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ABSTRACT. We introduce the concept of fuzzy ®-subalgebras of fuzzy implication alge-
bras, and obtain some related properties.

1. INTRODUCTION

The concept of F'I-algebras, which is introduced by W. M. Wu in [10], is the abstract
concept of implication connectives of [0,1]-valued logics. In the same paper [10], Wu intro-
duced the notion of the filter in a F'I-algebra, and investigated their properties. Recently,
many mathematical papers have been written investigating the algebraic properties of FI-
algebras(see [1, 2, 3]). In particular, D. Wu [11] introduced the concept of the commutativity
in F'I-algebras, and studied various properties. T. R. Zou [15] introduced the concept of P-
filters and PFI-algebras, and obtained some important results. In this paper, we introduce
the concept of fuzzy ®-sets of F'I-algebras, and obtain some related properties.

2. PRELIMINARIES
We recall a few definitions and properties.

Definition 2.1. [10] By a FI-algebra we mean an algebra (X, —,0) of type (2,0) satisfying
the following axioms: for any z,y,z € X,

(1) &= (y—2) =y — (@ — 2),
12) (2 = y) = ((y— 2) — (&= 2)) = 1,
B) 2 —z=1,
HBeroy=y—z=1=z=y,
B)0—x=1,
where 1 = 0 — 0. An FI-algebra X is said to be regular if it satisfies (z')’ = « for all
z € X, where 2’ = x — 0. We can define a partial ordering < on a FI-algebra X by x <y
if and only if z — y = 1.

In a FI-algebra X, the following hold(see [10, 15]): for all z,y, z € L:

(
(
(
(

) 1—z=nuz,

) (y—2)<(z—y)— (2 —2),

)ifex <y, then z w2z <z—-yandy — 2z <z — 2,
)ifx <y— z then y <z — z,

) z<y—ux,

)z <(z—y)—y,

)z —((z—y)—y) =1
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(9) ifz <y, theny=(z—y) —y.

Lemma 2.2. [5] A Let X be a reqular FI-algebra. Then we have x — y =1y — 2’ for all
z,y € X.

Proposition 2.3. [5] Every filter F' of a FI-algebra X has the following property:
z<yandzx€F implyy € F.

Lemma 2.4. [1] Let X be a regular F1-algebra. Then for any x,y € X, the set {z € X|x <
y — z} has the least element, denoted by x ® y.

Lemma 2.5. [1] Let X be a reqular FI-algebra. Then the following hold: for all a,b,c € X,
(1) z@y=(z—1y),
(2) z2<y—(z®y),
B)ife<y—=z thenxy< 2.

Definition 2.6. [1] A nonempty subset S of an FI-algebra X is called a subalgebra of X if
(i) 0 €S,
(ii) z —ye Sforall z,y € S.

Definition 2.7. [5] Let X be a FI-algebra. Then a nonempty subset A of X is said to be
®-closed if a ® b € A whenever a,b € A.

Note that if S is a subalgebra of a regular F'[-algebra X, then S is an ®-closed subset
of X. Indeed, since 2’ =2 — 0 € Sforallz € S, we have a®b = (a — ')’ € S for any
a,bes.

We now review some fuzzy concepts. Let X be a set. A function p: X — [0,1] is called
a fuzzy subset of X. For any fuzzy subsets p and v of a set X, we define

pCve p@) <vi) VreX,

(pNv)(z) = min{u(x),v(z)} VreX.

Let f: X — Y be a function from a set X to a set Y and let i be a fuzzy subset of X.
The fuzzy subset v of Y defined by

V(y) . Supxef_l(y)u(w) if f_l(y) 7é @7vy €Y,
' 0 otherwise,

is called the image of p under f, denoted by f[u]. If v be a fuzzy subset of Y, then the
fuzzy subset p of X given by u(x) = v(f(x)) for all x € X is called the preimage of v under
f and is denoted by f~[v].

