ,m; m >n). A
conserved quantity of the system (1) is a quantity Q(¢, z, &, - - - , 2*~1)) satisfying dQ/dt = 0
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on solutions to (1), where d/dt denotes the total differentiation with respect to t:

d 0 0 0

- i 4 g gD

i ot e Tt g
where £0/0x = Y.7" | i70/0x°, £0/0x = > - #°9/0i” and so on. Particularly for a
second order differential system, new derivation of conserved quantity has been given in
([6], Theorem 1 and its Remark 2). So by putting (in what follows the bracket [ ] denotes
Gauss’s symbol)

dexa
dt2p

(2)

:yg (0:175m7p:175[%])a

the k-th order system (1) is converted into a second order one:

(3) { FA(ta Yo, Y1, 7y[§]ay07 ylv"' 73/[%]):0

Up—1—yp =0

(A=1,--n;o=1,---,m, m>n; p:l’...v[g])’

where yo = (y5(t)) = (= ()) = (g (1) (0 =1, ,[5]), 90 = (1) = (@°(1)),
gr = (G2() (r=1,---,[52]). Then by regarding the variables y = (yo, Y1, - ,y[g]) as

g=1(q"), (k=1,---, ([%] + 1)n), the method in ([6], Remark 2 of Theorem 1) is applied to
(3) to obtain the following theorem.

k
Theorem 1 Let ji = (i, pby i) and & = (€, &7, &%) be functions of
2
by Yo, Y1,- o Y=Ly, Yo, Y1, - ,y[g]_l satisfying the following system of equations on so-
2
lutions to (3):

", OF d [ o OFA
W AeTal (T et
— y dt — Y8
n A n A
(%] 0 OF d o OF
(5) Mz :ZMA o __<ZILLA o (O':]_, 7m)7
o Wy d\am oy
n m (5] OFA [31] OFA . (5]
(6) ZZM% ng"'z 7 & +ZZM§ . —-€)
A=1o=1 v—o Yt =0 Y o=1¢=1
where K is a function of t, yo, Y1, Y, Yo, Y1, " ,y[g]_l; and if k > 4, moreover
" GOFA d [, OFA
7 it 1 _a P
) 2_: Yoyy dt ;::1 *ogg
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Then, by using of the above p and &, the following quantity ) satisfing Q=0 on solutions
to (3) is constructed:

(8) Z ,%521 Mg§z1+zzz Aagfe— ;

/=1 A=1o=1 ¢=0

le-

which gives rise to a conserved quantity of (1) by denoting p’, &7, F4 and K as functions
of the original variables t, x, &,--- ,xF=1),

Remark 1  Here note that [£51] is equal to [4] — 1 (k: even), or to [£] (k: odd). Ac-
cordingly, if k is even, F'4 in (3) does not have the variables yf’ E ie. 8FA/83)E’E} =0. So
2

that the term >\ _, u40F4 /8y[k] may be deleted in the appearance of (5).

™}

When k > 4, at first, (5) is substituted for [L([,%] in (7) with £ = [£] — 1 to see

[5]- - _d (- o0 OF
o + -, N

-1 k11

P (K g OFA  d [~ o OFA
ﬁ( uAayF;_£<ZMA89”z

n Lo 209 OFA d OFA
=35 o (M (i
L qp2(1—i) Aay‘f - dt Aayﬁ]_i 7

where d°F/dt° denotes that d°F/dt® = F for an arbitrary function F. And then the

appearance of u[ﬁkl is substituted for [L([ﬁ}il in (7) with £ = [£] — 2 to see
n A n A
k-2 .[k]—1 o OF < OF )
Mo =fe  F Z KA Z g

P =R

oA pa-i+2 o OFA d 0 OFA
= q2i—ntz | Ha oy dt Ha a9°,

A=1i=0 (51— [5]—i
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and so on. Finally, it follows that

E1_y )
(9) _ zn: (2] ([ | —0—1) u% OFA - dQ([g]*f—Z)Jrl u% OFA
= dt2( 51—t=1) Oyl de2([51—-e=i)+1 s
(0=1,- m; £=1,--[5]; k> 4).

For k > 4 and £ =1, (9) is written as

k
n (3171 J2(5]-i-1) o OFA 22(51-9-1 , OFA
(10) =2 (dt2( E=i-1) ”Aay )T ap@Eeo ”AanyH '

A=1 i=0

When k =2 or k =3, (10) is coincide with (5). Therefore, (10) is valid for k& > 2 (while it
is derived from (5) and (7) for k > 4). The total differentiation of (10) with respect to ¢ is
substituted for (4) to have

2 [ 25— OFA d2([5}—z)+1 OFA
11 0 _ 0 _
(11) Z Z <dt2 ((5]=4) Ha 89@]4 25—+ “Aa o 0

A=1i=0 []Z
(c=1,---,m; k>2).

