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ABSTRACT. This paper discusses an inverse source problem for time-harmonic
Maxwell’s equations. We consider the propagation of electromagnetic waves in a homo-
geneous space. Here, the source term is expressed by electric current dipoles. For the
above problem, we propose an identification method of dipoles from the data of electric
and magnetic fields. This method is based on boundary integrals using vector-valued
weighting functions. By the proper choice of weighting functions, we can identify lo-
cations and moments of dipoles without any iterative procedures. The error estimates
for identified results are also obtained. The effectiveness of our method is shown by
numerical examples.

1 Introduction. Many researchers study various inverse problems for Maxwell’s equa-
tions, e.g., identification of current source distribution, determination of conductivity and
permeability, and so on [8]. Especially, one of the important problems is to identify the
electrical activity in the human brain from observation data of electric and magnetic fields
called electroencephalogram and magnetoencephalogram. This problem is often expressed
as the identification of dipolar sources for a quasi-static approximation of Maxwell’s equa-
tions. Numerical methods for the above case have been proposed in many papers [2, 6, 9].

In recent years, inverse source problems for time-harmonic Maxwell’s equations and
Helmholtz equation are considered. For such problems, noniterative methods are developed
in [1, 3, 5]. These methods are based on boundary integrals using weighting functions. In
[3], He and Romanov show the identification of single dipole. Here, weighting functions
satisfy Helmholtz equation. They also consider the case where a dipole and a quadrupole
are located at the same position. Ammari, Bao, and Fleming [1] discuss the inverse analysis
and the identification of single dipole. Here, weighting functions are vector-valued functions,
and each component satisfies Laplace equation. In [5], we propose an identification method
of point sources using weighting functions which satisfy Helmholtz equation.

This paper discusses an identification problem of the current source in a homogeneous
space from observations of electric and magnetic fields. We consider the case where the
propagation of electromagnetic wave is governed by time-harmonic Maxwell’s equations.
The current source is modeled by a sum of electric current dipoles. For this model, the
unknown parameters are locations and moments of dipoles. Here, number of dipoles is also
unknown. Under the above conditions, we propose a numerical method for identifying loca-
tions and moments of dipoles without any a priori information about unknown parameters
and number of dipoles. Our method is based on boundary integrals using vector-valued
weighting functions. Each component of weighting functions satisfies Helmholtz equation.
By the proper choice of weighting functions, we can identify locations and moments of
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dipoles without any iterative procedures. The error estimates for identified results are also
obtained.

The contents of this paper are as follows. Section 2 shows the identification problem
of electric current dipoles in a homogeneous space for time-harmonic Maxwell’s equations.
In Section 3, we propose a direct identification method based on boundary integrals using
vector-valued weighting functions. Section 4 shows an algorithm for our problem, and our
algorithm is applied to several numerical examples in Section 5.

2 Mathematical formulation. We consider the propagation of electromagnetic waves
in a homogeneous space. The wave propagation is governed by Maxwell’s equations. For
the time-harmonic case, Maxwell’s equations are expressed by

(1) rot E(z) = iwpH (x), x€R3,
(2) rot H(x) = 0 E(z) — iweE(x) + J(z), x €R>,

where E(x) is the electric field, H(x) is the magnetic field, J(x) is the current source, w
is the frequency, and o, €, and p are the electric conductivity, the electric permittivity, and
the magnetic permeability, respectively (see [1]). Here, w(# 0) is a real constant, and o, €,
and p are positive constants. The electric field E(x) and magnetic field H (x) are assumed
to satisfy Silver-Miiller radiation condition [1, 7]:

(3) lim |z {w,uH(m) X = k'E(a:)} =0, k*=uw?eu+iwpo, Imk > 0.

Let © C R3 be a simply connected domain with smooth boundary I'. The current source
J(x) is assumed to be a sum of dipoles such that

N
(4) J(:B) = Z(s(a: _pj)qja p] € Qv qj € C3’ |qj| # Oa

Jj=1

where N is the number of dipoles, and p; and g; are the location and moment of the j-th
dipole, respectively. We assume that a priori information about locations, moments, and
number of dipoles is not given. Our purpose is to identify unknown parameters p; and gq;
(j=1,2,...,N) from the data of E(x) and H(x) on I', where N is also unknown.

