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ABSTRACT. This paper discusses the asymptotic efficiency of estimators for optimal
portfolios when the returns are vector-valued Gaussian stationary processes. Then
it is shown that the usual portfolio estimators are not asymptotically efficient if the
returns are dependent. Numerical studies for the difference between the asymptotic
variance of the portfolio estimators and the Cramer-Rao bound are given. The results
clearly illuminate the inefficiency of the usual estimators for vector-valued ARMA(1,2)
processes. From this point of view we construct portfolio estimators which are asymp-
totically efficient.

1 Introduction

In the theory of portfolio analysis, optimal portfolios are determined by the mean g and
variance X of the portfolio return. Several authors proposed estimators of the optimal port-
folios as the functions of the sample mean fi and the sample variance 3 for independent
returns of assets (e.g. Jobson and Korkie, 1980 and 1989; Lauprete, Samarov and Welsch,
2002). However, empirical studies show that financial return processes are often dependent.
From this point of view, Basak, Jagannathan and Sun (2002) showed the consistency of
optimal portfolio estimators when the portfolio returns are stationary processes.

In the literature there has been no study on the asymptotic efficiency of estimators for
optimal portfolios. Therefore, in this paper, denoting the optimal portfolios by a function
g=g(u, %) of pand X, we discuss the asymptotic efficiency of estimators § = g(ji, 32) when
the returns are vector-valued Gaussian stationary processes.

Section 3 gives the asymptotic distribution of §. Section 4 addresses the problem of asymp-
totic efficiency for the class of estimators g. It is seen that ¢ is not asymptotically efficient
generally if the returns are dependent. Such examples are provided. For asymptotically
inefficient cases, we give some numerical results, which illuminate some interesting feasture
of them. Our estimators g includes many famous portfolio estimators as special cases, and
the asymptotic results give a strong warning for use of the usual portfolio estimators when
we observe dependent return processes.

Throughout this paper, ||A|| g denotes the Euclidean norm of a matrix A. If {X,} is a
sequence of random vectors which converges in distribution to a random vector X, then

we write X, £ X. The 'vec’ operator transforms a matrix into a vector by stacking the
columns, and the 'vech’ operator transforms a symmetric matrix into a vector by stacking
the elements on and below the main diagonal. For matrices A and B, A ® B denotes the
Kronecker product of A and B, whose (j1,j2)-th block is a;, ;, B.
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2 Optimal portfolios

Suppose the existence of a finite number of assets indexed by 4,(i = 1,...,m). Let
X(t) = (X1(t),... ,Xm(t)) denote the random returns on m assets at time ¢t. Write
p = E{X(t)} and ¥ = Cov(X(t)). Let & = (a1,...,am) be the vector of portfolio
weights. Then the return of portfolio is X(¢)'c, and the expectation and variance are,
respectively, given by u(a) = p'a, n*(a) = o’Sa. Optimal portfolio weights have been
proposed by various criteria. The followings are the typical ones.

I

max {p(a) — ar?(er)},

subject to €' a = 1,
where e = (1,...,1)" (m x l-vector), and a is a given positive number. The solution is
given by

1 ey Y le

1 =Y 'p— zt :
(1) M= 9 { H=osTe e} + e'Yle

If we take n?(a) as the utility function, the criterion is

IT1.

{ min 7 (a),

subject to €' a = 1.

The solution is given by

Yle
(2) ] — 76'2_16.

Let us now suppose that there exists a risk-free asset. We denote by Ry its return, and
denote by g the amount. The problem to be solved is given by

I1I.

ap,xx

max { p(c) + Roag — an’ () },
subject to Ejn;o a; =1L

Then the solution for @ and «g are
3) 5 (1~ Roe)
« = — — Rpe
111 % M 0€),
1

(4) aoimn = 11— 2ae/2_1(u — Rpe).
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Therefore the optimal portfolios can be considered as smooth functions of p and ¥, i.e.
we may put

1 ey Yle
1’ Y=—<2"p— »! —
(1) 91(p, B) = 5~ { B oyig e} + oyig

Yle
2 =2
( ) gQ(IJ’7 ) e/271e7

1 __
(3) 93(1, ) = %2 (1 — Roe),

1 _

(4" ga(p, X)) =1- %e’E Y — Rpe).

