
Scientiae Mathematicae Japonicae Online, e-2005, 331–340 331

AVERAGING FUNCTIONS AND INEQUALITIES DUE TO
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Abstract. We introduce two notations of functions, which we call “subaveraging func-
tion” and “superaveraging function”. Both the well-known Hölder-Rogers inequality
and the Minkowski inequality can be seen simultaneously through these functions. Our
study was inspired by the work of L. Maligranda [2].

1. Subaveraging function and superaveraging function

Let X be a set and S a real linear space consisting of real functions on X . Let D be a
domain in Rn and S0 a subset of S such that

(0) (f1(x), · · · , fn(x)) ∈ D for all f1, · · · , fn ∈ S0 and x ∈ X .
We consider two functions m, M : D → R such that

(1) m ◦ (f1, · · · , fn), M ◦ (f1, · · · , fn) ∈ S for all f1, · · · , fn ∈ S0.
(2) m(Lf1, · · · , Lfn) ≤ L(m ◦ (f1, · · · , fn)), M(Lf1, · · · , Lfn) ≥ L(M ◦ (f1, · · · , fn)) for

all f1, · · · , fn ∈ S0 and all positive linear functionals L from S into R such that
(Lf1, · · · , Lfn) ∈ D for all f1, · · · , fn ∈ S0.

Here we say that L is positive if Lf ≥ 0 for all positive functions f ∈ S.

Definition 1. We say that the above functions m and M are subaveraging on D and
superaveraging on D with respect to the couple (S, S0), respectively.

Remark 1. Let α1, · · · , αn ∈ R. Then the following function on D is subaveraging and
superaveraging :

f(a1, · · · , an) = α1a1 + · · · + αnan ((a1, · · · , an) ∈ D)

This is a trivial case but it gives us an important suggestion for a construction of subav-
eraging functions and superaveraging functions. We next give non-trivial examples of such
functions, which give us useful suggestions.

Let D = R+ × R+, S = R2, S0 = R+ × R+, where R+ = {x ∈ R : x > 0}. Of course,
we regard S as a real linear space consisting of all real functions on the set {1, 2}. Note
that the couple (D, S0) satisfies the condition (0). In this case, we have

(i) Both M1(a, b) =
(√

a +
√

b
)2

and M2(a, b) =
√

ab are superaveraging functions on D

with respect to (S, S0).
(ii) Both m1(a, b) =

√
a2 + b2 and m2(a, b) = a2/b are subaveraging functions on D with

respect to (S, S0).
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In fact, let L be a positive linear functional on S such that (Lf1, Lf2) ∈ D for all
f1, f2 ∈ S0. Then we can write L(x, y) = αx + βy for all (x, y) ∈ S and some α, β ≥ 0 with
α2 + β2 �= 0. Let a, b, c, d > 0, and set f1 = (a, b) and f2 = (c, d), hence f1, f2 ∈ S0.

(i) Note that

M1(Lf1, Lf2) = M1(αa + βb, αc + βd) =
(√

αa + βb +
√

αc + βd
)2

and

L(M1 ◦ (f1, f2)) = L(M1(a, c),M1(b, d)) = αM1(a, c) + βM1(b, d)

= α
(√

a +
√

c
)2 + β

(√
b +

√
d
)2

.

Moreover,(√
αa + βb +

√
αc + βd

)2

≥ α
(√

a +
√

c
)2 + β

(√
b +

√
d
)2

(∀α, β ≥ 0)

⇐⇒ ad + bc ≥ 2
√

abcd

and hence M1(Lf1, Lf2) ≥ L(M1 ◦ (f1, f2)) holds, that is, M1 is superaveraging on D.
Note that

M2(Lf1, Lf2) = M2(αa + βb, αc + βd) =
√

(αa + βb)(αc + βd)

and

L(M2 ◦ (f1, f2)) = L(M2(a, c),M2(b, d))

= αM2(a, c) + βM2(b, d) = α
√

ac + β
√

bd.

