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AVERAGING FUNCTIONS AND INEQUALITIES DUE TO
HOLDER-ROGERS AND MINKOWSKI
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ABSTRACT. We introduce two notations of functions, which we call “subaveraging func-
tion” and “superaveraging function”. Both the well-known Holder-Rogers inequality
and the Minkowski inequality can be seen simultaneously through these functions. Our
study was inspired by the work of L. Maligranda [2].

1. SUBAVERAGING FUNCTION AND SUPERAVERAGING FUNCTION

Let X be a set and S a real linear space consisting of real functions on X. Let D be a
domain in R™ and Sy a subset of S such that

(0) (fi(z),--, fu(x)) € D for all fy, -+, fn, € Sp and z € X.

We consider two functions m, M : D — R such that

(1) mo(f17"' afn)aMo(fla"' ,fn)ESforallfl,--- 7fn€SO-
(2) m(Lf17 ;Lfn> < L(mo (fh"' 7fn))7 M(Lfla 7Lfn) > L(MO (f17"' 7fn)) for
all f1,---, fn € So and all positive linear functionals L from S into R such that

(Lfla"' 7Lfn) € D for all flv"' 7fn € SO~
Here we say that L is positive if Lf > 0 for all positive functions f € S.

Definition 1. We say that the above functions m and M are subaveraging on D and
superaveraging on D with respect to the couple (S, Sy), respectively.

Remark 1. Let ag,--- ,a, € R. Then the following function on D is subaveraging and
superaveraging :

flar, -+ ,an) =ara1 + -+ anan  ((a1,---,an) € D)

This is a trivial case but it gives us an important suggestion for a construction of subav-
eraging functions and superaveraging functions. We next give non-trivial examples of such
functions, which give us useful suggestions.

Let D=R" xR, S =R? Sy =R x R", where R* = {z € R : 2 > 0}. Of course,
we regard S as a real linear space consisting of all real functions on the set {1,2}. Note
that the couple (D, Sy) satisfies the condition (0). In this case, we have

2
(i) Both M;(a,b) = (\/E + \/5) and Ms(a,b) = v/ab are superaveraging functions on D
with respect to (S, .Sp).
(ii) Both m1(a,b) = Va2 + b2 and mz(a,b) = a?/b are subaveraging functions on D with
respect to (S, S0).
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In fact, let L be a positive linear functional on S such that (Lf;,Lfs) € D for all
f1, f2 € So. Then we can write L(z,y) = ax + By for all (z,y) € S and some «, 5 > 0 with
a® + 32 #0. Let a,b,c,d > 0, and set fi = (a,b) and fa = (¢, d), hence f1, fo € So.

(i) Note that

My(Lf1, Lfs) = My(aa + Bb, ac + 4d) = (\/aa+ﬂb+ \/ac+6d)2
and
L(Myo(fi,f2)) = L(Mi(a,c), Mi(b,d)) = aMi(a,c) + BM (b, d)
- a(\/5+\/5)2+ﬁ(\/5+\/8>2.

Moreover,

(¢aa+6b+¢ac+ﬂd)2 > a(\/a+\/6)2+6(x/5+x/3)2 (Yo, 3 > 0)
<= ad+bc > 2Vabed

and hence M7(Lf1,Lfs) > L(Mj o (f1, f2)) holds, that is, M; is superaveraging on D.
Note that

Msy(Lf1, Lfs) = My(aa + b, ac + d) = /(aa + Bb)(ac + Bd)
and
L(Mzo (f1,f2)) = L(Ms(a,c), Ma(b,d))
= aMs(a,c) + fMz(b,d) = ay/ac + BVbd.
Moreover,
V(aa+ pb)(ac+ Bd) > a/ac+ fVbd (Yo, f > 0) <= ad + be > 2V abed

and hence Ms(Lf1,Lfa) > L(Ms o (f1, f2)) holds, that is, M is superaveraging on D.
(ii) Note that

mi(Lf1, Lfs) = mi(aa+ Bb,ac+ fd) = \/(aa + b)? + (ac + Bd)?

and
L(ml o (f17f2)) = L(ml(aac)aml(bad)) = aml(a?c) + Bml(b7 d)
= ava®+ 2+ BV + &2

Moreover,
Viaa+8b)2 + (ac+Bd)2 < ava+E+ V2 +d> (Yo, >0)
= 2abed < (ad)? + (be)?

and hence m1(Lf1, Lfa) < L(mq o (f1, f2)) holds, that is, m; is subaveraging on D.
Note that

2
ma(Lf1, Lf2) = ma(aa + Bb, ac+ d) = %
and
L(ma o (f1,f2)) = L(ma(a,c),ma(b,d)) = ama(a,c) + Bma(b,d)

a® b2
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Moreover,

2 2 2
% = a%+/3% (Yo, 8> 0:a” + 5 #0)

<= 2abed < (ad)? + (be)?

and hence ma(L f1, Lfa) < L(mg o (f1, f2)) holds, that is, mso is subaveraging on D.