Remark 2 By putting yJ = z° and yJ = &7, a second order differential system (1)
with k = 2:
FAt, @, &, %) =0
is converted into
{ FA(tv Yo, Y1, yO) =0
¥g —yi =0

(3)'

In this case, (11) reduces to

, OFA  d [ JOFA\  d® [ ,OFA
o > (5~ (455 ) + i (45)) 0

A=1

And (10) (or (5) with k = 2) is substituted for (6) with k = 2 to see

L OFA OF4A . 9FA . dK
12 E E 9 < G Ry . R 0> -,
( ) 12\ 3y8 6 8y8 & ay7 & dt

A=1o0=1

Therefore, the functions u (¢, yo, 7o) and &5 (¢, Yo, Yo) satisfying (11)" and (12) on solutions
to (3) yields the following quantity € satisfing {2 = 0 on solutions to (3)’:

, & OFA o OFA o OFA o .
(8) Q= g E <MA8"£O ( A8y0 dt( A(‘)y >)£0>_K(tv Yo, Yo)-
A=1o=1

By denoting yg, 95 and y¢ as the original variables 7, & and %7 respectively, (8)" turns
into the conserved quantities obtained in ([6], Remark 2 of Theorem 1):

— G OFA d [, OFA
QZZZ(NAa 050 ( e _E(N%W)>€g>_l((t’ T, ).
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For an arbitrary given £J in (6), particularly put &7 = d?¢g/dt? ie., £ = 52771 (0 =

1, ,m; 0=1,--- ,[g]) Then (6) reduces to
[£51]
8FA d2€§a 2 8FA d2€+1€g dK
(13) ;;“A Z dyg a2t ; dyg a2+ | o dt’

which is just the equation (1.10b) in (Crasméareanu [4], Theorem). Therefore the result of
Cragmareanu is concluded completely in the theorem 1:

Theorem 2  Let u% and & be functions of t, yo, Y1, - Y1) Yo, Y1, - ,(7)[%]71 satis-
fying the equations (11) and (13) on solutions to (3). Then the following quantity §) satisfing
Q =0 on solutions to (3) is constructed:

(14)
n m [%] [%] - 2 —l—3 A 2 k —0—i 1 A 261 o
0 Z 22510~ o OF _d (5] )+ o OF d2-1gs
- 5 \di( e\ ‘9%]% d2((5)--0+1 i 89?%]71‘ de2=t
n m [%] [%]*Z 2([E1—0—i)+1 A (B —p—iat1 A 20—1) o
42(35] )+ o OF d2(5] +1) o OF d2( )50
g 2\ ae@- e \Mayr ) T g \Mage T ) ) ae e
- 2

0 aFA d2€£g
A 9yg  dr?t

- K (k22)7

_|_
NE
=

which gives rise to a conserved quantity of (1) by denoting u%, &3, FA and K as functions
of the original variables t, x, @,--- ,zF~1.

Remark 3 If k is even, the term 8FA/8Q["k] in (11), (13) and (14) may be deleted (see
2
Remark 1).

Remark 4 Here note that (13) is derived by putting £ = d?°¢5/dt* (o = 1,--- ,m;
¢=1,---,[%]). But whenever k = 2, it can be directely obtained by substituting (10) for

(6) without the postulation £ = £7 .

Here we impose on F'4 an arbitrary degree s of homogeneity with respect to y7 (0=

1,---,n; £=0,--- 7[%]) and g7 (c=1,---,n; £=0,--- ,[%]) to have the identity:
m [ 5] oFA (551] oFA
(15) > YL+ Y il | = sEY
0 0y7
o=1 \ /=0 £=0

which vanishes on solutions to (3). In viewing of y7 = ij7_; in (3), since
. A, g
T T T T g

(15) guarantees that £§ = yg satisfies (13) with K = 0 on solutions to (3). Therefore the
theorem 2 reduces to
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Theorem 3  Let F4 in (3) be homogeneous function of degree s with respect to yo, y1,

T Yy, Yo, Y1, -+ ;?.J[g]fy Then the function u% of t, yo, y1 - Y-y, Yos Y1, - 7y[§]71
satisfying the equation (11) on solutions to (3) yields the following quantity Q satisfing Q = 0
on solutions to (3):

(16)

o0 n i[%] [k]—¢ J2(151-e—i) 0 oFA - J2(5]—t—i)+1 0 oFA 21ye
=5 \arE-e0 Moy, ) a0 n\TMags, L)) det

_ii[g] S d2<[k]+““ o OFA Y\ @D [ gpa Y\ @R-Dye
— \ de2lz)=t-0+ uA@y[ y ;) atEl=eiy “Aa%]_i dt2(t=1)

o OF* d**yg
Aoyg de!

