Scientiae Mathematicae Japonicae Online, e-2005, 531-536 531

APPROXIMATING COMMON FIXED POINTS OF NONEXPANSIVE
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ABSTRACT. In this paper, we prove the following theorem: Let C be a nonempty
closed convex subset of a uniformly convex Banach space E whose norm is uniformly
Gateaux differentiable, let & = {T'(t) : ¢ > 0} be a strongly continuous semigroup of
nonexpansive mappings on C' such that F(S) = (5, F(T(t)) # @ and let P be the
sunny nonexpansive retraction from C onto F(S). For some u € C, define a sequence
{zn} in C by z,, = (1 — an)T(tn)Tn + anu, where 0 < ap < 1, ¢, >0 foralln > 1
and lim ¢, = lim — = 0. Then {z,} converges strongly to Pu.

n—o0 n—o0 Up

1 Introduction Let F be a real Banach space and let C' be a nonempty closed convex
subset of E. Then a mapping T of C into itself is called nonezpansive if | Tx—Ty|| < ||z —yl|
for all z,y € C. For a given u € C and each r € (0,1), we define a contraction 7. : C' — C
by

Trx=(1—r)Te+ru foral zeC,

where T : C' — (' is a nonexpansive mapping. Then, there exists a unique fixed point z, of
T, in C, that is, we have a unique point z,. such that

xr = (1 —r)Tx. + ru.

A question naturally arises to whether {z, } converges strongly as r — 0 to a fixed point of T'.
This question has been investigated for nonexpansive self-mappings(or nonself-mappings)
by several authors; see, for example, Browder [2], Halpern [5], Singh and Watson [9], Xu-Yin
[14], Kim-Takahashi [6], Takahashi-Kim [12] and others.

Recently, Suzuki [10] proved the following theorem: Let C' be a nonempty closed convex
subset of a Hilbert space H and let &= {T'(¢) : t > 0} be a strongly continuous semigroup
of nonexpansive mappings on C such that F(S) # (). For a fixed u € C, define a sequence
{zn} in C by

Tn = (1 = an)T(tn)xn + apu forall n>1,
Qp

where {a,,} C (0,1) and {¢,,} C (0,00) satisfy 0 < avp, < 1, ¢y, > 0 and lim ¢, = lim — =

n—00 n—oo ty,
0. Then {x,} converges strongly to the element of F'(J) nearest to u.

In this paper, using Banach limits, we prove a strong convergence theorem for a strongly
continuous semigroup of nonexpansive mappings in a uniformly convex Banach space with a
uniformly Gateaux differentiable norm. This extends Suzuki’s result [10] in a Hilbert space
to a Banach space.
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2 Preliminaries Throughout this paper we denote by F and E* a Banach space and
the dual space of E, respectively. The value of * € E* at « € E will be denoted by (z, z*).
Let C be a nonempty closed convex subset of ' and let T' be a mapping from C into itself.
Then we denote by F(T) the set of all fixed points of T, i.e., F(T) = {zx € C : Tz = x}.
We also denote by N and R™ the sets of positive integers and nonnegative real numbers,
respectively. When {z,,} is a sequence in F, then z,, — = will denote strong convergence of
the sequence {x,} to . A Banach space FE is called uniformly convez if for each € > 0 there
isa d > 0 such that for z,y € E with [|z|, |ly|| < 1 and ||z —y| > €, [[x+y| < 2(1—4) holds.
Let S(E) = {x € E : ||z|| = 1}. Then the norm of FE is said to be Géteaur differentiable
(and F is said to be smooth) if

t —
" ety o]
t—0 t
exists for each z and y in S(E). It is also said to be uniformly Gateauz differentiable if
for each y € S(E), the limit (1) is attained uniformly for = in S(E). With each z € E, we
associate the set

J() ={a" € E" : (x,2") = |[«* = [|2"||*}.