The above examples are all homogeneous, but we can give non-homogeneous examples.
Let D = {(z,y) € R? : 22 +32 <1}, S = R?> and Sy = {(x,y) € R? : |z|,|y| < 1/v2}.
Note that (D, Sy) satisfies the condition (0). In this case, we have

(iii) Let A, B,C € R and put ¢(z,y) = Az + By + C for each (z,y) € D. Then ¢ is
subaveraging (superaveraging) function on D with respect to (.5,Sp) if and only if C' < 0
(resp. C > 0).

Also let A, B > 0. Then we have

(iv) Az? + By? + C is subaveraging with respect to (S, Sy) <= C <0.

(iv’) C — Ax? — By? is superaveraging with respect to (S,Sy) <= C > 0.

In fact, note that an arbitrary real function ¢ on D satisfies that ¢ o (f1, f2) € S for all
f1, f2 € Sp. Now let L be an arbitrary positive linear functional from S into R such that
(Lf1,Lf2) € D for all f1, fo € Syp. Then we can write L(z,y) = azx + Py for all (x,y) € S
and some a, € R. In this case, a, 3 > 0 by the positivity of L. Now let f; = (a,b),
fo= (C, d) € Sp. Then

Lfi,Lf1) €D (Vfi, f2 € So)
aa + fb,ac+ Bd) € D (V(a,b), (c,d) € Sp)
aa—i—ﬁb) + (ac+ Bd)? <1 (Ya,b,c,d € R : al,|b], |c|, |d| < 1/v/2)
a® 4+ ca? + (b +d*)% + 2(ab+ cd)aB < 1
(Va,b,c,d € R : |al,|b], |c],|d] < 1/v/2)
— 2+ +23<1
— a+p<1

(
(
(
(a®

111

Hence the set of all positive linear functionals from S into R such that (Lf1, Lfs) € D for
all f1, fa € So must be {(a, 3) € R?: a, 3> 0,a+ 3 < 1}. Therefore we can conclude that
a real function ¢ on D is subaveraging (superaveraging) with respect to (5, Sp) if and only
if

p(aa+ b, ac+ fd) < ap(a, ) + Be(b, d)

(resp. p(aa+ b, ac+ fd) = ayp(a, c) + Bp(b, d))
for all a,b,¢,d,a, 3 € R such that |al,[b],|c|,|d| < 1/v2, a,3 > 0 and a + 3 < 1. This
implies immediately (iii). Also this implies that Az?+ By?+ C is subaveraging with respect
to (S,Sp) if and only if
(3) 2aB(Aab+ Bed)+C

< Ala—a?)a® + Bla—a?)c + A(B — b + B(B — £%)d* + (a + B)C

for all a,b,¢,d, o, 3 € R such that |al, |b],|c|,|d] < 1/v/2, a,3 > 0 and o + 3 < 1. Set
Z= (\/_a \/_c) and i = (v/Ab,v/Bd). Then (3) can be transposed into
(4) 208 <#,§> +C < (a—a)|Z|* + (8= B)IF]* + (a + B)C

But we can see easily that 2a3 < Z,7 > < (a—a?)||Z||?> + (68— 3?)||7]|? for all 0 < o, 8 < 1.
Therefore we have that C' < 0 if and only if (4) is true for all a,b,¢,d, a, 8 € R such that
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lal, 18], ]c|,1d| < 1/v/2, a, > 0 and a + 3 < 1, and then (iv) holds. Similarly we can see
that (iv’) holds.

