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ABSTRACT. In this paper we first develop the notion of tensor products for two topo-
logical semigroups and then study this new structure, and get a number of interesting
results in semigroup compactifications. We show that this structure is very different
from other products such as semidirect products, or Sherier products.

1. INTRODUCTION

Our main references in this paper are the books [1], [3]. A semigroup S is called a
right [left] topological semigroup if there is a topology on S with s — st [s — ts] being
continuous. S is called a semitopological [topological] semigroup if (s,t) — st is separately
[jointly] continuous. A topological semigroup S is called a topological group if it is a group
and the inverse mapping s — s~ ! is continuous.

Let S be a topological semigroup. We recall that the pair (¢, X) is called a semigroup
compactification of S if X is a compact, Hausdorff right topological semigroup and ¢ : S —
X is a continuous homomorphism such that ¢(S)~ = X, ¥(S) C A(X) where A(X) = {t €
X : s — ts € X is continuous}. We say that the compactification (¢, X) of S has the
left [right] joint continuity property if the mapping (s,2) — ¥(s)x [(x,s) — ap(s)] is
continuous.

Following Howie [3], for a relation [ on a set X, we write [ for [*° = {I"|n > 1}, where
" =1lolo...ol. Let | be an equivalence relation on a set X. Then the intersecton of all
equivalence relations containing [, is said to be the equivalence generated by [. Following
[3, Lemma 1.4.8], if [ is a reflexive relation on X, then [°° is the smallest transitive relation
on X containing I. We denote [[Ul~1U1x]> by I¢ where [~! = {(y, z)|(z,y) € [} and 1x =
{(z,z)|z € X}, and by [3, Proposition 1.4.9], we have that [° is an equivalence generated by
l. So, if [*° is an equivalence generated by [, then (x,y) € (¢ if and only if, either z = y or,
for some n € N, there is a sequence of translations t =21 — 20 — 23 — ... — 2z, =y
such that, for each 1 < ¢ < n — 1, either (2;,z,41) € [ or, (zi41,2) € | [3, Proposition
1.4.10).

An equivalence T on a semigroup S is called a left [right] S-congruence if (z,y) € 7 and
s € S, implies (sx, sy) € 7 [(zs,ys) € 7], and is called an S-congruence if it is both a right
and a left S-congruence.

2. TOPOLOGICAL S-SYSTEMS

Let S, T be two topological semigroups with identities and X be a non-empty topological

space. Then X is called a topological left S-system if there is an action (s,z) — sz of

2000 Mathematics Subject Classification. 43A60, 22A05, 06B10.
Key words and phrases. Topological semigroup, compactification, almost periodic, strongly almost
periodic, equivalence relation, congruence.



224 A.R. MEDGHALCHTI - H.R. RAHIMI

Sx X into X which is jointly continuous and s (s2x) = (s182)x,lgz =z (81,82 € S,z € X).
A topological right S-system is defined similarly. A topological left S-system which is
also a topological right T-system is called a topological (S — T)-bisystem if (sx)t = s(xt)
(seS,teT,zeX).

Let X,Y be two topological left S-systems and ¢ : X — Y be a continuous map. We
say that ¢ is a topological left S-map if ¢(sz) = s¢(z)(z € X,s € S). Similarly, we can
define a topological right T-map.

Now, let X be a topological (S — U)-bisystem, Y be a topological (U — T')-bisystem and
Z be a topological (S —T)-bisystem. Then X x Y has the structure of a topological (S—T)-
bisystem (i.e., s1s2(z,y) = s1(s22,9), ls(z,y) = (x,y), (x,y)t1ta = (z,yt1)te, (z,y)1lr =
(x,y), for all s1,s2 € S and t1,t2 € T). Let X X Y be equipped with the product topology
and 8 : X xY — Z be a topological (S —T)-map (i.e., 5 is a topological left S-map and a
topological right T-map). We say that g is a topological bimap if further 8(zu,y) = B(z, uy)
(ue ).

Let (1, X) be a compactification of S with the left [right] joint continuity property. In
this case we can regard X as a topological left [right] S-system where sx = ¢(s)z [zs =
zY(s)] (s € S,z € X).

3. THE STRUCTURE OF TOPOLOGICAL TENSOR PRODUCTS AND COMPACTIFICATIONS

Let S and T be two topological semigroups with identities 1g, 17, respectively. Let
o : S — T be a continuous homomorphism. Then T can obviously be regarded as a
topological (S — T')-bisystem by st = o(s)t (s € S,t € T), and S can be regarded as a
topological (S — S)-bisystem where the action of S on S is just its multiplication.