A fuzzy subset p of an FI-algebra X is called a fuzzy subalgebra of X if pu(x — y) >
min{p(z), u(y)} for all z,y € X.

3. MAIN RESULTS

In this section, we introduce the concept of fuzzy ®-subalgebras, and we discuss their
some properties.

Consider the unit interval [0, 1] and if define z — y := min{1, 1 —z+y} for all z,y € [0, 1],
then ([0, 1], —, 0) is a regular F'I-algebra, and we also know that ¢ ® b = max{0,a +b— 1}
for all a,b € [0, 1].

Note that we used the notion of minimum in [0,1] in defining the concept of fuzzy
subalgebras of an FI-algebra. Hereby we will try to introduce the new notion we called
fuzzy ®-subalgebra of an F'I-algebra X by using the Lukasiewicz logic.
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Since the unit interval ([0, 1], —,0) is a regular FI-algebra where £ — y := min{l,1 —
x4y} for all z,y € [0, 1], we have following definition.
Definition 3.1. A fuzzy subset u of an F'I-algebra X is called a fuzzy ®-subalgebra of X
if
(Va,y € X) (u(z = y) > (@) @ p(y))-
Example 3.2. Let X :={0,a,b,c, 1}. Define the operation “—” as follows:

—>|Oabcl ®|Oabcl
0 11111 0 0000O00O0
a cl111 a 0000 a
b belll b 000adb
c abcll c 00 abdc
1 0abdcl 1 0abcl

Then (X, —,0) is a regular FI-algebra and we can find the above ®-table([5]).
Define fuzzy subsets u1, puz and ps of X by

w1(1) =1, u1(a) = p1(b) = pa(e) = 0.7 and p1(0) = 0.6.

p2(l) =1, po(a) = pe(b) = 0.7, po(c) = 0.4 and p2(0) = 0.2.

p3(1) =1, pus(b) = ps(c) = 0.9 and p3z(a) = p3(0) = 0.6.

Then pq, p2 and ps are fuzzy ®-subalgebras of X. But a fuzzy subset v of X defined by
v(l) =1,v(a) = v(b) = 0.3,v(c) = 0.7 and v(0) = 0.8
is not a fuzzy ®-subalgebra of X since
v(c—0)=v(a) =03 2 0.5 =v(c) ® v(0).

Note that every fuzzy subalgebra is a fuzzy ®-subalgebra, but the converse is not true,
because in Example 3.2, a fuzzy subset po is not fuzzy subalgebra of X since u(b — a) =

wu(e) =0.4 2 0.7 =min{u(a), u(d)}.
For every elements = of a regular F'I-algebra, we defined
P =12"=2"'@randn(z) my=2— (z—(--(x—y)))
in which x occurs n times for n € N.

Proposition 3.3. If i is a fuzzy ®-subalgebra of an FI-algebra X, then u(1) > p(x)? and
pu(n(l) — z) > p(x)* ! for allz € X andn € N.

Proof. Since x — x =1 for all x € X, it follows that

p(l) = plz — x) > p(z) ® p(e) = p(e)?
for all x € X.

For the proof of remainder part, we using the induction on n. For n = 1, we have
p(l — z) > p(l) @ p(x) > p(r)? for all x € X. Assume that p(k(1) — x) > p(z)?**! for
all x € X. Then

p((k +1)1 — z) 1= (k(1) = )
D) @ p(k(1) — x)
1.)2 ® M(x)Qk—H
(x)Q(k-i-l)-i-l.

—~

v IV
TEEETE

Hence p(n(1) — x) > p(z)?"* for alln € N and z € X. O
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Proposition 3.4. Let p be a fuzzy ®-subalgebra of an FI-algebra X. If there exists a
sequence {x,} in X such that lim,, .o (u(x,))? = 1, then p(1) = 1.