Moreover,√
(αa + βb)(αc + βd) ≥ α

√
ac + β

√
bd (∀α, β ≥ 0) ⇐⇒ ad + bc ≥ 2

√
abcd

and hence M2(Lf1, Lf2) ≥ L(M2 ◦ (f1, f2)) holds, that is, M2 is superaveraging on D.
(ii) Note that

m1(Lf1, Lf2) = m1(αa + βb, αc + βd) =
√

(αa + βb)2 + (αc + βd)2

and

L(m1 ◦ (f1, f2)) = L(m1(a, c),m1(b, d)) = αm1(a, c) + βm1(b, d)

= α
√

a2 + c2 + β
√

b2 + d2.

Moreover,√
(αa + βb)2 + (αc + βd)2 ≤ α

√
a2 + c2 + β

√
b2 + d2 (∀α, β ≥ 0)

⇐⇒ 2abcd ≤ (ad)2 + (bc)2

and hence m1(Lf1, Lf2) ≤ L(m1 ◦ (f1, f2)) holds, that is, m1 is subaveraging on D.
Note that

m2(Lf1, Lf2) = m2(αa + βb, αc + βd) =
(αa + βb)2

αc + βd

and

L(m2 ◦ (f1, f2)) = L(m2(a, c),m2(b, d)) = αm2(a, c) + βm2(b, d)

= α
a2

c
+ β

b2

d
.
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Moreover,

(αa + βb)2

αc + βd
≤ α

a2

c
+ β

b2

d
(∀α, β ≥ 0 : α2 + β2 �= 0)

⇐⇒ 2abcd ≤ (ad)2 + (bc)2

and hence m2(Lf1, Lf2) ≤ L(m2 ◦ (f1, f2)) holds, that is, m2 is subaveraging on D.
The above examples are all homogeneous, but we can give non-homogeneous examples.

Let D = {(x, y) ∈ R2 : x2 + y2 ≤ 1}, S = R2 and S0 = {(x, y) ∈ R2 : |x|, |y| ≤ 1/
√

2}.
Note that (D, S0) satisfies the condition (0). In this case, we have

(iii) Let A,B, C ∈ R and put ϕ(x, y) = Ax + By + C for each (x, y) ∈ D. Then ϕ is
subaveraging (superaveraging) function on D with respect to (S, S0) if and only if C ≤ 0
(resp. C ≥ 0).

Also let A,B ≥ 0. Then we have
(iv) Ax2 + By2 + C is subaveraging with respect to (S, S0) ⇐⇒ C ≤ 0.
(iv’) C − Ax2 − By2 is superaveraging with respect to (S, S0) ⇐⇒ C ≥ 0.
In fact, note that an arbitrary real function ϕ on D satisfies that ϕ ◦ (f1, f2) ∈ S for all

f1, f2 ∈ S0. Now let L be an arbitrary positive linear functional from S into R such that
(Lf1, Lf2) ∈ D for all f1, f2 ∈ S0. Then we can write L(x, y) = αx + βy for all (x, y) ∈ S
and some α, β ∈ R. In this case, α, β ≥ 0 by the positivity of L. Now let f1 = (a, b),
f2 = (c, d) ∈ S0. Then

(Lf1, Lf1) ∈ D (∀f1, f2 ∈ S0)
⇐⇒ (αa + βb, αc + βd) ∈ D (∀(a, b), (c, d) ∈ S0)

⇐⇒ (αa + βb)2 + (αc + βd)2 ≤ 1 (∀a, b, c, d ∈ R : |a|, |b|, |c|, |d| ≤ 1/
√

2)
⇐⇒ (a2 + c2)α2 + (b2 + d2)β2 + 2(ab + cd)αβ ≤ 1

(∀a, b, c, d ∈ R : |a|, |b|, |c|, |d| ≤ 1/
√

2)
⇐⇒ α2 + β2 + 2αβ ≤ 1
⇐⇒ α + β ≤ 1.

