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ABSTRACT. For A, B > 0, the chaotic order A > B is defined by log A > log B.
It is known A > B if and only if A™" ﬁﬁ BP < I forallr>0andp>0 We
show this by Uchiyama’s technique without using Furuta inequality. Furthermore we
give an interpretation for the genelarized Furuta inequality, that is, if A, B > 0 and
A> (AiéBpAfé)ﬁ for p > ¢ >0, then

AT s (ATheo BY) < A"h s B
B—t+r p—t p—t

holds for r > 0and 0 < § < B—t. If t = 0 and B = p, then this shows the chaotic case
of Furuta inequality and the case t = 1 corresponds to the Ando-Hiai inequality.

1. Introduction. Throughout this note, A and B are positive operators on a Hilbert

space. For convenience, we denote A > 0 (resp. A > 0) if A is a positive (resp. invertible)
operator.

The Furuta inequality is given as follows:

Furuta inequality: IfA> B >0, D (1+r)g=p+r
then for each r > 0, p=gq

ptr i 1 \
(F) ABE > (ABBPAS)G \\\\\

X
and \\
N

r r ptr S
(F) (BEAPB%): > B™% I L
holds for p and q such that p > 0
and q > 1 with

q
0 1
(147r)g=>p+r.
-r Figure 1
This yields the Lowner-Heinz inequality;

(LH) A>B>0 implies A* > B* for any « € [0, 1].

We had reformed (F) in terms of the a-power mean (or generalized geometric operator
mean) of A and B which is introduced by Kubo-Ando [18] as follows:

Aty B=A?(A"2BA 2)A* for 0<a <1
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Incidentally we use also the notation f to distinguish from the operator mean ;
A, B=A3(A"3BA 3)'A> for r¢ [0, 1].
By using the a-power mean, Furuta inequality [7] (cf.[8]) is given as follows [13] (cf.[2]):

(F) A>B >0 implies A7" 14 BP <A for p>1 and r >0.

p+r

Based on this reformulation, we had proposed a satellite form of (F) [13] (cf.[14]);

(SF) A>B>0 implies A" 1. BP<B<A for p>1 and r > 0.

p+r

Moreover, to investigate our satellite form, we had introduced the chaotic order A > B
for A, B > 0 by log A > log B [4]. Tt is well-known A > B implies log A > log B but the
coverse is false in general.

Under the assumption A > B, we have obtained a similar result to (F) or (SF) [16],
[17], that is,

(CF) A> B implies A™" ﬁ% B?P<B for p>1 and r > 0.

A characterization of the chaotic order is given in [3], [16], [17] as follows:

(C) A> B if and only if A™"# - BP <] for all p, r>0.

=
Especially, Uchiyama [19] has shown a skillful proof in which he used (F).

The purpose of this note is to clarify some advantage of the viewpoint from the chaotic
order. As an example, we investigate that the point of the Furuta inequality is the inequality
(C) under the assumption A > B > 0. That is,

(Co) A > B >0implies A™" l:lpT BP <1 for all p, r>0.

As a consequence, we give a proof of (C) depending on Uchiyama’s idea without using (F),
and moreover we have the Furuta inequality itself. In addition, we note that (Cy) follows
from the Ando-Hiai inequality.

Another is a proposal of a multi-variant of the Ando-Hiai inequality. Precisely, if A, B >
0and forp>t>0

t t 1
A> (AT2BPA 2)p¢,
then

p—t

AT H% (At Ho—:t Bp)gAtﬂ s BP

holds for r > 0 and 0 < § < g —t. If t = 0 and 8 = p, then this shows the chaotic case of
Furuta inequality and the case t = 1 corresponds to the Ando-Hiai inequality.

2. Chaotic Furuta inequality.

In this section, we attempt a chaotical approach to the Furuta inequality.
Lemma 1. I[fA>B >0 andp >0, then

A" ﬂ# BP<IT

holds forn=1,2,... and p > 0.
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Proof. We prove this by induction. Since A~! ﬂﬁ Br < B! ﬂ% BP = I, we have the
case n = 1. If this holds for n, that is, A™" l:lm B? < I or (A%BPA%)# < A™, then it
implies (A%BI’A%)PJ%" < A by (LH), then

AT M o BP=A5(A 4 i ATBPAR)AE
pFnit1 p+n+1
< A3((A®BPA3) v fan ATBPAR)ATE AT BPST
Theorem 2. If A> B >0, then
(C) A" - BP<T

p+r

holds for all 7 > 0 and p > 0.

Proof. The case 0 <r <1, A" f_» BY < B™"{_-_ BP =1, is assured by (LH).
If r = n + € for positive integer n and 0 < € < 1, then

(AZBPA% )7 < A°

by Lemma 1 and (LH). Hence we have

A7 4

= ATE(ATf a ASBPAT)A™®
< ATE((ATBPAZ) v f_are ATBPAT)ATE

pnte

n

— ATE(ATBPAR)FRATE =AT"f . BP<I

BP=A"(t) 4 ... BP

_r
P+ ptnte

Theorem 2 is a key of the Furuta inequality (F). That is, the way from Theorem 2 to
(F) is quite easy as follows:

Corollary 3.(Furuta Inequality) If A> B >0, then

(F) A" 41, BP<B<A

p+r

holds for all v >0 and p > 1.
Proof. We here use well-known formulas on f,;
Ao B=Bti_o A and Ates B=At, (Ats B).
Thus it follows from Theorem 2 that
AT ﬁ% BP = BP ﬁ% A" =BP ﬁprl (BP ﬁ# ATy < B? ﬁ% I=B<A.