3 Identification of dipolar sources using weighted integral. From egs.(1) and (2),
we have

(5) rotrot E(x) — k*E(x) = iwud (z).

Multiply both sides by a vector-valued weighting function w(x) and integrate over €2, then

(6) /Qu(a:) {rotrot E(z) — k*E(x)}dV = zwu/ﬂu(w) - J(x)dV,

where u(x) satisfies

(7) rotrot u(x) — k*u(x) = 0.
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The left-hand side of eq.(6) becomes
/Qu(w) {rotrot E(z) — k*E(z)}dV
= /Q [u(x) - rot rot E(x) — E(x) - rotrot u(x)] dV
= —/ {twpH () X n(x) - u(x) + E(x) X n(x) - rot u(x)} dS,
r

where n(x) denotes the outward unit normal vector to I'. From eq.(4), the right-hand side
of eq.(6) is

N
zwu/ﬂu(a:) - J(x)dV = iwquj u(p;).

Jj=1

Then, we have
I(u) = / {—H(a:) « (@) - u(x) + %E(a:) « n(@) -rotu(az)} ds
T w
N
qu 'U(pj)~

In the following, we construct an identification method for unknown dipolar sources using
the boundary integral I(u). Note that I(u) is calculated from the data of E(x) x n(z) and
H(x) x n(x) onT.

3.1 Identification of location. As the weighting functions satisfying eq.(7), we use

2¢(x)eo + vig(T)es,
1e(x)eo + vse(T) e,

1e(x)eo — vae(T)ee,  uz(x)
s¢(T)eo — vig(x)eg,  uae(x)

uig(x)

—1,2,
use () c=h

= =
= =
where real vectors eg, e1, and es satisfy

leo] = |e1| = le2| =1, ep-e1 =0, ex=egxer.

Here, vig(x), voe(x), vse(x), and vy () are scalar functions with parameter \¢(> 0) such
that

vie(x) = (@20 cos M\ (- eg)etF (@ en)
_ oAe(zeo) o . ik(x-ey)
(10) voe(x) = e sin A¢(z - eg)e ) N=3_¢
vze(x) = (T - eg)vie(x) — (T - eg)vag (@),
vag(x) = (T - eg)vae(x) + (- eg)vie(x),

We assume that eg, e1, and ey satisfy the following conditions for some I:
(i) pr-eo— maxp; - eo > 0.
(i) lg-eol? +q-el? #0, Vg eol* +1q; - e #0.

Under the above conditions, we consider the identification of location p; and moment g;.
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From egs.(9) and (10), the boundary integrals become

N N
I(ue) = Y P70 (qig cos Aepje — que sin Aepje)e™Pim =~ e ePiolre,
J=1 Jj=1
N N
I(uge) = Y €P70(quo sin Aepje + que cos Aepje)e™Pim = " e P @,
j=1 j=1
(11) N
I(uge) = Y e P (pjoW e — piePie),
j=1
N
I(wag) =Y P (pjo®ie + pjeVye),
j=1
where
pjm:pj'ema qjm:qj'em’ m:0,1,2-

Substituting e*sPo W = I(u1¢) — P e ePioW e and eMePo Py = [(uge) — s eNePiOP ¢
into the right-hand sides of I(us¢) and I(u4e), the following equations are obtained:

I(use) = piod (wie) — prel (u2e) — Roag,
I(uge) = piol (uag) + piel (u1e) — Re,
where
Rae =Y P {(pio — pjo) Vje — (pic — pye) Pje},
Al

Rpe = Y P {(pio — pjo)®je + (pic — pie) Vje}-
A

Then, we have
—A¢pio —A¢ePro —AePro —AePro

(12) e P l(ugg) —e M0 (use)\ (po) _ (e M0 (usg)) (e PO Rag
e*Agmoj(u%) G*Aeploj(ulg) Die - G*Aeploj(u%) e*)\gpzo'RBE :