Proof. By Proposition 3.3, we have (1) > p(x,)? for each n € N. Since
1= lim (p(z,))* < p(1),
n—oo
it follows that p(1) = 1. O
Note that a fuzzy subset p of an F'I-algebra X is a fuzzy subalgebra of X if and only if a
nonempty level subset U(u;t) := {x € X|u(z) > t} is a subalgebra of X for every t € [0, 1].
But, we know that if u is a fuzzy ®-subalgebra of X, then there exists ¢ € [0, 1] such that

U(p;t) is not an ®-closed set of X. In fact, for the fuzzy subset us of X in Example 3.2,
U(p;0.9) = {b, ¢, 1} is not an ®-closed set of X.

Proposition 3.5. If u is a fuzzy ®-subalgebra of an FI-algebra X, then
UG 1) = o € Xu(x) = 1}
is either empty or an ®-closed set of X.

Proof. Let z,y € X be such that « and y belong to U(u; 1). Then pu(x — y) > p(z)@u(y) =
1. Hence pu(z — y) = 1 which implies  — y € U(u;1). Consequently, U(u; 1) is an ®-closed
set of X. 0

Proposition 3.6. Let g : X — Y be a homomorphism of an FI-algebra X and a regular
Fl-algebra Y. If v is a fuzzy ®@-subalgebra of Y, then the preimage g~ t[v] of v under g is
a fuzzy ®-subalgebra of X .

Proof. For any x1,z2 € X, we have

97 M@ — 22) = v(g(ar — x2))
= v(g(z1) — g(z2))
> v(gla) @ ( (22))
=g (@) ® g [V](22)
Thus g~ ![v] is a fuzzy ®-subalgebra of X. O

Theorem 3.7. Let f : X — Y be a homomorphism of FI-algebras. If u is a fuzzy ®-
subalgebra of X, then the image fp] of p under f is a fuzzy ®-subalgebra of Y.

Proof. For any y1,y2 € Y, let Ay = 7 (y1),A2 = [~ (y2), and A1z = [~ (y1 — y2).
Consider the set
A1 — As :={z € X|x = a1 — ag for some a; € Ay and as € As}.

If x € Ay — Ay, then x = 21 — x5 for some z1 € Ay and z2 € As so that

f(@) = f(z1 — 22) = f(z1) — f(22) = y1 — vo,
that is, z € f_l(yl — y2) = A12. Hence A1 — Ag C Ajo. It follows that

Fll(yr = y2) = Subse -1y, yo) () = SUDse a,, p(2)
> SUDye A, —a, H(T) = SUD e, mpea, M(T1 — T2)
> SUPgz, Ay ,z2€A, M(-Tl) ® /.L(l‘g).
Since ® : [0,1] x [0,1] — [0, 1] is continuous, for every ¢ > 0 there exists 6 > 0 such that
if #1 > sup,, ea, p(21) — 0 and Ty > sup,,ca, i(r2) — 6, then &1 ® To > sup, ¢4, p(z1) ®
SUP,, 4, #(72) — . Chose a; € Ay and ap € Ay such that p(a1) > sup, ¢4, u(z1) —d and
p(az) > sup,,c 4, (x2) — 0. Then

p(ar) ® p(az) > sup p(z1) ® sup p(x2) —e.
r1€A T2E€A2
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Consequently,

Fll(yr — y2) > SUPy e, wyea, H(T1) @ p(w2)
> SUp,, ea, H(T1) @ SUD,, e 4, f1(72)

= flul(y1) ® flul(y2),
and hence f[u] is a fuzzy ®-subalgebra of Y. O

Let X and Y be FI-algebras and let
XxY={(r,y)lre XandyeY}.
We defined the operation — on X X Y by

(x1,91) — (22,92) := (71 — 22,91 — Y2)

for all (z1,y1), (z2,y2) € X x Y. Then we can easily verify that (X x Y, —,(0,0)) is an
FI-algebra which is called the direct product algebra of X and Y.