Unifying the above we consider to estimate a general function g(u,X) of p and . Here
it should be noted that the coefficient « satisfies the restriction €’ = 1. Then we have

only to estimate the subvector (ay,...,am—1)". Hence we assume that the function g(-) is
(m — 1)-dimensional, i.e.,
(5) g: (%) =R

This paper addresses the problem of statistical estimation for g(u,Y), which describes
various optimal portfolios.

3 Asymptotic Theory for Fundamental Quantities

Empirical studies show that financial return processes are often not independent. So it
is natural to suppose that the return process concerned is dependent. In this paper we
assume that the return process {X(t) = (X1(t),...,Xm(t));t € Z} is a Gaussisn m-
vector stationary process with mean g = (u1,... , )" and autocovariance matrix R(k) =

E{(X(t) — p)(X(t + k) — p)'}, satisfying

Assumption 1

Y IRD|E < oo

l=—00

The spectral density matrix of the process {X(¢)} exists and is

o0

(6) £ = — R(I) exp(—il)).

l=—00

Note that the autocovariance matrix at lag k is expressed as

(1) R(k) = / " V) exp(ikA) A

—T

In what follows, k is assumed to be nonnegative, since R(k) = R(—k)’.
Let X(1),...,X(T) be an observed stretch from {X(¢)}. Then we write R(0) = ¥ =
{04}, = (', vech(X)")’, and

1 T
(8) po= =3 X0

) £ o= LX) - )X - )

(10) o = (i
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Also we introduce the matrices;

9

27£(0), (m x m) — matrix

e g ARF ASSENy ey R UEy Awetoy T2

jaq, o, 03,04 = 1,...,m, a1 > as and ag > a4},(r X 1) — matrix,

where r = m(m+ 1)/2. We write the parameter space of @ by © C R™*". Then, introduce
a function g : © — R™~!, which describes various portfolios.

For g, we set down the following.

Assumption 2 The function g(0) is continuously differentiable.

Then we have the following fundamental result.

Theorem 1 Under Assumptions 1 and 2,

(1) VT((0) - g(0) & N (o, (2 (% o) (%)) s T

where

99\ _(9% 99 \_ (9 99 I dg
00" ) \ow’ dvech(X) ) \Ou1’ " Oum O0o11’ " 00mm )

The proof of Theorem 1 will be given in Section 6. In Section 2 some concrete examples
for g(0) were given in (1'), (2), (3') and (4'). For these gi(0),k = 1,... ,4, their derivatives
become

8g1 1 1 e’E_lei _1
— —Iyle - )
Op; 2a { @i e'Y-le e
dq 1 (e . eX'E; N
e R 175 S Y St i il ) 5 }
0oi; 2a{ * i eY-le ¢
GO 'SR, R
2 -1 -1 e ij €v-1
+ e’aZ—le {E Eig e - e’y le = e},
) 9 SE,S e | €N 1E,;N!
92 _ 0, 92 _ _ j_l e+ e _i _ eE_1e’
Op; 0oij eY-le (e/’Xle)
Jg3 | Jg3 | -1
8;@ 2a 6 anj 2a Y (M Oe),
094 1 1 094 1 e -1
— —_—e&nle - Y E; Y (- R
a‘uz 2ae €;, anj 2ae (%] (l'l' Oe)a
(ij=1,...,m)
where e, = (0,...,0,1,0,...,0) is an m x 1 vector with 1 at the a-th position and Eq, =

eq€j.
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4 Asymptotic Efficiency of the Estimators of the Optimal Portfolios
Fundamental results concerning the asymptotic efficiency of sample autocovariance matrices
of vector Gaussian processes were obtained by Kakizawa(1999). He compared the asymp-
totic variance (AV) of the sample autocovariance matrices with the corresponding Fisher
information matrix F.