Definition 3.1. Consider S, T and o as above. Let C be a topological (S — T')-bisystem
and B: S xT — C be a topological (S — T)-map. We say that (3 is a topological o-bimap
if B(ss',t) = B(s,0(s)t) (s,8" € S,teT).

Definition 3.2. In the situation of Definition 3.1, by a topological tensor product we mean
a pair (P,v) where P is a topological (S — T')-bisystem and ¢ : S x T — P is a topological
o-bimap such that for every topological (S — T')-bisystem C and every topological o-bimap
B:8 xT — C, there exists a unique topological (S — T)- map B : P — C such that the
diagram

SxT - p

s v
c

commutes.

In the following theorem we prove the existence of the topological tensor product of S
and T with respect to o, which is denoted by S ®, T.

Theorem 3.3. Let S and T be two topological semigroups with identities and o : S — T
be a continuous homomorphism. Then there is a unique (up to isomorphism) topological

tensor product of S and T .

Proof We regard S x T' with the product topology as a topological (S — T')-bisystem.
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Let 7 be the equivalence relation on S x T generated by
{((ss',t), (s,0(s")t)) : 8,8 € S,t € T}.
Let 7 = {(a,b) € (S xT)x (SxT):u,veSxT,(uav,ubv) € 7 }. By [3, Proposition

1.5.10], 7 is the largest congruence on S x T contained in 7;. Now, we denote SLTT by
S ®, T and the elements of Sj—T by s ®, t. We use the techniques of [3, Proposition 8.1.8]

to show that if s1 ®,t1 = s3 ®, t2 then s = s5 and t; = ts, or there exist ay,...,a,_1 € S,
bi,...;bp1 €T, uty ..., Up,v1,...,0, €S (see the introduction) such that
$1 = ajuq, o(uy)ty = o(v1)bs,
(*) a1v1 = agus, U(UQ)bl = U(Ug)bg,
a;v; = @ip1Uiy1,  0(Uip1)bi = o(vig1)bip1 (i=2,...,n—2),
Up—1Un—1 = S2Un U(un)bnfl = to.

Let ¢ : S xT — S®, T be defined by ¢¥(x,t) = s ®, t. We have s11(s2,t1) = ¥(s152, 1),
Y(s1,t1ta) = ¥(s1,t1)te and Y (s182,61) = ¥(s1,0(s2)t1) for all s1,s2 € S and t1,t2 € T. So
1 is a topological o-bimap.

Finally, we show that (S ®, T,v) is a topological tensor product of S and T. Let C
be a topological (S — T')-bisystem and 3 : S x T' — C be a topological o-bimap. If we
define 3 : S ®, T — C by B(1(s,t)) = B(s,t), then 3 is well defined. By equations () it
is sufficient to find the values of 3 on generators. So, if 51 ®, t1 = s3 R4 t2, then we have

B(s1,t1) = Blarur, t1) = Blar, o(ur)ty) = -+ = B(an—1Vn—1,bn-1)
= 6(3211%; bnfl) = 6(827 U(un)bnfl) = 6(82;t2)~

Since 3 is a topological (S —T)-map and 3ot = 3, it follows that (S®, T, ) is a topological
tensor product of S and T

If (P,¢) and (P’,%’) are two topological tensor products of S and T, then putting
C = P’, we can find a unique (S — T)-map 3 : P — P’ such that 3o¢y =1/, i.e.,

sxT & p
lw’ /B
Pl

commutes.
Similarly, we can find a unique (S — T')-map & : P’ — P such that @ oy’ =1, i.e.,

sxT Y p

l‘” S a
P
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commutes. Thus @ o o =1, i.e.,

sxT % p
lw /doB
P

commutes. Hence by the uniquness property & o 3 = idp, similarly, oa = idp:, so P ~ P’
(semigroup isomorphism and onto). O

Proposition 3.4. Let S be a right topological semigroup, let R be a congruence on S, and
let the quotient semigroup S/R have the quotient topology. Then the following assertions
hold.

(i) S/R is a right topological semigroup.

(i) If S is semitopological, then so is S/R.

(iii) If S is a compact right topological (respectively, semitopological, topological) semi-
group and if R is closed (in S x S), then S/R is a compact, Hausdorff, right topological
(respectively, semitopological, topological) semigroup.

Proof See [1, Proposition 1.3.8]. O

Theorem 2.5. Let S and T be two topological semigroups with identities, and o : S — T
be a continuous homomorphism. Then the following assertions hold:

a) S®, T is a topological semigroup with an identity.
b) If S and T are topological groups, then S ®, T is a topological group.