Proposition 3.8. For a fuzzy subset o of an FIl-algebra X, let u, be a fuzzy subset of
X x X defined by py(z,y) :=o(x) @ o(y) for all z,y € X. Then o is a fuzzy ®-subalgebra
of X if and only if us is a fuzzy ®@-subalgebra of the direct product algebra X x X.

Proof. Assume that o is a fuzzy ®-subalgebra of X. For any 1,22, y1,y2 € X, we have
to((x1,91) = (22,2)) = po (21 — 22,1 — ¥2)
=o(z1 — 22) ®o(y1 — y2)
2 (o(21) @ 0(72)) ® (o(y1) @ 0(y2))
= (o(z1) @ o(y1)) @ (o(z2) ® 0(y2))
= o (21 — Y1) ® pig (22 — Y2),
and so . is a fuzzy ®-subalgebra of X x X.
Conversely, suppose that u, is a fuzzy ®-subalgebra of X x X and let x,y € X. Then
(0@ =) =pe(z—yz—y)
= po((z,2) = (v,9))
2 pio (7, %) @ 1o (y, y)
= (o(z) @ 0(y))*,
and so o(x — y) > o(z) ® o(y), that is, o is a fuzzy ®-subalgebra of X. O

A fuzzy relation pon a set X is a fuzzy subset of X x X, that is, a map p: X x X — [0, 1].

Proposition 3.9. Let pu be a fuzzy relation on an FI-algebra X satisfying the inequality
w(z,y) < wplx,l) for all z,y € X. Given z € X, let 0. be a fuzzy subset of X defined by
o.(x) = p(z,2) for all x € X. If p is a fuzzy ®-subalgebra of the direct product algebra
X x X, then o, is a fuzzy ®-subalgebra of X for all z € X.

Proof. Let x,y,z € X. Then

ox(z —y)

IV IV

completing the proof. O

Proposition 3.10. Let p be a fuzzy relation on an FI-algebra X and let o, be a fuzzy
subset of X giwven by o,(z) = infyexp(z,y) @ ply,z) for all x € X. If p is a fuzzy ®-
subalgebra of the direct product algebra X x X satisfying the equality p(z,1) =1 = u(1, z)
for all x € X, then o, is a fuzzy ®-subalgebra of X for all z € X.
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Proof. For any x,y,z € X, we have

wr —y,z) =plx—y1—2)=p((r,1)— (y,2))
> p((z,1) ® ply, 2)) = u(y, 2)
and
Wz, e —y) =p(l—z,0—y)=p(lz)—(2,9)
> u((z,7) @ u(2,y)) = p(z,y)-
It follows that
ou(z —y) =inf.exp(r —y,2)@u(z,r—y)

> (infoexple, 2) @ plz,2)) @ (infoex ply, ) © (2, y)
= Uu(w) & Uu(y)~
This completes the proof. O
Proposition 3.11. Let u and v be fuzzy @-subalgebras of FI-algebras X andY respectively.
Then the cross product u X v of u and v defined by

(b xv)(z,y) = (@) ©v(y)
for all (z,y) € X XY is a fuzzy ®-subalgebra of the direct product algebra X xY

Proof. The proof is straightforward. O

Proposition 3.12. Let X and Y be FI-algebras and let p be a fuzzy ®-subalgebra of the
direct product algebra X xY. Then the fuzzy subset Px[u] (resp. Py[u]) of X (resp. Y)
defined by

Px [p(z) == p(z, 1) (resp.Py [p](y) := p(1,y))
forallz € X (resp. y € Y) is a fuzzy @-subalgebra of X (resp. Y ).
Proof. For any x1,z2 € X, we have
w(xy — x2,1) = p(ry — 22,1 — 1)
(w1, 1) — p(x2,1)

M(xlv 1) ® /L((tz, 1)
Px [p](z1) ® Px[p)(z2).

Hence Px[u] is a fuzzy ®-subalgebra of X. Similarly, we can prove that Py [u] is a fuzzy
®-subalgebra of Y. O

Pxlul(z1 — 22) =
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