Hence the set of all positive linear functionals from S into R such that (Lf1, Lf2) ∈ D for
all f1, f2 ∈ S0 must be {(α, β) ∈ R2 : α, β ≥ 0, α + β ≤ 1}. Therefore we can conclude that
a real function ϕ on D is subaveraging (superaveraging) with respect to (S, S0) if and only
if

ϕ(αa + βb, αc + βd) ≤ αϕ(a, c) + βϕ(b, d)
(resp. ϕ(αa + βb, αc + βd) ≥ αϕ(a, c) + βϕ(b, d))

for all a, b, c, d, α, β ∈ R such that |a|, |b|, |c|, |d| ≤ 1/
√

2, α, β ≥ 0 and α + β ≤ 1. This
implies immediately (iii). Also this implies that Ax2 +By2+C is subaveraging with respect
to (S, S0) if and only if

2αβ(Aab + Bcd) + C(3)
≤ A(α − α2)a2 + B(α − α2)c2 + A(β − β2)b2 + B(β − β2)d2 + (α + β)C

for all a, b, c, d, α, β ∈ R such that |a|, |b|, |c|, |d| ≤ 1/
√

2, α, β ≥ 0 and α + β ≤ 1. Set
�x = (

√
Aa,

√
Bc) and �y = (

√
Ab,

√
Bd). Then (3) can be transposed into

2αβ < �x, �y > + C ≤ (α − α2)‖�x‖2 + (β − β2)‖�y‖2 + (α + β)C.(4)

But we can see easily that 2αβ < �x, �y > ≤ (α−α2)‖�x‖2 +(β−β2)‖�y‖2 for all 0 ≤ α, β ≤ 1.
Therefore we have that C ≤ 0 if and only if (4) is true for all a, b, c, d, α, β ∈ R such that
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|a|, |b|, |c|, |d| ≤ 1/
√

2, α, β ≥ 0 and α + β ≤ 1, and then (iv) holds. Similarly we can see
that (iv’) holds.

2. A construction of subaveraging functions and superaveraging functions

We construct more general subaveraging functions and superaveraging functions. Let D,
S and S0 be as in Definition 1. Let T be a set and α1, · · · , αn, β1, · · · , βn real functions on
T such that

sup
t∈T

{α1(t)a1 + · · · + αn(t)an} < ∞ and −∞ < inf
t∈T

{β1(t)a1 + · · · + βn(t)an}

for each (a1, · · · , an) ∈ D. In this case, we define

mα(a1, · · · , an) = sup
t∈T

(α1(t)a1 + · · · + αn(t)an)

and
Mβ(a1, · · · , an) = inf

t∈T
(β1(t)a1 + · · · + βn(t)an)

for each (a1, · · · , an) ∈ D. Then we have the following

Proposition 1. Suppose that mα ◦ (f1, · · · , fn) ∈ S and Mβ ◦ (f1, · · · , fn) ∈ S for each
f1, · · · , fn ∈ S0. Then mα is a subaveraging function on D and Mβ is a superaveraging
function on D with respect to (S, S0).

Proof. Let f1, · · · , fn ∈ S0 and L a positive linear functional from S into R such that
(Lf1, · · · , Lfn) ∈ D for all f1, · · · , fn ∈ S0. Note that

α1(t)f1 + · · · + αn(t)fn ≤ mα ◦ (f1, · · · , fn)

and β1(t)f1 + · · · + βn(t)fn ≥ Mβ ◦ (f1, · · · , fn)

for all t ∈ T . Then

α1(t)Lf1 + · · · + αn(t)Lfn = L (α1(t)f1 + · · · + αn(t)fn) ≤ L (mα ◦ (f1, · · · , fn))

and

β1(t)Lf1 + · · · + βn(t)Lfn = L (β1(t)f1 + · · · + βn(t)fn) ≥ L (Mβ ◦ (f1, · · · , fn))

for all t ∈ T . Therefore

mα(Lf1, · · · , Lfn) ≤ L(mα ◦ (f1, · · · , fn))

and Mβ(Lf1, · · · , Lfn) ≥ L(Mβ ◦ (f1, · · · , fn)),

so that mα is subaveraging on D and Mβ is superaveraging on D.