¢) If S and T are compact Hausdorff topological semigroups (groups), then so is S ®, T

Proof a) Clearly, S x T is a topological semigroup with identity. Hence by Theorem
3.4 5®,T is so as well.

b) It is easy to see that S ®, T is a group whenever S and T are. So, if S and T are
topological groups, then again by Theorem 3.4, S ®, T is a topological group.

¢) First, we show that 7 (defined in Theorem 3.3) is a closed congruence on S x T.
Let s — 8, 8), — &', ta — t, t), — 1/, and 4 Ry ta = s, Q4 t,. By an argument
similar to the one in the proof of Theorem 3.3, continuity of o and joint continuity of the
multiplications on S and T imply that s ®, t = s’ ®, t’. So by Theorem 3.4, S ®, T is a
compact, Hausdorff topological semigroup (group). O

Theorem 3.6. Let (¢1, X1) and (2, X2) be two topological semigroup compactifications
of topological semigroups S and T, respectively. Let o : S — T, n: X1 — X5 be two
continuous homomorphisms such that n o1 = o 00. Then X| ®, X2 is a topological
semigroup compactification of S ®, T.

Proof If we define the action of S on X; by (s,21) — 11(s)z1, then X; is a topological
(S—X1)-bisystem. Similarly, Xs is a topological (Xo—T')-bisystem, where the action of T' on
Xo is defined by (x2,t) — z2t9(t). Also, the action of X7 on Xs is defined by (z1,29) —
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n(x1)z2. By Theorems 3.3 and 3.5, X; ®, X exists and is a compact Hausdorff topological
semigroup and a topological (S — T')-bisystem. Now, let ¢1 = 1)1 X 12 : S X T — X3 x Xo,
and ¢2 : S x T — S ®, T be a topological o-bimap and ¢3 : X; X Xo — X1 ®, X»
be a topological 7-bimap. We first observe that ¢3 o ¢ is a topological (S — T')-map. Let
s,s' € Sand t,t' € T. Indeed

¢3 0 g1 (ss',t) = P3(thr(ss),1ha(t)) = da(¥r(s)¢a(s"), Y2 (1))
= ¥1(5)¢3(Y1(s), ¥2(t)) = 11(s) (83 0 du(s',1)).
Similarly, ¢3 o ¢1(s,tt") = (3 0 ¢1(s,t))12(t’). Moreover, we have:

(
)

b3 0 P1(s8',t) = ¢3(1(s)Y1(s"), Ya(t))
= ¢3(Y1(s), [0 ¥1(s")]¢2 (1))
= ¢3(¥1(8), [¥2 0 0(s)]¢2 (1))
= ¢3(¢1(8), 2 (0 (s)1))

= ¢30 ¢1(s,0(s)1).

Obviously, ¢30¢; is continuous, thus ¢3 o ¢; is a topological o-bimap. Now by the universal
property of topological tensor products, there is a topological (S — T)-map 3: S ®, T —
X1 ®y, X3, we have

[B(S ©6 T)]~ = [B(¢2(S x T))]~ = [¢3(¢1(S x T))]” 2 ¢3(¢1(S x T)7)
= ¢3(X1 x X3) = X1 ®, Xo.

Also,

[B(S ©o T)] = B(¢2(S x T)) = ¢3(¢1(S x T))
= ¢3(11(9) x ¢2(T)) C ¢3(A(X1) x A(X2))
= ¢3(A(X1 x X2)) = A(¢3(X1 x X2))
= A(X1 ®, Xo).

Clearly 3 is a continuous homomorphism, since ¢1, @2, ¢3 are so. Therefore, X; @y X2 is a
compactification of S ®, 1. Note that X ®, X» is in fact the topological tensor product of
X7 and Xo with respect to 7. O

Corollary 3.7. Let (;,S7") (i = 1,2) be two canonical compacitifications of topological
semigroups S; such that Sf is a topological semigroup. Let o : S — T be a cotinuous
homomorphism such that o*(F2) C Fy1. Then 51}—1 ®n 52}—2 exists and is a compactification
of S®qT. ]

4. THE SPACES OF FUNCTIONS ON TOPOLOGICAL TENSOR PRODUCTS

Theorem 4.1. Let S and T be two topological semigroups with identities, and o : S — T
be a continuous homomorphism. Then (S ®, 1) ~ S @, T,

ProofLet (esg, 1, (S®:T)P), (es,S*) and (e, TP) be topological ap-compactifications
of S®,T', S and T respectively. By Theorem 3.6, (dsg, 7, S ®, T) is a topological semi-
group compactification of S ®, T
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The universal property of the ap-compactification (esg, 1, (S ®s T)) of S ®, T [1,
Theorem 1.4.10] gives a continuous homomorphism ¢ : (S ®, T) — S ®,, T such
that the following diagram