Then J : E — E* is said to be the duality mapping. It is well known if E is smooth,
then the duality mapping J is single-valued and strong-weak™ continuous. It is also known
if E has a uniformly Géateaux differentiable norm, J is uniformly continuous on bounded
sets when E has its strong topology while E* has its weak star topology; for more details,
see Diestel [4] and Takahashi [11]. Let u be a continuous, linear functional on [*° and let
(a1,ag,---) € 1°°. We write un(ay,) instead of u((ai,az,---)). We call u a Banach limit [1]
when p satisfies ||p]] = pn(1) =1 and pp(ant1) = pn(an) for each (a1, az,---) € 1°°. For a
Banach limit p, we know that

liminf a, < pp(a,) <limsupa, forall (ai,as,---) €.
n—00 n—00

So, we have that if a, — 0, then p,(a,) — 0; see [11] for more details. Let C be a convex
subset of F, let K be a nonempty subset of C' and let P be a retraction from C' onto K,
ie.,, Pr = x for each x € K. P is said to be sunny if P(Pz + t(z — Px)) = Px for each
x € C and t > 0 with Pz +t(x — Pz) € C. If there is a sunny nonexpansive retraction from
C onto K, K is said to be a sunny nonexpansive retract of C. Let S = {T'(t) : t € RT} be
a strongly continuous semigroup of nonexpansive mappings on a closed convex subset C' of
a Banach space F, i.e.,

(1) for each t € Rt, T'(t) is a nonexpansive mapping on C}

(2) T(0)x = « for all z € C;

(3) T(s+t)=T(s)T(t) for all s,t € RT;

(4) for each z € C, the mapping T'(-)x from RT into C' is continuous.

We also set F(3) = (,cp+ F(T(t)).

3 Strong convergence theorem For proving our main theorem, we need the following
lemmas.
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Lemma 1 ([8]). Let C be a nonempty closed convex subset of a uniformly conver Banach
space E. Let {z,} be a bounded sequence of E and let u be a Banach limit. Let g be a real
valued function on C defined by

9(y) = pallzn —ylI>  for every y e C.

Then g is continuous and convex, and g satisfies llﬁm g(y) = oo. Moreover, for each
y — 00

R >0 and € > 0, there exists § > 0 such that

g(y;Z) < g(y)-gg(Z) s

for ally,z € CN By with ||y — z|| > €, where Br is the closed ball with center 0 and radius
R.

Lemma 2 ([13]). Let C be a nonempty convex subset of a Banach space E whose norm is
uniformly Gateauz differentiable. Let {xy,} be a bounded subset of E, let z be an element of
C and let p be a Banach limit. Then

_ 2: . _ 2
pnllzn — 2| ryrggunl\wn yl|

if and only if
pnly — 2z, J(xn —2)) <0 forall yeC,

where J is the duality mapping on E.

Lemma 3 ([3], [7]). Let C be a convex subset of a smooth Banach space, let K be a
nonempty subset of C and let P be a retraction from C onto K. Then P is sunny and
nonexpansive if and only if

(x — Pz, J(y — Px)) <0 forall x€C and y€K.

We extend Theorem 3 of Suzuki [10] to a uniformly convex Banach space with a uni-
formly Gateaux differentiable norm.

Theorem. Let E be a uniformly convex Banach space with a uniformly Gateaux differen-
tiable norm and let C be a nonempty closed convex subset of E. Let S = {T'(t):t > 0} be
a strongly continuous semigroup of nonexpansive mappings on C such that F(J) # () and
let P be the sunny nonexpansive retraction from C onto F(S). For some u € C, define a
sequence {x,} in C by

Tn = (1= an)T(tn)xn + anu  forall n>1,

where {an} C (0,1) and {t,} C (0,00) satisfy 0 < a,, < 1, ¢, >0 and lim ¢, = lim On _

n—oo n

0. Then {x,} converges strongly to Pu.
Proof. Let x be an element of F(S). Then we have
zn — 2|l = (1 — an)T(tn)zn + anu — 2|

< (1= an)|[T(tn)n — || + anllu — ||

< (1= ap)lfzn — 2zl + anllu — ||
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and hence
2 — o] < anllu— .