3
3

(k =2),

A=1o=1

~

q

which gives rise to a conserved quantity of (1) by denoting % and FA as functions of the
original variables t, x, &, --- ,x*=1,

2 A reduction to a third order differential system. Particularly consider third
order differential system

(1)1/ FA(ta z, j?v i‘v l’)ZO (A:L 7n)'

By putting 27 = yJ and £ = yJ (0 = 1,--- ,m), the system (1)"” can be converted into a
second order one:

(3)// { FA(tv Yo, Y1, 907 yl) =0

Yg —y7 =0

Then the theorem 3 reduces to

Corollary.  Let F4 in (3)" be homogeneous function of degree s with respect to
Y0, Y1, Yo, U1. Then the function u% of t, yo, y1, Yo satisfying the equation

" d3 OFA d? OFA OFA OFA
1" _ 0 =
(1D Z(dt3<Aay> i <Aay1>+dt<Aayo> Aayo> 0

A=1

on solutions to (3)" yields the following quantity Q satisfying Q@ = 0 on solutions to (3)" is
constructed:

(16)’
"= OF4 ( OF4 & o OFA d? OFA
O = 0 R ) _ Y% (09 o
;;(”A dy7 dt(“A 037 )) lel(dt( By ) t? (“A 047 )) %o
" & 8FA OFA )
+ + 5500 | -

which gives rise to a conserved quantity of (1)" by denoting u% and FA as functions of the
original variables t, x, T, &.
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Example 1. First consider the following linear differential equation

wea
(17) -t = 0 (a: const., a > —1).

By putting @ = yo and & = yi, (17) is converted into a second order system
. a .
1= 5% =0

(18) r

Yo —y1 =0,

in which ¢; — (a/t?)yo is homogeneous function of degree one with respect to gy and 7.
The equation (11)” reduces to

d /a
o_ @ ra o) _
(19) T (t2“ ) 0,
which is integrated as
(20) ji® — t%uo =C (C: const.).

Here put u® =™ (m: const.). Then the homogeneous equation of (20) is written as

(21) i = i = (m® —m = a)t" 2 =0,
whose solution is
pl = Cit™ + Cyt™2 (C1, Ca: const.),

where mi and mo are the constants:

1+V1+4a 1—V1+4da
T2 2

m =
2 2

my

Accordingly, since u° = #2 is a solution of (19) (also (20)), the solution of (19) is determined
as
,LLO = CO1t™ + Cyt™2 + Cst? (C1, Cq, Cs: const.),

which is substituted for (16)’ to obtain the conserved quantity:
(22)
Q=Cy(t™yr —mat™ o) + Ca(t™yr — mat™ o) + Ca(t>y1 — 2to + (2 — a)yo).

Since C1, Cy and C3 are arbitrary constants, (22) includes the following three conserved

quantities:
Qy =t —myt™ i,

Qp = t™M24 — mgtmzflif},
Q3 =23 — 2ti + (2 — a)z,

which are independent if

tmz —my 0 = (2 —a)(mt™* —mat™) #£ 0.
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When a # 2, by eliminating & and & in €y, Qs and Qg, the solution of (17) is determined
immediately as

xr = A1t27m1 + A2t2im2 + Ag,
where A1, A and As are the constants:

2 —ma Q, A= 2 m Qy, Az LQ&

A= (2 —a)(ma —mq) T 2-a

(2 —a)(mz —m1)
When a = 2, it follows that Q1 = 3, which and 5, lead respectively to
O = Q3 = 28 — 2t4,

7

Q="+

| 8:

+

o~

In Q; and €5, & is eliminated to have

a2t2 a1
3 3t

which is integrated as
x = By log|t| + Byt® + Bs,

where By = —Q1/3, By = Q2/9 and Bs are arbitrary constants.

Example 2. Next consider the following linear differential equation
(23) T+ f(t)i = 0.
By putting = yo and & = y1, (23) is converted into a second order system
{ 1+ f()y1 =0

go —y1 = 0.

(24)

Then (11)” reduces to

d?’,LLO d2
a3 de?

)y’ =0, ie, p'—ft)u’=0Cit+Cy (Cy, Cy: const.),
whose solution
0 = of F(t)dt (C1 /te*ff(t)dtdt_,_ Cy /effu)dth C?,) (Cr. Cs. Cy: comsts)

is substituted for (16)" to construct the conserved quantity

Q=0 (-tyo + Yo + waf(t)dt/te_ff(t)dtdt)
(25)
+Cy (—yo + yref FOdt / eI I (t)dtdt) + Cyyred T,
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Since C1, Co and Cj are arbitrary constants, (25) includes the following conserved quanti-
ties:
Q1 = —ti +a + del SO / te= I T ®dtgy

Qy = —i 4 zef f<t>dt/e—ff(t>dtdt,

Qg = ief f(t)dt,

in which & and £ is eliminated to determine the solution of (23):

=0 — ot + Q4 (t/e—ff(t)dtdt _ /te—ff(t)dtdt) :

where 21, 9 and )3 are arbitrary constants.
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