Now we return to the setting for {X(¢)} in Section 3. That is, {X(¢)} is a zero-mean Gaus-
sian m-vector stationary process with spectral density matrix f(\), and satisfies Assumption
1.

Assumption 3

(i)  f(N\) is parameterized by m = (m,... ,ng) € H C RY ie., fn = fn(A).
(ii) For AV () = f:r Ofa(N)/OnidX, j=1,...,q,l € Z, it holds that

E?ifoo ||A(j)(l)HE < 0.
(iii) q>m(m+1)/2.

Assumption 4 There exists a positive constant ¢ (independent of ) such that f(A) —cI,y,
1s positive semi-definite, where I, is the m x m identity matriz.

Kakizawa(1999) showed that the limit of averaged Fisher information matrix is given by

(12) F(n) 1/W AN [{En (V)7 @ £ (M) AN dA

=1 B
where
A(X) = (vec{0f,(X)/Om}, ..., vec{Ofy(N)/Onq}) (m? x q) — matrix.

Assumption 5 The matriz F(n) is positive definite.

In view of the general asymptotic theory,
INE = det [{Asymptotic variance of g(é)} - .7-"(77)_1} > 0.
In what follows we, numerically, investigate I N E for various spectral structures.

Model I (VMA(1) model). Let the return process be generated by

09 x= (1P S e e = (o (5 67 ).

where B is the lag operator. For this we plotted the graph of INE = INE(VMA(1)) for
71 = —0.8(0.2)0.8 in Figure 1. We can see that, as || tends to 1, INE increases.
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Figure 1: Model I: n; = —0.8(0.2)0.8

Model IT (VARMA(1,2) model). Let the return process be generated by

an( P 0 g )Xo

(e Yo (3 00))

For this model we plotted the graph of INE = INE(VARM A(1,2)) for n; = —0.8(0.2)0.8, 172 =
0.01,73 = 0.5 in Figure 2. We can see that if ; \, —1, IN E becomes quite large.
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Figure 2: Model II: 7; = —0.8(0.2)0.8, 172 = 0.01,73 = 0.5
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Model IIT (VARMA(1,2) model). Let the model be generated by (4.2) with n; = 0.01
and 7, = 0.5. For this we plotted the graph of INE = INE(VARMA(1,2)) for n3 =
—0.8(0.2)0.8 in Figure 3. We can see that as n3 /' 1, INE increases.

-0.6 -0.1 0.4 0.9
eta 3

Figure 3: Model III: ; = 0.01, 72 = 0.5,793 = —0.8(0.2)0.8

Summarizing the above we observe that

(i) If X(t) is VMA(1) model, IN E increases as the absolute value of the MA coefficient
71 tends to 1.

(i)  If X(¢) is VARMA(1,2) model with the MA coefficient 7o ~ 0, INE increases as
the AR coefficient 7; tends to —1.

(i)  If X(¢) is VARMA(1,2) model with the AR coefficient n; ~ 0, INE increases as
the MA coefficient 13 tends to 1.

Although we just examined a few examples of dependent returns, the above studies
illuminate inefficiency of the usual portfolio estimators. Therefore it should be noted that
the degree of inefficiency becomes quite large if some parameters tend to a boundary value.
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5 Construction of efficient estimators

5.1 A quasi-Gaussian maximum likelihood estimator

Let {X(t)} be the linear process defined by Sections 3 and 4 with spectral density matrix
f,(A),n € H. We assume 1 = vech{R(0)}. Denote by I.(\), the periodogram matrix
constructed from a partial realization {X(1),... ,X(T)};

T
1 .
15 Ix(\) = FyF?, with Fy(\) = X(t)e'™, -7 < A < 7.
(15) (N (\) szE (t) <

In view of Hosoya and Taniguchi(1982) we introduce

(16) D(f,, Ix) = /7r llogdet £;(X) + tr{f, " (A)Ic(A)}dA.