So, we have ||T(tp)zn — x| < |lzn — 2| < |lu — z|. Hence, setting r = ||lu — z|| and
D = C N B,, we obtain, for any v € D and s € RT, ||T(s)v — z|| < |lv — z|| < |lu — z| and
hence T'(s)D C D. Further, z, v and Pu are in D. So, without loss of generality, we can
assume that C is bounded. Let {x,,} be a subsequence of {z,,}. To prove the theorem,
it is sufficient to show that there exists a subsequence {xnj} of {z,,} such that {xnj}
converges strongly to Pu. Put w; = x,,, i = ay, and s; = t,, for i € N. For a Banach
limit 1, we can define a real valued function g on C' given by

9(y) = pllw; —y||*  for every y e C.

From Lemma 1, we see that there exists a unique element z of C satisfying

9(z) = gggg(y)'

We shall first prove that z € F(S). To prove z € F(S) it sufficies to show t1i>Holo T(t)z = z.
In fact, for any s € RT, we have T'(s)z = T(s) tli)rgo T(t)z = tlggo T(s+t)z = z. Suppose
tlirglo T(t)z # z. Then there exists € > 0 such that for each s > 0, there exists t > s satisfying
|T(t)z — z|| > €. Take t € R* with ¢ > s;( € N) and || T'(t)z — z|| > €. Then, we have

s = T(@)2l < [:]01 I+ 1)) — s
+IT(SHsi)ws = (sl + IT(ss)z = (0]
< (NI (sws = will + s = 21 + |7 = [ Jsi)z = 2]
= (1T (5w =l + s = 2] + [T (¢ = [1si)z = 2]
< Py, = ull + s — 21+ 1T~ (D)2 — 2]

Si Si

for ¢ € N. Since tgﬂ — 0 andt— [gi]sl — 0 as ¢ — oo, from the property of u, we have

(2) pillwi = T()2]* < pllwi — 2|1,
By Lemma 1, there exists § > 0 such that

p+qH2

1
5 < §(Mi||wz'—p||2+m||wz'—Q||2)—5

(3) i

w; —

for all p,q € C'N Br with ||[p — ¢|| > €. By using (2) and (3), we obtain

Tt)z+z12 1
o~ PEEEZ N < Sl — 700202 + o — =1P) — 6
1
< Sallws = 2 + s — 2IP) — 0

2
< pallwi — ||
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This is a contradiction. Hence z € F(S). Let w € F(S). Then, from w; = (1— ;)T (s;)w; +
Biu and T'(s;)w = w, we have

Lo Bi
<1—5iwl_ 1—5"

—w, J(w; —w)) = (T(s;)w; — T(si)w, J(w; —w))
<N (si)wi = T(si)wl|[|J (wi — w)|
< [|wi — w|?
= (w; —w, J(w; —w))

1661 (w; —u, J(w; —w)) < 0. So, we obtain

and hence
(4) (w; — u, J(w; —w)) <O0.
In particular, we obtain

Jwi — 2[1* < (u— 2z, J(w; — 2)).

Using Lemma 2, we obtain
pillwi = 2||* < pilu — 2, J(w; — 2)) <0.

Hence there exists a subsequence of {w;} converging strongly to z € F'(3). Let {w, } be a
subsequence of {w;} such that lim w;; = z € F(J). Then we obtain z = Pu. In fact, from
j—oo

(4), we obtain
(wi; —u, J(w;; — Pu)) <0.
So, we obtain
(z —u, J(z — Pu)) <0.

Using Lemma 3, we obtain
|z — Pu||®* < {(u — Pu, J(z — Pu)) <0.
Hence we obtain z = Pu. Therefore, we obtain x,, — Pu. O
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