We now note that Theorem 2 is motivated by (C), the characterization of the chaotic
order in [16], [17]. Uchiyama [19] gave it an elegant proof by using (F) with his skillful
technique. We give here a proof with no use of (F) but along to Furuta’s methods in [10]
which is a version of Uchiyama’s technique [19]. Our basement is of course Theorem 2. We
recall the following essential formula;

1
lim (I 4+ —logX)" =X for any X > 0.
n

n—oo
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Theorem 4. For A, B > 0, A> B if and only if A™" l:lpT BP < I holds for allr > 0
and p > 0.

Proof. Suppose A > B, then A = I+ % log A > I—l—% log B = By > 0 holds for sufficiently
large natural nummber n. Applying Theorem 2 to A; and B;, we have

1 1
[ A7 §_se B = (I+—log A) "t (I+—log B)™.

np+nr

Since
1 _ _ 1
(I+—-logA)™ — A™" and (I + —logB)"” — B? (as n — o0)
n n

and A, B are invertible, we have A™" ﬂ# BP < I. The converse is easily seen because

(A2 BPA%)7 < A" implies (A%BPA%);;L < Aforallr >0and p > 0. A> B is the
case r = 0.

The following result is understood as a corollary of Theorem 4, which was shown in [16]
or [17] as generalizations of (C).

Corollary 5. If A, B >0 and A> B, then

(a) A*”I:I%Bpr‘S for all 0<5<p and r >0,
(b) A7 foir BP < A° for all —7r<6<0 and p>0.

Proof. It is very similar to that of Corollary 3:

a A" #sp BP=BP Y, s A" =BP#, s (BPto A)< B4, s =R
p+r p+r I p+r D

(b) AT e B? = A7 forn (A7 fx BY) S A7 fsnn I = AS.

Concluding this section, we point out the monotonicity of an operator function A~" BP
forp>0andr > 0.

_r_
p+r

Theorem 6. IfA, B> 0and A> B, then A™" §_r_ BP is decreasing forp > 0 andr > 0.

F
Proof. Let p; > p and r; > r, then
AT ﬁpfﬁrl BPr = AT ﬁﬁ (A™"m ﬁ:lel By < A™M ﬁﬁ BP
= BP ﬁpfrl A" = PBP ﬂﬁ (B? lj% AT

— B’ (A i BY)<BPE s AT =AT4H_. B
ptr pFr1 pFr pFr
The first inequality follows from (a) Corollary 4 and the second one is led by (b).

3. Ando-Hiai’s inequality. Ando and Hiai showed the next inequality in [1]. If A f, B <
I for A, B > 0, then A" ff, B" <1 holds for » > 1. From this, they obtained the following
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inequality (AH). It is equivalent to the main result of log majorization and can be given as
the following form:

(AH) A™'#1 A"2BPA™2 < implies A" #1 (A"2BPA"2)" <I for p>1 and r > 1.

Furuta [9] caught (AH) in a framework of (F)(cf.[11]). He gave a generalization of (F) as
follows:

If A> B >0 and A is invertible, then for each 1 <p and 0 <t <1,

(GF) A" 8 e (ATEBPATE)S < AV

(p—t)s+r

holds fort <r and 1 < s.

The importance of (GF) is interpolating (F) and (AH). When s =r and ¢ = 1, (GF) is
just (AH) and the case where s = 1 and t = 0 reduces (GF) to (F).

. . —t
(GF) can be rewritten by the formula of operator mean and replacing s by % forg>p
as follows [5]:

(GF/) AT Bi—etr (At hg%: Bp) < B <A.

1—t
B—t+r

Several satellite forms of (GF) had shown in [6], [15], etc..

We propose a generalized form of (F) from the viewpoint of (AH). The following order
(1) is observed in [20] by Yanagida, Ito and Ymazaki.

Theorem 7. If A, B> 0 and forp>t>0

(1) A> (A 35BPA 35,

then

(2) ATt ﬁﬁ&-ﬁ (At he—: BP) < Aty BP
—tfr p—t p—t

holds forr >0 and 0 <6 < 3 —t.
Proof. This is easily obtained by applying Corollary 4 to A and (A_%B”A_%)P%t7 that is,
A7 o (ATBBPATH)TT < (ATEBPATE)TT

holds for 0 < § < 3, which is equivalent to

AT sy (A 5o BY) < A'h s B

q+r p—t

So we have the conclusion replacing ¢ with 5 — .