2. A CONSTRUCTION OF SUBAVERAGING FUNCTIONS AND SUPERAVERAGING FUNCTIONS

We construct more general subaveraging functions and superaveraging functions. Let D,

S and Sy be as in Definition 1. Let T be a set and ay, -+, ap, (1, -+, Oy real functions on
T such that

sup{ai(t)as + -+ an(t)ap,} <oco and —oo< tig%{ﬁl(t)m + -+ Bn(t)an}

teT
for each (a1, - ,an) € D. In this case, we define

melar, -+ ,an) =sup (a1(t)ar + - + an(t)an)
teT

and

My(as,+an) = uf (B1(0)ar + -+ Bult)an)

for each (a1, -+ ,an) € D. Then we have the following
Proposition 1. Suppose that mqy o (f1,---,fn) € S and Mg o (f1,---, fn) € S for each
fi,o+ fn € So. Then mq is a subaveraging function on D and Mg is a superaveraging

function on D with respect to (S, So).

Proof. Let fi,---,fn € So and L a positive linear functional from S into R such that
(Lf1,--+,Lfn) € D forall fi,---, fn € Sp. Note that

al(t)fl + - +04n(t)fn <mgo (fh ce 7fn)
and ﬂl(t)fl + - +5n(t)fn Z Mﬁ o (fl; e 7fn)
for all t € T. Then
a1(t)Lfi 4+ +an@)Lfn=Lar() fi+ +an(t)fa) < L(mao(fi, -, fa))
and
Br(t)Lfi+ -+ Bn(t)Lfn =L (Bi(t)fr + -+ Bn(t) fu) = L (Mgo (fi,---, fn))
for all ¢ € T'. Therefore
ma(Lfla' ©e 7Lfn) < L(ma © (flv"' afn))
and  Mg(Lf1,---, Lfn) = L(Mgo (f1, - fn)),

so that m, is subaveraging on D and Mp is superaveraging on D. O

3. HOLDER TYPE FUNCTIONS

Let S and Sy be as in Definition 1. Let D = Rt x --- x Rt and p1,--- ,p, € R with
p1+ -+ p, =1. Set

n
Hél(a’la e aan) = Hélph'" "Pn (0,1, T ,Cln) = Ha’ipi
=1

for each (a1, -+ ,an) € D. In this case, we have the following

Proposition 2. Suppose that HOl o (f1,- -, fn) €S for all f1,---, fn € So. Then
(1) If all p; are positive, then Holy, ... p,. is a superaveraging function on D with respect
to (S, S0).
(i) If the only one of {p1,--- ,pn} is positive, then Holy, ... . is a subaveraging function
on D with respect to (S, So).
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Proof. Let T =Rt x --- x RT.

(i) Suppose that all p; are positive and let (ay,--- ,a,) € D. Foreacht = (t1,--- ,t,) € T,
we have
n n n n
Zpitiai > H (tia;)"" = H t;Ps Haim
=1 i=1 j=1 i=1
and hence

n n n
Z piti H t;7P | a; > H = Hol(ay, - ,an).
j=1 b

i=1
Set
n
t) = pltl H tjip ’ aﬁn pnt H t; P
j=1
and
h*(tvala t 7an) = ﬂl(t)al + -+ ﬂn(t)an
for each t = (t1,--- ,tn) € T. Then we have
tig;h*(t,al, <oy an) > Hol(a, -+ an).

Also since h*(t.,a1, - ,a,) = Hol(ay, -+ ,ap) for t,. = (a1 =1, ,a,” ') € T, it follows
that infier h*(¢t, a1, -+ ,a,) = Hol(a1, -+ ,a,). Therefore the desired result follows from
Proposition 1.

(ii) Suppose that the only one of {p1,---,pn} is positive and let (a1, ,a,) € D. For
each t = (t1,--- ,t,) € T, we have

n n
(5) szt a; < H t az H H a?
j=1 i=1

In fact we can assume that p; > 0, pa,---,p, < 0 without loss of generality. Set ¢; =
p1,qi=—pi (i=2,---,n). Theng; >0 (i=1,---,n)and ¢t =14+ g2+ -+ + gn. Also set
x; = tia; (1 =1,--+ ,n). Then we have from the usual arithmetic-geometric mean inequality
that

£L'1q1 + @22 Hi=2 xiq + -t gnTn Hi=2 xiq
q1

n q2/q1 n an/q1
(xl‘h)l/ql <x2HxiQi> <anxilZi>

(A+aq2)a2 112q3 (12(177 (177112 dndn—1 |, (14+qn)an
= (.’Eg) a + R (wn) L e a

n
=2

and hence 217 [, 2, "% +>""" , giz; > q1z1. But this can be transposed into > | pit;a; <
[T7, (t;a;)"" as required. By (5) we have

vV

n

n
Z Pitthfpj a; <

i=1 j=1 i

a;?" = Hol(ay, - ,an).