3. Hölder type functions

Let S and S0 be as in Definition 1. Let D = R+ × · · · × R+ and p1, · · · , pn ∈ R with
p1 + · · · + pn = 1. Set

Höl(a1, · · · , an) ≡ Hölp1,··· ,pn(a1, · · · , an) =
n∏

i=1

ai
pi

for each (a1, · · · , an) ∈ D. In this case, we have the following

Proposition 2. Suppose that Höl ◦ (f1, · · · , fn) ∈ S for all f1, · · · , fn ∈ S0. Then
(i) If all pi are positive, then Hölp1,··· ,pn is a superaveraging function on D with respect

to (S, S0).
(ii) If the only one of {p1, · · · , pn} is positive, then Hölp1,··· ,pn is a subaveraging function

on D with respect to (S, S0).
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Proof. Let T = R+ × · · · × R+.
(i) Suppose that all pi are positive and let (a1, · · · , an) ∈ D. For each t = (t1, · · · , tn) ∈ T ,

we have
n∑

i=1

pitiai ≥
n∏

i=1

(tiai)
pi =

n∏
j=1

tj
pj

n∏
i=1

ai
pi

and hence
n∑

i=1

⎛
⎝piti

n∏
j=1

tj
−pj

⎞
⎠ ai ≥

n∏
i=1

ai
pi = Höl(a1, · · · , an).

Set

β1(t) = p1t1

n∏
j=1

tj
−pj , · · · , βn(t) = pntn

n∏
j=1

tj
−pj

and

h∗(t, a1, · · · , an) = β1(t)a1 + · · · + βn(t)an

for each t = (t1, · · · , tn) ∈ T . Then we have

inf
t∈T

h∗(t, a1, · · · , an) ≥ Höl(a1, · · · , an).

Also since h∗(t∗, a1, · · · , an) = Höl(a1, · · · , an) for t∗ = (a1
−1, · · · , an

−1) ∈ T , it follows
that inft∈T h∗(t, a1, · · · , an) = Höl(a1, · · · , an). Therefore the desired result follows from
Proposition 1.

(ii) Suppose that the only one of {p1, · · · , pn} is positive and let (a1, · · · , an) ∈ D. For
each t = (t1, · · · , tn) ∈ T , we have

n∑
i=1

pitiai ≤
n∏

i=1

(tiai)
pi =

n∏
j=1

tj
pj

n∏
i=1

ai
pi .(5)

In fact we can assume that p1 > 0, p2, · · · , pn < 0 without loss of generality. Set q1 =
p1, qi = −pi (i = 2, · · · , n). Then qi > 0 (i = 1, · · · , n) and q1 = 1 + q2 + · · · + qn. Also set
xi = tiai (i = 1, · · · , n). Then we have from the usual arithmetic-geometric mean inequality
that

x1
q1 + q2x2

∏n
i=2 xi

qi + · · · + qnxn

∏n
i=2 xi

qi

q1

≥ (x1
q1)1/q1

(
x2

n∏
i=2

xi
qi

)q2/q1

· · ·
(

xn

n∏
i=2

xi
qi

)qn/q1

= x1 (x2)
(1+q2)q2

q1
+

q2q3
q1

+···+ q2qn
q1 · · · (xn)

qnq2
q1

+···+ qnqn−1
q1

+ (1+qn)qn
q1

= x1

n∏
i=2

xi
qi

and hence x1
q1
∏n

i=2 xi
−qi+

∑n
i=2 qixi ≥ q1x1. But this can be transposed into

∑n
i=1 pitiai ≤∏n

i=1 (tiai)
pi as required. By (5) we have

n∑
i=1

⎛
⎝piti

n∏
j=1

tj
−pj

⎞
⎠ ai ≤

n∏
i=1

ai
pi = Höl(a1, · · · , an).
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Set