—T

A quasi-Gaussian maximum likelihood estimator 0 of i is given by

17 ) = in D(f,, Ix).
(17) 1 = arg min D(fy, L)
Hosoya and Taniguchi (1982) showed that

(i) p—limp oo f) =,
. . c _
(it) VT(1 —n) = N(0,F(n) 7).
Therefore, 1) is Gaussian asymptotically efficient, hence g(é), with 8 = (f/,7m'), is asymp-
totically efficient.

Since the solution of dD(f,, Ix)/0n = 0 is generally nonlinear with respect to 7, we use the
Newton-Raphson iteration procedure. A feasible procedure is

(18) 7Y = vech(®)

(19) At = gt - [

82D(f,, I,)] " OD(f,, L)
onon’ on

(k>2)

n=nk-1)

From Hosoya and Taniguchi (1982) and Taniguchi and Kakizawa (2000) it is seen that 7@ is
asymptotically efficient. Therefore, g(8),0 = (', 7(?")’, becomes asymptotically efficient.
In calculating (19), it follows that

(20) %ZIX) = % /j tr [f,,()\)flEij(Im — f,,()\)fllx()\))] dA,
82D(f,, I 2 . 1 .
) TRCEEL (L) [ ) Bty () B (T 8 1)

+fn()\)_1Eijfn()\)_1Eklfn(A)_llx ()\)]d/\,

where 7;; is the (¢,7) — th element of R(0). To make the step (19) feasible, we replace f;,
in (20) and (21) by a nonparametric spctral estimator

s

(22) fn(\) = [ Wr(A— p)Le(p)dps.

—T
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Here W (0) is a class of functions of the form

(23) Wr(0) = M f: W (M(6 + 2rk)),

k=—o0

where W(-) and M satisfy the following:
(W1) W (0) is a real, bounded, nonnegative, even function with

(24) /jo W(0)do = 1, /jo 62TV (6)d8 = ks (0 < K < 50).

(W2) w(z) = [0 W(0)e"df satisfies |w(z)| < w(x), where w(z) is even, integrable, and
monotonically decreasing on [0, 00).

(M) M > 0 depends on T in such a way that M/T/? +T%/M — 0 as T — oo, where v is
a nonnegative number.

Then, from Taniguchi and Kakizawa(2000) it follows that

(25) max_[[f(A) — £z 5 0,
AE[—m7,m]

and that
. 1
) =10 + 0 (== ).
VT\/Br
where By > 1 and By /" oo, which implies that the convergence rate (consistency order)

of f(\) is smaller than O(v/T). But if we integrate f()), the v/T-consistency is recovered,
ie.

(26) / W(EO))dA = / B(EN))dA + Op (%) ,

where U(-) is a continuous function. Hence,

dD(f,, I) dD(£,, I) < 1 )
27 Il Ix) =) L on (== ),
27) R P P\VT
82D(f,, L) 82D (f,, I.) 1
28 9 P, Ix) At [ Y <_> .
25) mon' g, —¢ onomn’ "\vr

It is possible to drop the Gaussian assumption of {X(¢)}. In fact, in view of Lemma A2.3
of Hosoya and Taniguchi(1982), the statement (34) becomes

(29) VI(6-0) 5 N (0,9),

0 0

0 O+ QéVG
and Taniguchi (1982), and depends on the non-Gaussianity of {X(¢)}. Hence Theorem 1
becomes

(30) VT {g(6) - 9(8)} 5 N(0,(99/06') 2(99/08')).

where Q = ) . Here the explicit form of Q) is given by (6.11) of Hosoya
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However, if we discuss the asymptotic efficiency of g(é), it is required to develop the asymp-
totic efficient estimation theory based on the local asymptotic normality (LAN) for non-
Gaussian processes. The discussion is much involved, so we make it in a future work.