The notations I(ui¢), I(uze), I(use), and Rpe denote the complex conjugates of I(uy¢),
I(uge), I(uge), and Rpe, respectively. Under the conditions (i) and (ii), e ¢P°R 4¢ and

)

e PR e converge to 0 as A\¢ — oo, and the determinant of the coefficient matrix in
eq.(12) becomes

e”2eP0 (|I(urg)[* + [(u2e)*) = (lawol + lae ?) e

240, as Ag — 00.
From eq.(12), pio and pj¢ are expressed by

e P {T(uie) (uge) 4+ I(uge) I(uge)} | e 2P {T(u1g)Rag + I(uge)Rpe}
e~ 2P0 {1 (ure)[? + [T (uge)[?} e 2P {|T(uig) |? + |1 (u2e)|?}

e 2P0 T (uig) I (uag) = T(uge)[(uze)} e 2P0 {I(uie)Rpe — I(uae)Rae}
e~ 2P0 {1 (ure)[? + [T (uge)[?} e 2P {|T(uig) |? + |1 (u2e)|?}

Pio =
(13)

Die =
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Let

(14) 5O = Re{T(u1¢)1 (use) + I(use) I(uae)} i = Re{7 (u1¢)I(wag) — I(uae)I(use)}
o )P + [T(uzP 7 7 [Tur) P+ [T(uze) P

From eqgs.(13) and (14), the following inequality holds:

Voo -5+ (e — e
e—2Xepio \/[Re {T(Ulf)RAg + I(UQE)ﬁBE}] : + [Re {I(ulf)ﬁ]gg - T(’UJQE)RAg}] :
em2Aeno{[I(ung) |? + 1 (uag) [}

1 P [Rael + [Rie]”

= oo T (ure) 2 + [ (uze)|?
S e X0 pi0) g — pio V2 + (pie — el v/ Ta50l” + [azePlei®n
e ero [T (ure) 2 + L (tze)|?

<

=

Under the conditions (i) and (ii), € (5) exponentially converges to 0 as \¢ — oo. For suf-

ficiently large A, and )\2, we obtain ﬁfo and p;; as the approximations of p;g and p;; for

¢ =1, and also obtain B plo and pjo for £ = 2.
Finally, we obtain the identified result of p; such that
~(1) | ~(2)
~ Dy +Pp
p, = 2o 10

= 5 eo +prie1 + pizez = poeo + prier + preea.

For the identified result p;, the error is bounded by

~ 1 2)\1 2 ~ ~
—p| = \/{Plo - = ﬁo) +}3§0) } + (pn — p11)? + (pi2 — Pi2)?

1 2 - -
(16) = \/{(pzo - ﬁfé)) > (ﬁo) ﬁﬁ) )3+ (oo —pin)? + (pi2 — Di2)?

< \/(pzo — P2+ (i — )2 + (2 — Piz)? + |I3§é) ~ )|

1 2 1
< JEDR DR+ ) 5 =

Obviously, €, exponentially converges to 0 as A1, Ay — oo since

|~41)

1 2
Pro _p10)| <Ipwo _plo)| + |pwo _p10)| < 5( ) (l) — 0,

as A1, Ay — 0.
3.2 Identification of moment. From eq.(11), the following equations hold:

I(ulf) cos )\Eplf + I(UQE) sin >\§pl§
= quoe PP 43 " eAePio (g0 cos Ae (pie — pje) + Qe Sin Ae(pie — pje) e,
J#l
I(qu) [¢0)S] /\gplg — I(ulg) sin )\gplg

= qlge’\“)m ethpin Z eePio {qje cos Ae(pie — pje) — gjo sin Ae (pie — pjg)}eikpj”-
J#l
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Solving for g0 and g¢, we have

qio = e~ &P {I(ulg) cos A\epre + I(ugg) sin )\gplg}e_ikp“’

(17) =Y e om0l {gi0 cos Ae (pie — pje) + dje sin A (pig — pje) e PP,
il
Q¢ = e~ Nepio {I(u25) COS /\gplg — I(ulg) sin )\gplg}eiikp""
(18) — Y e TP {gie cos A (pie — pje) — qjo sin Ae (pig — pje) e HPm P,
il
Let
(19) Qi) = eI (uig) cos Aepie + T(uae) sin Aepie be =71,

~

Qe = 6_/\5[)[0{](11,25) cos Aepre — I(uqe) sin Agplg}e_ikp“’.