S®,T 29" (S®,T)™”
l55®aT e
S @, T

commutes.
Also, since (eg X ep, (S x T)*) is a topological semigroup compactification of S x T
via the homomorphism 6 : § x T ™% S @, T 22" (S ®c T), there is a continuous

homomorphism ¢, : (S x T)? — (S ®, T)? such that the diagram

SxT X (S®,T)®

les Xer /‘¢1
(S x T)e»

commutes. On the other hand (S x T)% ~ S x T% [2], [4], [1, Theorem 5.2.4]. Thus we
can assume (up to isomorphism), ¢; : S x T — (S ® T)?. By equations () in the
proof of the Theorem 3.3 it is sufficient to apply ¢1 to generators. Indeed, if vv’ ®, p =
v @y (V) (v,0" € S, € T), we can get nets {sq}, {sj} in S and {t,} in T" such that
lim, €5(sq) = v, limg eg(sg) = v’, limy ep(ty) = p. Thus

br(00’ By ) = 61 (im €5 X ex(sass, 1))

a0,

lim ¢1(es X er(sasg,ty))
By

= lim esg,7(m1(5a53, tv))
a,Byy

= lim egg,7(5a,0(s8)ty)
a,B,y

= ¢1( lim €g X €T(SO’7 U(sﬁ)tv)
a3,y

= ¢1(v @y (V"))

Now by an argument similar to equations (x) of Theorem 3.3 one can get that ¢; preservers
congruence. So there exists a continuous homomorphism ¢o : S &, T — (S ®, T)*
such that the diagram

ST P (S, T)w
lﬂ? b2

5% @, TP
commutes. But ¢ o ¢ is the identity on S ®, TP, for, if u ®, v € S ®, T, then we
can find a net {so} in S and a net {¢g} in T such that es(sq) — u, er(tg) — v. Now

$ o pa(u®yv) = ¢o da(ma(u,v)) = ¢(¢1(u,v))
= 1im (g1 (es X er(sa ) = limd o 0(sa, 1p)

= lim ¢(ese,7(5a ®o tp)) = limdsg,7(5a ®o t)
o, a,

=u Q.
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So (S ®, T) ~ S @, TP, O

Theorem 3.2. Let S and T be two topological semigroups with identities, and o : S — T
be a continuous homomorphism. Then (S Q, T)%P ~ S99 ®, T,

Proof Since (esg, 1, (S ®, T)%*P) is a universal topological group compactification of
S®,T [1, Theorem 4.3.7], an argument similar to that for Theorem 4.1 (using the universal
property of the topological group compactification (S ®, T)%P, S TP (S x T)%P
and the universal property of the topological tensor product) shows that (S ®, T)% ~
Ssap ®n Tsap. D

Example 1 (Absorption property). Let T' be a topological commutative semigroup with
identity and let S be a topological subsemigroup of T containing the identity, ando : S — T
be a continuous homomorphism. We consider the left [right] action of S on T by (s,t) —
o(s)t [(t,s) — to(s)]. Clearly, S and T are topological (S — S)-bisystems. Then T =
{((s152,1), (s1,0(s2)t)) : s1,82 € S,t € T} is a congruence on S x T. We define 9 :
SR, T — T by (s ®y t) = o(s)t. Then ¥ is a surjective continuous homomorphism.
Also, ) is one-to-one. For, if ¥(s1 Q4 t1) = (82 Qo t2), then o(s1)t1 = o(s2)ta. Now
§51 R t1 =15 Ry O'(Sl)tl =15 Ry U(Sg)tg =89 Qg ta. Thus SR, T ~T.

Example 2. Let S be a topological semigroup with identity such that every member of S
is uniquely expressible. Let o = idg : S — S. Now, by the equations (x) in the proof of
Theorem 3.3, if s1 ®y S2 = S3 Qo S4, then s1 = s2 and ss = s4 (81, 82,53,84 € S). Thus
S®sS ={(s1,82) : 51,82 € S}, i.e., S®, S =85 xS.

Example 3. Let S = (R, +) ando = idgr : R — R. Then we can finday,...,an—1,b1,...,bn_1,

ULy ooy Up, V1y. ..,V in R such that for every (s1,t1) € R X R and (s2,t2) € R x R we
have $1 ®y t1 = 82 ®4 t2. Thus R®, R=s5®,t (s,t € R).

Note. The above example shows that our tensor product is very different from other prod-
ucts. In fact ROR = R x R, where ROR is the semidirect product of R and R. While
R®, R=s®,t is just one equivalence class. So it is different from Sherier product [5].
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