6 Proof
This section provides the proof of Theorem 1.

Proof of Theorem 1
From Hannan (1970, Theorem 11,p.221) it follows that

(31) \/T{ﬂ—u}iN(O,Ql),aS T — 0.
The result
(32) ﬁ{vech(i) - vech(Z)} £ N(0,9),a8 T — o0,

follows form Theorem 2.2 of Hosoya and Taniguchi (1982). Since we assume the Gaussianity
of {X(t)}, it is easily seen that

(33) lim Cov[VT (s — w), VT{vech(3) — vech(X)}] = 0, (zero — matrix)

— 00

Combining the results by Hannan(1970) and Hosoya and Taniguchi(1982), we can check the
joint asymptotic normality of VT {ft — u} and /T {vech(i) — Vech(E)}. Hence,

(34) VT —0)5 N(0,Q) (as T — o),

(0
whereQ( 0 )

By use of the §-method (e.g., Brockwell and Davis (1991, Proposition 6.4.3)) for (6.4), we
observe that

(35) VT {g(é) - g(a)} £ N(0,(9g/98") Q (9g/98')"), as T — oo.

Acknowledgments The author would like to thank Professor Masanobu Taniguchi of
Waseda University for his encouragement, guidance, and advice for this paper. Thanks are
extended to a referee for his/her comments.

REFERENCES

[1] Basak, G. & Jagannathan, R. & Sun, G. (2002) A direct test for the mean variance efficiency
of a portfolio. Journal of Economic Dynamics and Control 26, 1195-1215.

[2] Bellman, R. (1960) Introduction to Matriz Analysis.McGraw-Hill Book Company, Inc.
[3] Brockwell, P. J. and Davis, R. A. (1987) Time Series: Theory and Methods. New York: Springer.
[4] Gourieroux, C. (1997) ARCH Models and Financial Applications. New York: Springer.
[5] Hannan, E. J. (1970) Multiple Time Series. New York: Wiley.
]

[6] Hosoya, Y & Taniguchi, M. (1982) A Central Limit Theorem for Stationary Processes and the
Parameter Estimation of Linear Processes The Annals of Statistics 10, 132-153.

[7] Jobson, J. D. & Korkie, B. (1980) Estimation for Markowitz Efficient Portfolios. Journal of the
American Statistical Association 75, 544-554.



ESTIMATION OF OPTIMAL PORTFOLIOS 463

[8] Jobson, J. D. & Korkie, B. (1989) A Performance Iterpretation of Multivariate Tests of Asset
Set Intersection, Spaning, and Mean-Variance Efficiency. Journal of Financial and Quantitative
Analysis 24, 185-204.

[9] Kakizawa, Y. (1999) Note on the Asymptotic Efficiency of Sample Covariances in Gaussian
vector stationary processes Journal of Time Series Analysis 20, 551-558.

[10] Kakizawa, Y & Taniguchi, M. (1994) Asymptotic Efficiency of the Sample Covariances in a
Gaussian stationary process Journal of Time Series Analysis 15, 303-311.

[11] Lauprete, G. J. & Samarov, A. M. & Welsch, R. E. (2002) Robust portfolio optimization.
Metrika 55, 139-149.

[12] Taniguchi, M & Kakizawa, Y. (2000) Asymptotic Theory of Statistical Inference for Time
Series. New York: Springer.

[13] Taniguchi, M &, Puri, M. L. & Kondo, M. (1996) Nonparametric Approach for Non-Gaussian
Vector Stationary Processes Reprinted from Journal of Multivariate Analysis 56, 259-283.

[14] Xiao, Z. & Linton, O. (2002) A Nonparametric prewhitened estimator. Journal of Time Series
Analysis 23, 215-250.

Hiroshi.Shiraishi

Department of Mathematical Sciences
School of Science and Engineering
Waseda University

3-4-1 Okubo Shinjuku-ku

Tokyo 169-8555

Japan

E-mail: h.shiraishi@moegi.waseda.jp