From egs.(17), (18), and (19), \/|qlo - ?]\l(g)|2 + |qie — qie]? is bounded by

(20) \/|‘110 — G0 12+ laie = el < D €700 flgyof2 + [gge 2lem MR,
i

Under the conditions (i) and (ii), the right-hand side of eq.(20) converges to 0 as A¢ — 0.
However, the right-hand sides of eq.(19) contain unknown parameters pyo, pi1, and pja.
Using the identified results instead of these unknown parameters, the approximations of g
and g;¢ are obtained by

(21) Gy = e PO L I (une) cos Aehie + I (uze) sin Aehie Yo7,

(715 = 6_/\55[0{](11,25) Ccos /\gﬁlg - I(ulg) sin Ag@g}e_ikﬁ“’.

Now, we consider the estimation of \/|qu - @fg)|2 + |qie — qie]?. From egs.(17), (18), and
(21), the following inequality holds:

\/lqzo — G5 12 + e — e

< Vlao - GO + laie — Giel2 + /189 — TD12 + Gie — Tl

(22)

Since €, exponentially converges to 0 as A;, A2 — 00, we approximate qﬁ) —Z]fg) and Gie —qGie

using Taylor’s theorem:

G5’ — @) = —Aedys) (o — Buo) + Aedie (me — Bre) — ik (pry — Pin),

Qe — Qe ~ —AeQie(Po — Puo) — Afal(g)(plﬁ — pie) — ikqie (P — Pin)-

Then, the second term of the right-hand side of eq.(22) becomes

V1G9 — GO + laie — Gl

(23) S E+ YR + Gie 2y (1o — )2 + (pie — Fie)? + (Diy — Bi)?

< A2+ (K218 12 + e e



DIPOLE IDENTIFICATION FOR MAXWELL’S EQUATIONS 183

From eqgs.(20), (22), and (23), we have the following estimate:

\/|qu — P+ lge — @l S 3 e e@oi0), f1gio[2 4 |gze2]e PP

(24) i#l
& -~ _ &
+ A2+ K[ |6§0)|2+|ngl%pzzsfﬂ).

Finally, we obtain the identified result of g; such that

1) | ~2)
g, = Lo + a4

! 2
For the identified result g;, the error is estimated by

e+ qiier + qizes = qoeo + qrier + gizes.

~ 1 2 1 2
(25) |ql - ql| 5 \/{Egl)}Q + {Egl)}Q + §|al(0) — al<0)| = E&ql-
In the same way as shown in Section 3.1, €, converges to 0 as A1, Ay — o0.

3.3 Deflation. Asshown in Sections 3.1 and 3.2, we can identify dipoles satisfying condi-
tion (i). If there exist dipoles not to satisfy condition (i) for any eg, it is necessary to remove
the information about already identified dipoles from the data of U(x) = E(x) x n(x) and
V(x) = H(x) x n(x) on I'. In this section, we show the deflation process [6] for our
problem.

From eqs.(1)-(4), E(x) and H (x) are expressed by [1]

N
. 1
E(z) =iwpy [qjg(fv;pj) + perad{g; - grad g(z;p;)}| ,
j=1
(26) K
H(z) = _qu‘ X gradg(“’%Pj),
j=1
where
ik|x—ax'|
oy ©
g(a:,:z: ) - 47T|:13 _ :I:’| .

The deflation is to remove the information about already identified dipoles from U (x) and
V (x) such that:

Ua(z) =U(w) - ) Ey(z) x n(z),
1

(27) N xzel,
Vi) = V(z) - 3 Hi(z) x n(x),
1

where Z is a sum of already identified dipoles, and E;(z) and H,(z) are
1

~ . _ 1 _ -
Ei(z) = iwp {qlg(w;pz) + perad {q, - grad g(=;p))} | ,

ﬁz("?) = —q, x grad g(x; p;).