α1(t) = p1t1

n∏
j=1

tj
−pj , · · · , αn(t) = pntn

n∏
j=1

tj
−pj

and

h∗(t, a1, · · · , an) = α1(t)a1 + · · · + αn(t)an

for each t = (t1, · · · , tn) ∈ T . Then we have

sup
t∈T

h∗(t, a1, · · · , an) ≤ Höl(a1, · · · , an).

Also since h∗(t∗, a1, · · · , an) = Höl(a1, · · · , an) for t∗ = (a1
−1, · · · , an

−1) ∈ T , it follows
that supt∈T h∗(t, a1, · · · , an) = Höl(a1, · · · , an). Therefore the desired result also follows
from Proposition 1.

4. Minkowski type functions

Let D = R+ × · · · × R+ ⊂ Rn, ρ : R+ → R+ and f : R+ → R a concave (convex)
function. We define

fρ(a1, · · · , an) = f

(
n∑

i=1

ρ(ai)

)

for each (a1, · · · , an) ∈ D. Also suppose that

−∞ < inf
s>0

τ

s
f

(
ρ(s)
τ

) (
resp. sup

s>0

τ

s
f

(
ρ(s)
τ

)
< ∞

)
for each 0 < τ < 1. In this case, we define

µ−
f (τ) = inf

s>0

τ

s
f

(
ρ(s)
τ

) (
resp. µ+

f (τ) = sup
s>0

τ

s
f

(
ρ(s)
τ

))
for each 0 < τ < 1. Moreover set

T = {t = (t1, · · · , tn) : t1 + · · · + tn = 1, t1, · · · , tn > 0}
and

α1(t) = µ−
f (t1), · · · , αn(t) = µ−

f (tn)
(
resp. β1(t) = µ+

f (t1), · · · , βn(t) = µ+
f (tn)

)
(6)

for each t = (t1, · · · , tn) ∈ T . Then we have the following

Lemma 3. (i) If f is concave, then supt∈T (α1(t)a1 + · · · + αn(t)an) ≤ fρ(a1, · · · , an) for
each (a1, · · · , an) ∈ D.

(ii) If f is convex, then inft∈T (β1(t)a1 + · · · + βn(t)an) ≥ fρ(a1, · · · , an) for each
(a1, · · · , an) ∈ D.

Proof. (i) Suppose that f is concave and let (a1, · · · , an) ∈ D. For each t = (t1, · · · , tn) ∈ T ,
we have

n∑
i=1

tif(bi) ≤ f

(
n∑

i=1

tibi

)

for each (b1, · · · , bn) ∈ D and hence by putting b1 = ρ(a1)/t1, · · · , bn = ρ(an)/tn in the
above inequality,

n∑
i=1

tif

(
ρ(ai)

ti

)
≤ f

(
n∑

i=1

ρ(ai)

)
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holds. Note that
n∑

i=1

µ−
f (ti)ai ≤

n∑
i=1

tif

(
ρ(ai)

ti

)

for each t = (t1, · · · , tn) ∈ T . Then we have

α1(t)a1 + · · · + αn(t)an =
n∑

i=1

µ−
f (ti)ai

≤ f

(
n∑

i=1

ρ(ai)

)
= fρ(a1, · · · , an)

for each t = (t1, · · · , tn) ∈ T , so that we have the desired result.
(ii) Similarly, we can treat the case where f is convex.

The above lemma suggests to us the following

Definition 2. We say that fρ is of Minkowski type when

fρ(a1, · · · , an) =

⎧⎪⎨
⎪⎩

sup
t∈T

(α1(t)a1 + · · · + αn(t)an) if f is concave

inf
t∈T

(β1(t)a1 + · · · + βn(t)an) if f is convex

for each (a1, · · · , an) ∈ D, where αk and βk are as in (6).