We note that the formula (2) is divided into two cases: (i) If 0 < < p, then

AT s (A" s BP) < A" B

B—t+r
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(i) f B >pand p—t >4, then

ATt ﬁﬁ“i (A" fs. BP) < A'4 s BP.
—t+r p—t p—t

In the latter, we put § =1 —¢ for ¢ € [0,1]. Then we have the following.
Corollary 8. If (1) in Theorem 7 holds and 8 >p>1>1 >0, then
(2)) A7 e (ATEBPATE)0 < (ATEBPATE) 0t
Remark 1. We here remark that Theorem 7 is a multi-variant of (SF) and (AH): If ¢t = 0,
then (1) is A> B, and 8 = p, then (2') is just (SF).
If ¢ = 1, then (1) implies that A~! §1 A"2BPA~2 < I by Theorem 4. Thus (AH) ensures
A" 41 (Am2BPA2)" < I for p, r > 1, which is obtained as the case 8 =7r(p — 1) + 1 in
(2") of Corollary 8.
Remark 2. Finally we have to say that Theorem 2 is implied by the Ando-Hiai inequality,

ie,If A, B<Ifor A, B> 0, then A" #, B" < 1 holds for » > 1. We now suppose that
A > B > 0. As in the proof of Theorem 2, it follows that A~" ﬂﬁ Bi<JlTforO<r<l1

and ¢ > 0. So we may assume that p, » > 1 are given. Since A~! ﬁ% B1 < for g =2,
q
it follows that

AT ﬁpfkr B = (A_l)r ﬁﬂi—l

T

(BY) <1

)

as desired.
References

[1] T.Ando and F.Hiai, Log majorization and complementary Golden-Thompson type
inequality, Linear Alg. and Its Appl., 197(1994), 113-131.

[2] M.Fujii, Furuta’s inequality and its mean theoretic approach, J.Operator Theory,
23(1990), 67-72.

[3] M.Fujii, T.Furuta and E.Kamei, Furuta’s inequality and its application to Ando’s
theorem, Linear Algebra Appl., 149(1991), 91-96.

[4] M.Fujii and E.Kamei, Furuta’s inequality for the chaotic order,I,II, Math. Japon.,
36(1991), 603-606 and 712-722.

[5] M.Fujii and E.Kamei, Mean theoretic approach to the grand Furuta inequality, Proc.
Amer. Math. Soc., 124(1996), 2751-2756.

[6] M.Fujii and E.Kamei, On an extension of grand Furuta inequality, Sci. Math. Japon.,
56 (2002), 501-504.

[7] T.Furuta, A > B > 0 assures (BTA”BT)I/‘I > Bw+21)/4 for v > 0,p > 0,q > 1 with
(1+2r)g > p+ 2r, Proc. Amer. Math. Soc., 101(1987), 85-88.

[8] T.Furuta, Elementary proof of an order preserving inequality, Proc. Japan Acad.,
65(1989), 126.

[9] T.Furuta, Extension of the Furuta inequality and Ando-Hiai log-majorization, Linear
Alg. and Its Appl., 219(1995), 139-155.



[10]

[11]

INTERNAL STRUCTURE OF FURUTA INEQUALITY 431

T.Furuta, Results under log A > log B can be derived from ones under A > B >
0 by Uchiyama’s method - associated with Furuta and Kantorovich type operator
inequalities, Math. Inequal. Appl., 3(2000), 423-436.

T.Furuta, A proof of an order preserving inequality, Proc. Japan Acad., Ser.A,
78(2002), 26.

T.Furuta, T.Yamazaki and M.Yanagida, Operator functions implying generalized Fu-
ruta inequality, Math. Inequal. Appl., 1(1998), 123-130.

E.Kamei, A satellite to Furuta’s inequality, Math. Japon., 33(1988), 883-886.
E.Kamei, Parametrization of the Furuta inequality, Math. Japon., 49(1999), 65-71.
E.Kamei, Parametrized grand Furuta inequality, Math. Japon., 50(1999), 79-83.
E.Kamei, Chaotic order and Furuta inequality, Sci. Math. Japon., 53(2001), 221-225.

E.Kamei and M.Nakamura, Remark on chaotic Furuta inequality, Sci. Math. Japon.,
53(2001), 535-539.

F.Kubo and T.Ando, Means of positive linear operators, Math. Ann., 246(1980),
205-224.

M.Uchiyama, Some exponential operator inequalities, Math. Inequal. Appl.,2(1999),
469-471.

M.Yanagida, M.Ito and T.Yamazaki, Relations amang operator orders and inequali-

ties, RIMS-Koukyuroku, 1359(2004), 38-45.

(*)Department of Mathematics,
Osaka Kyoiku University,
Asahigaoka, Kashiwara,

Osaka, 582-8582, Japan
e-mail: mfujii@cc.osaka-kyoiku.ac.jp

(**)Maebashi Institute of Technology,
Kamisadori, Maebashi,
Gunma, 371-0816, Japan
e-mail: kamei@maebashi-it.ac.jp

(***)Faculty of Engineering,
Ibaraki University,
Nakanarusawa, Hitachi,
Ibaraki 316-8511, Japan
e-mail: nakamoto@base.ibaraki.ac.jp