For the identification of remaining dipoles, we use Uy(x) and Vy(x) instead of U(x) and
V(x).
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4 Algorithm. In this section, we describe our algorithm for the identification of unknown
parameters p; and q; (j = 1,2,...,N) from observations of U(x) and V (z) on I, where
N is also unknown.

As shown in Section 3, it is necessary to choose eq, e1, and es under the conditions (i)
and (ii). We can choose e; and ey so that the identified result satisfies the condition (ii).
However, it is not easy to choose eyg. We show a criterion for the proper choice of ey. If
ey, e1, and es is properly chosen for the [-th dipole, we expect that the same dipole is also
identified using the following vectors for weighting functions:

e(()l) = egcos A — e sin Ay, 6(11) = e sin Ay + e cos A, eél) = eq,
e(()Q) = egcos Ay + e sin A, e§2) = —egsin Ay + eq cos A, eéQ) = e,
where the constant A > 0 is sufficiently small. The vectors e(()m) and egm) (m=1,2) are

obtained by a rotation of ey and e; through angles +=/A. Similarly, the following vectors
are obtained by a rotation of ey and es :

663) = eg cos A — es sin A, 6(13) = ey, eé3) = ep sin Ay + eg cos A,
684) = eg cos A + es sin A, e§4) = e, 654) = —eg sin Ay + eg cos A.

Let f)l(m) be identified results of p; using e(()m), egm), and egm) (m=1,2,3,4), and ]31(0) be
a candidate of identified results of p; using eg, e, and e;. Here, we compute

b =(0) _ =(m) A
! meglggﬂ}lpl /DY

If h; is sufficiently small, we adopt ﬁl(o) as the identified results p;, and compute g;.
In the following, we show our algorithm.

Algorithm

Step 1 Input observations of U(x) and V(z) on I'. Set A1, A2, AY, o, p, Cg, Ch, and z;
(j=1,...,K), where z; is the j-th candidate of eo.

Step 2 Set Uy(x) = U(x) and Vy(x) = V(z), and initialize j = 1, n* = 0, and N = 0.

Step 3 Using the data of Uy(x) and Vy(z), calculate pg , 454, and h

N+1
If hﬁ+1 > «, then go to Step 7.

for eg = z;.

M -~ _~~ *
Step 4 1If 151%131 |Pr — P41l < pfor n* #0, then go to Step 7.

Step 5 If N = n* or min _[p; — Py 4| > pfor]v > n*,then]v — N+1and go to Step 7.
n*<I<N

Step 6 If there exists m € {n* +1,... ,N} such that |p,, —Pgx,,| = min_|[p, — Pz,
n*<I<N
and hm > hg, y, then p,, «— Py 1, @ < A g and b — hg .
Step 7 If j < K, then j «— j+ 1 and go to Step 3.

Step 8 If N = n*, then go to Step 10. Else, update n* «— Zv, and compute Uy(x) and
Va(x) from eq.(27).
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Step 9 If |[Uy||/IIU|| > Cg and [|V4||/||V|| > Cu, then j = 1, and go to Step 3. Here, the
norm || - || denotes the L?-norm on T.

Step 10 Compute €, and ¢4 for each | using identified results p; and q; (j = 1,...,N)
instead of true dipoles, and stop.

5 Numerical Examples. Let 2 = {x;|x| < R}. Our method needs to compute I(u)
from the observation data of U(x) and V(x) on the boundary of Q. Using spherical
coordinates, we express the integrand in eq.(8) by F(r,0,¢). Then, the boundary integral
I(u) becomes

T 27
I(u):R2/0 [/0 F(R,@,gb)dd)] sin 0d.

We compute I(u) by combining the trapezoidal rule and Lobatto quadrature [4] such that

L M,
2T = 2mm
I(u) ~R n§:0 Sn M, m§:1 F(R,Cos™ (p, M, )a
where s,, and §,, (n =0, ..., L) are weights and abscissas of Lobatto quadrature, and M,, is

the number of abscissas for trapezoidal rule on the n-th latitude line. If M, is independent
of n, then observation points are accumulated at the neighbourhood of 8§ = 0, 7. So, we
consider the following form for M,,:

M. — 1, n=20,L,
" [(sp/max;s;)"M], otherwise,

where [-] denotes the ceiling function, and + is a positive constant.