We will give an example of Minkowski type function. Let 0 < p < 1 (p > 1 or p < 0)
and f(t) = tp, ρ(t) = t1/p (t > 0). Then f is a concave (resp. convex) function on R+. Put
Minkp = fρ and then

Minkp(a1, · · · , an) =

(
n∑

i=1

ai
1/p

)p

for each (a1, · · · , an) ∈ D. Note that

τ

s
f

(
ρ(s)
τ

)
=

τ

s

s

τp
= τ1−p

for all s > 0 and 0 < τ < 1. Then

µ−
f (τ) = inf

s>0

τ

s
f

(
ρ(s)
τ

)
= τ1−p

(
resp. µ+

f (τ) = sup
s>0

τ

s
f

(
ρ(s)
τ

)
= τ1−p

)
for all 0 < τ < 1. Therefore the functions αi (resp. βi) defined in (6) are such that

αi(t) = ti
1−p (i = 1, · · · , n) (resp. βi(t) = ti

1−p (i = 1, · · · , n))

for all t = (t1, · · · , tn) ∈ T . Fix (a1, · · · , an) ∈ D arbitrarily and set

ti
∗ =

ai
1/p

a1
1/p + · · · + an

1/p

for each (i = 1, · · · , n). Put t∗ = (t1∗, · · · , tn
∗) and then t∗ ∈ T . In this case, we can see

that

Minkp(a1, · · · , an) =

{
α1(t∗)a1 + · · · + αn(t∗)an if 0 < p < 1
β1(t∗)a1 + · · · + βn(t∗)an if p > 1 or p < 0

from an easy computation. Then by Lemma 3, we have that Minkp is a Minkowski type
function on D. Therefore we have the following

Lemma 4. Let p �= 0. Then Minkp is a Minkowski type function on D.
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Let S and S0 be as in Definition 1. Then we have the following

Proposition 5. Suppose that fρ ◦ (f1, · · · , fn) ∈ S for all f1, · · · , fn ∈ S0. Then
(i) If f is concave and fρ is of Minkowski type, then fρ is a subaveraging function on D

with respect to (S, S0).
(ii) If f is convex and fρ is of Minkowski type, then fρ is a superaveraging function on D

with respect to (S, S0).

Proof. This follows directly from Proposition 1.

5. Hölder-Rogers inequality and Minkowski inequality

Let D = R+ × · · · × R+ ⊂ Rn, S = {f : X → R : f ∈ L1(X, µ)} and S0 = {f ∈
S : f(x) > 0 (∀x ∈ X)}. Then we have (f1(x), · · · , fn(x)) ∈ D for all f1, · · · , fn ∈ S0 and
x ∈ X . Now let p �= 0 and p1, . . . , pn > 0 with p1 + · · ·+pn = 1. Then Höl◦(f1, · · · , fn) ∈ S
and Minkp ◦ (f1, · · · , fn) ∈ S for each f1, · · · , fn ∈ S0. In fact, let f1, · · · , fn ∈ S0. Then
we have

Höl ◦ (f1, · · · , fn) = f1
p1 · · · fn

pn ≤ p1f1 + · · · + pnfn ∈ S

and

Minkp ◦ (f1, · · · , fn) =

(
n∑

i=1

fi
1/p

)p

≤ np max{f1, · · · , fn} ∈ S.