—

1



336 SIN-EI TAKAHASI, TAKESHI MIURA AND KUNIO SATO
Set
n n
al(t) = pltl H tjipja ) an(t) = pntn H tjipj
Jj=1 Jj=1

and
h*(tvala e 7an) = al(t)al +--+ an(t)an
for each t = (t1, -+ ,tn) € T. Then we have

sup hy(t, a1, ,a,) < Hol(aq, -, an).

teT
Also since hy(ts,a1, -+ ,a,) = Hol(ay, -+ ,ap) for t. = (a1 1, ,a,~ ) € T, it follows
that sup,cp he(t, a1, -+ ,an) = Hol(a1, - ,ay). Therefore the desired result also follows
from Proposition 1. O

4. MINKOWSKI TYPE FUNCTIONS

Let D=R"x--- xRt CR" p: R" - R" and f : RT — R a concave (convex)
function. We define

n
fp(alv v aan) = f (Z P(%))
i=1
for each (a1, - - ,a,) € D. Also suppose that

—o0 < inf Zf <@> (resp. sup Zf (ﬁ) < oo)
s>0 S T s>0 S T

for each 0 < 7 < 1. In this case, we define

py(r) = inf gf (@) (resp. pi(r) = sup Ef (pTS))>

for each 0 < 7 < 1. Moreover set

T={t=(t1, - tn)iti4-Ftp =1, t1, -+, t, >0}

and

(6) as(t) =1z (1), an(t) =y (t)  (vesp. Bi(t) = pf (11), -+, Bult) = i} (1))
for each t = (t1,-+- ,t,) € T. Then we have the following

Lemma 3. (i) If f is concave, then sup,cr (1 (t)ar + - - + an(t)an) < folar, - ,a,) for
each (ay, - ,an) € D.

(i) If f is convex, then infiep (B1(t)ar +---+ Bn(t)an) > folar, -+ ,an) for each
(a1, ,an) € D.

Proof. (i) Suppose that f is concave and let (a1, - ,a,) € D. Foreacht = (t1,--- ,t,) € T,
we have

Z tif(bi) < f (Z tibi>

for each (b1, - ,b,) € D and hence by putting by = p(a1)/t1, -+ ,bp = p(an)/t, in the
above inequality,

if;tif <@) <f (2} p(%))
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)

holds. Note that

zn:#; (ti)a; < zn:tif (P(:i)
=1 i=1 i

for each t = (t1, -+ ,tn) € T. Then we have

n
ar(t)ay + -+ ap(t)a, = Z py (ti)a;
i=1
< f (Z p(w)) = folar, -+ ,an)
i=1
for each t = (t1,--- ,t,) € T, so that we have the desired result.
(i) Similarly, we can treat the case where f is convex. O

The above lemma suggests to us the following

Definition 2. We say that f, is of Minkowski type when

sup (a1 (t)as + -+ + an(t)ay,) if f is concave

folar, -+ an) ="
tlgg (Gi(t)ar + -+ + Bn(t)a,) if f is convex
for each (a1, -+ ,an) € D, where oy, and (3, are as in (6).

We will give an example of Minkowski type function. Let 0 < p <1 (p > 1 or p < 0)
and f(t) = tP, p(t) = t*/P (t > 0). Then f is a concave (resp. convex) function on R*. Put
Mink, = f, and then

n p
Minkp(a’la U aan) = <Z a/il/p>
i=1

for each (ai,---,an) € D. Note that
Ty (p(S)) TS i
s T s TP

foralls >0and 0 <7 < 1. Then

py (1) = inf Ty <@> =7l7P <resp. pif (1) = sup Ty <@> = Tlp)

s>0 s T s>0 S T
for all 0 < 7 < 1. Therefore the functions «; (resp. [3;) defined in (6) are such that
ai(t) =t P (i=1,---,n) (resp. Bi(t) =t;""P (i=1,---,n))

forall t = (t1,--- ,tn) € T. Fix (a1, -+ ,a,) € D arbitrarily and set

t'* _ a/il/p

L all/P+...+an1/p
for each (i = 1,---,n). Put t* = (t1%,--- ,t,*) and then t* € T. In this case, we can see
that

Mink,(a an) = ar(t)ar + -+ an(t)a, f0<p<1
p\a1, yAn ) = 61(t*)a1+...+5n(t*)an ifp>]_ or p<0

from an easy computation. Then by Lemma 3, we have that Mink, is a Minkowski type
function on D. Therefore we have the following

Lemma 4. Let p # 0. Then Mink, is a Minkowski type function on D.
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Let S and Sy be as in Definition 1. Then we have the following
Proposition 5. Suppose that f,o (fi, -, fn) €S forall f1,---, fn € So. Then

(1) If f is concave and f, is of Minkowski type, then f, is a subaveraging function on D
with respect to (S, So).