Let R=0.1,0 =0.2, ¢ = 8.854 x 1072, ;x = 47 x 1077, and w = 100. For the arrange-
ment of observation points, we set L = 26 and M = 52. The power + is experimentally
determined as v = 0.7. Then, the number of observation points is 974. The observations of
U(x) and V(x) are analytically generated using eq.(26). In the algorithm, we set

/\1 :)\2 = 120, A’(/):7T/52, 0&20.02, p=0.02, CE ZCH =0.1.

The candidates of ey are given by (1,Cos™ !¢y, 27m/M,) (n=0,...,L,m =1,...,M,)
in spherical coordinates. Therefore, the number of the candidates of eq is also 974.
First, our algorithm is applied to the case of 2 dipoles such as

Case 1
p; = (0.04, w/4, 7/3), q, = (0.1, 3w /4, 7/3),
Py = (0.02, 37/4, 47/3), q, = (0.2, 7/2, 57/6).
Here, we express p; and g; (j = 1,2) using spherical coordinates. Table 1 shows the

identified results for Case 1. As shown in Table 1, 2 dipoles are well identified, and |pj —f)j|
and |g; — g,| are bounded by ¢,; and €4, respectively.
Next, we generate 25 examples by uniform random number under the following condition:

Case 2

lp;| <007, |p; —p;[ 20.03 (j #j'), LN
0.1<lg;| <03, gq;€C’ ’ T
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Table 1: Identified results for Case 1
J |Pj - 1~73| Epj |Qj - a]| €qj
1 164x107* 1.79x10™*  6.06 x 107* 296 x 1073
2 383x107° 457x107° 292x107* 1.52x1073
Table 2: The number of identified dipoles for Case 2
N=N-1 N=N N=N+1
N=3 0 25 0
N =4 20
1072 . . . 10° . . .
107 | o SK57 o 107" | .
X XX XX
X, )aé ><X><><>§< Xxx%;%gx ><><
X >Z< >><< X « XX X
= 104 L o O K i 5 102 L X% % x i
10 G 10 Ao
X o : o RERZ %: x .
10_5 F 3 10_3 '><>< X X x 3
10*6 1 1 1 10~4 L \ \
10 10° 10h 107 107 10 10° 102 10" 10°
P — Pl g — g

Figure 1: The error estimation of p; and g, for Case 2 (N = 3)

We consider two cases of N = 3 and N = 4. Table 2 shows the number of identified dipoles.
As shown in Table 2, our method identifies all dipoles for 25 examples in the case of N = 3.
In the case of N = 4, the number of identified dipoles is not always equal to the true number
of dipoles. For 4 examples, 3 dipoles can be identified, but 1 dipole cannot be identified. For
1 example, 4 dipoles are reasonably obtained, and a ghost dipole is additionally obtained.
Figure 1 shows the error estimation of p; and gq; for N = 3. As shown in Figure 1, our
method gives practical error estimates for many identified results. However, estimated error
bounds ¢,; and €,; are unsuccessful for a few dipoles. These failures may be caused by the
error of numerical integrations of I(u).
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6 Conclusions. This paper proposes a direct identification method of electric current
dipoles in a homogeneous space for time-harmonic Maxwell’s equations. Our method is
based on boundary integrals using vector-valued weighting functions, and the electric and
magnetic fields are observed on the smooth boundary of the bounded convex domain which
includes unknown dipoles. By the proper choice of weighting functions, locations and mo-
ments of dipoles can be identified without any iterative procedures. In the numerical ex-
amples, we consider the case where observations are obtained on a spherical surface. This
reason is that the human brain is often modeled as a sphere in the field of bioengineering.
For various examples, identified results and their error estimates are reasonably obtained
without using a priori information about locations, moments, and number of dipoles. We
also obtain good results for the number of identified dipoles since location and moment of
each dipole are well identified. Therefore, our method is reliable and effective for the iden-
tification of electric current dipoles in a homogeneous space for time-harmonic Maxwell’s
equations.
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