Therefore we have Höl ◦ (f1, · · · , fn), Minkp ◦ (f1, · · · , fn) ∈ S. Set L(f) =
∫

f dµ for each
f ∈ S. Then L is a positive linear functional from S into R such that (Lf1, · · · , Lfn) ∈ D
for all f1, · · · , fn ∈ S0. Also we have

Höl(Lf1, · · · , Lfn) =
(∫

f1 dµ

)p1

· · ·
(∫

fn dµ

)pn

and

L (Höl(f1, · · · , fn)) =
∫

f1
p1 · · · fn

pn dµ

for all f1, · · · , fn ∈ S0. Then by Proposition 2, (i), we have the Hölder-Rogers inequality:∫
|f1|p1 · · · |fn|pn dµ ≤

(∫
|f1| dµ

)p1

· · ·
(∫

|fn| dµ

)pn

(f1, · · · , fn ∈ L1(X, µ), p1, · · · , pn > 0 : p1 + · · · + pn = 1).

Moreover, we have

Minkp(Lf1, · · · , Lfn) =

((∫
f1 dµ

)1/p

+ · · · +
(∫

fn dµ

)1/p
)p

and

L (Minkp(f1, · · · , fn)) =
∫ (

f1
1/p + · · · + fn

1/p
)p

dµ

for all f1, · · · , fn ∈ S0. Then by Lemma 4 and Proposition 5 we have the Minkowski
inequalities:∫ (

|f1|1/p + · · · + |fn|1/p
)p

dµ ≤
((∫

|f1| dµ

)1/p

+ · · · +
(∫

|fn| dµ

)1/p
)p

(f1, · · · , fn ∈ L1(X, µ), p ≥ 1 or p < 0)
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and ∫ (
|f1|1/p + · · · + |fn|1/p

)p

dµ ≥
((∫

|f1| dµ

)1/p

+ · · · +
(∫

|fn| dµ

)1/p
)p

(f1, · · · , fn ∈ L1(X, µ), 0 < p < 1).

In case that p1, · · · , pn are in R with p1 + · · · + pn = 1 such that the only one of
{p1, · · · , pn} is positive,

f1, · · · , fn ∈ S0 ⇒ Höl ◦ (f1, · · · , fn) ∈ S

doesn’t hold in general. Then we consider a discrete version of the Hölder-Rogers inequality.
Let n, m ∈ N, D = R+×· · ·×R+ ⊂ Rn, S = Rm and S0 = R+×· · ·×R+ ⊂ Rm. Of course,
we regard S as a real linear space consisting of all real functions on the set {1, 2, · · · , n}.
Note that (D, S0) satisfies the condition (0). Also it is clear that Höl ◦ (f1, · · · , fn) ∈ S for
all f1, · · · , fn ∈ S0.

Now set

L(x1, · · · , xn) =
m∑

j=1

xj

for each (x1, · · · , xm) ∈ S. Then L is a positive linear functional from S into R such that
(Lf1, · · · , Lfn) ∈ D for all f1, · · · , fn ∈ S0. Moreover we have

Höl(Lf1, · · · , Lfn) =
n∏

i=1

⎛
⎝ m∑

j=1

fij

⎞
⎠

pi

and L (Höl(f1, · · · , fn)) =
m∑

j=1

n∏
i=1

fij
pi

for all f1 = (f11, · · · , f1m), · · · , fn = (fn1, · · · , fnm) ∈ S0. Then by Proposition 2, (ii), we
have the Hölder-Rogers inequality:

m∑
j=1

n∏
i=1

fij
pi ≥

n∏
i=1

⎛
⎝ m∑

j=1

fij

⎞
⎠

pi

when the only one of {p1, · · · , pn} is positive and p1 + · · · + pn = 1.

Remark 2. The so-called Hölder’s inequality :

n∑
k=1

akbk ≤
(

n∑
k=1

ak
p

)1/p( n∑
k=1

bk
q

)1/q

(
p > 1,

1
p

+
1
q

= 1, ak > 0, bk > 0, k = 1, · · · , n

)

was discovered by L. J. Rogers in 1888. However, O. Hölder discovered independently this
inequality (cf. [1, 4]). Therefore, following L. Maligranda, we will call it the Hölder-Rogers
inequality (cf. [3]).
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