(ii) If f is convex and f, is of Minkowski type, then f, is a superaveraging function on D
with respect to (S, So).

Proof. This follows directly from Proposition 1. O

5. HOLDER-ROGERS INEQUALITY AND MINKOWSKI INEQUALITY

Let D =R x---xRFTCR" S={f: X >R:feLl'(X,p)}and Sy = {f €
S: f(z) > 0(Vz € X)}. Then we have (f1(z), -, fo(x)) € D for all f1,---, fn € Sp and
xz € X. Nowlet p#A0and p1,...,pn >0withpy+---+p, =1. Then Hélo(f1,---,fn) €S
and Mink, o (f1,---, fn) € S for each f1,---, fn € So. In fact, let fi,---, fn € So. Then
we have

Holo (fi, -+, fo) =[P " <pifi+- +pufn €S
and

Minkpo(flv"' 7fn - <Zf1/p> <npmax{f1,~-~ afn} €.
Therefore we have Holo (f1,- -+, f,), Mink, o (f1,--+, fn) € S. Set L(f) = [ fdu for each

f € S. Then L is a positive linear functional from S into R such that (Lf1,---,Lf,) € D
for all f1, -+, fn € Sp. Also we have

HOl(Lf1,--- , Lfn) = </f1du>pl... (/fndu)pn

LSS, f) = [ A7 g
for all f1,---, fn € So. Then by Proposition 2, (i), we have the Holder-Rogers inequality:

it ([iata)" o ( fina)”

(fla"'7fn€L1(Xa,u')7p17"'7pn>0:p1+"'+pn:]-)~

and

Moreover, we have

Mink, (Lfy, -, Lfa) = <(/f1d,u> +o </fnd,u>1/p>p

L (Mink,(f1,---, fu)) = / (fll/p+...+fn1/p)p du

for all f1,---,fn € Sg. Then by Lemma 4 and Proposition 5 we have the Minkowski
inequalities:

J Qi) i < <</|flldu>1/p+.--+</|fn|du>1/p>

(flv"' 7fn GLI(Xa,LL)va]- or P<0)

and

p
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IO e <</|f1|du>1/p+-~+</|fn|du>1/p>

(1o fu€ LN (Xop), 0 < p < 1).

In case that pi,---,p, are in R with p; + -+ + p, = 1 such that the only one of
{p1,*+ ,pn} is positive,

and

p

i,y fn € So=Holo (f1, -, fn) €S

doesn’t hold in general. Then we consider a discrete version of the Holder-Rogers inequality.
Letn,m e N,D=R"x---xRT CR", S =R™and Sg = R" x---xRT c R™. Of course,
we regard S as a real linear space consisting of all real functions on the set {1,2,--- ,n}.
Note that (D, Sy) satisfies the condition (0). Also it is clear that H6lo (f1,---, fn) € S for
all f1,--+, fn € So.

Now set
m
T
j=1
for each (z1,--- ,2,,) € S. Then L is a positive linear functional from S into R such that
(Lfy, - ,Lfp) € D forall f1,---, f, € So. Moreover we have
pi
m n
HOW(Lf1, -, Lfy) = H wa and L (Hl(f1, -, f)) = ZHf ;
i=1 \j=1 j=1i=1

for all f1 = (fi1,- - fim),- s fn = (fu1, -+, fum) € So. Then by Proposition 2, (ii), we
have the Holder-Rogers inequality:

Pi
n

2 17 =11 wa
j=1i=1 i=1 \j=1

when the only one of {p1,--- ,p,} is positive and p; +--- + p, = L.

Remark 2. The so-called Holder’s inequality :

n n 1/p n 1/q
Zakbk < <Z ak”) <Z bkq>
k=1 k=1 =1

1 1
p>1, —+—-=1,a,>0,bp>0,k=1,---,n
P q

was discovered by L. J. Rogers in 1888. However, O. Holder discovered independently this
inequality (cf. [1, 4]). Therefore, following L. Maligranda, we will call it the Hélder-Rogers
inequality (cf. [3]).
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