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NOOR ITERATIONS WITH ERRORS FOR TWO ASYMPTOTICALLY
NONEXPANSIVE MAPPINGS IN THE INTERMEDIATE SENSE IN A
BANACH SPACE
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ABSTRACT. In this paper, we approximate common fixed points of two asymptotically
nonexpansive mappings in the intermediate sense by three-step iteration process with
random errors. Our weak and strong convergence results extend, generalize and im-
prove the corresponding results of Kim and Kim in 2001, Kim, Kiuchi and Takahashi
in 2004, Khan and Takahashi in 2000, Rhoades in 1994, Tan and Xu in 1993, and Xu
and Noor in 2002.

1 Introduction Let C be a nonempty convex subset of a Banach space E and let T :
C' — C be a mapping. Then T is (i) asymptotically nonexpansive [2] if there exists a
sequence {k,} C [1,00) with lim,,_,o kn = 1 such that

IT"x — T"y|| < ky ||z —y| for all z,y € C' and n > 1,

if k, = 1 for all n > 1, then T becomes nonexpansive and (ii) asymptotically nonexpansive
in the weak sense (cf. Kirk [6]) if

limsup sup ([|[7"z —T"y|| — |lz —y[|) <0
n—oo yeC

for each = € C and that TV is continuous for some N > 1.
Consider a definition somewhere between these two: T is said to be asymptotically
nonexpansive in the intermediate sense [1] if T' is uniformly continuous and

limsup sup (||7"2x — T™y|| — ||l — y||) < 0.
n—oo z,yeC
It is remarkable that every asymptotically nonexpansive mapping with bounded domain
is asymptotically nonexpansive in the intermediate sense but the converse is not true in
general; see [4].
Recall that a Banach space E is uniformly convex if for each € € [0, 2], the modulus of
convexity of F given by:

. 1
o) = nt {1= Sl ol ol < LIyl < 1, = vl 2 e},

satisfies the inequality d(e) > 0 for all € > 0. The classical definition of the Opial property
[7] states that whenever x, — z, we have

limsup ||z, — || < limsup ||z, — y||

n—oo n—o0

2000 Mathematics Subject Classification. Primary 47TH09, 47H10.
Key words and phrases. Common fixed point, asymptotically nonexpansive mapping, asymptotically
nonexpansive mapping in the intermediate sense, Noor iterations with errors.



538 H. FUKHAR-UD-DIN, Y. KIMURA, AND H. KIUCHI

for all y # x, where — denotes the weak convergence. Denote by 7, a Hausdorff lin-
ear topology on E. The 7-Opial property [1] is defined analogous to the classical Opial
property replacing weak convergence by 7-sequential convergence. Moreover, F has the
uniform 7-Opial property [1] provided for every ¢ > 0, there exists » > 0 such that
1+ r < limsup,_,o ||Zn — z|| for each x € E with ||z| > ¢ and each sequence {z,}
with z,, = 0 as n — oo, limsup,,_, . ||zx| > 1; see Prus [9]. Note that a uniformly convex
Banach space with 7-Opial property always has the uniform 7-Opial property. A mapping
T : C — C is compact (or completely continuous) if every bounded sequence {z,} in C
implies that {Tz,,} has a convergent subsequence. Moreover, a mapping 7' : C — FE is
demiclosed at y € E if for each sequence {z,} in C and each x € E, z,, = z and Tz, — y
imply that x € C and Tx = y.

Recently, for a mapping 7' : C' — C, Xu and Noor [13] constructed three-step iteration
process in C' as:

xr1 € Cﬁ
Yn = ( - 5n)$n + 5nTnZn;
=1 —an)xn + ay,T"y,, foralln>1,

(1.1)

Tn+1

where 0 < ay,, Bn, v < 1.

In particular, if 7, = 0 in (1.1), then the sequence {x,} becomes Ishikawa iteration
process. Mann iteration process is obtained by taking 3, = 0 = 7, in (1.1). Xu and Noor
proved the following result in [13].

Theorem A (Theorem 2.1, Xu-Noor([13]). Let C be a nonempty bounded closed convex
subset of a uniformly convexr Banach space E and let T : C — C be a completely continuous
asymptotically nonezpansive mapping with the sequence {ky,} C [1,00) such that > o~ | (kn —
1) < oo. Define a sequence {x,} as given in (1.1) where 0 < ay,, Bn,vn < 1 such that
(i) 0 < liminf,, e ay < limsup,,_,. an < 1 (ii) 0 < liminf, o By, < limsup,,_, ., On < 1.
Then {xn}, {yn}, {zn} converge to the same fized point of T'.

In [13], Xu and Noor also pointed out that Ishikawa type convergence follows directly
from Theorem A by taking -, = 0 while the Mann type convergence fails. This motivated
them to prove Theorem 2.2 in [13] which unifies Ishikawa as well as Mann type convergence.

Motivated by the work of Xu and Noor in [13], we construct three-step iteration process
{zn} with errors for two nonlinear mappings 5,7 : C' — C given by:

x1 € C,

Zn = anyn + BIT™ %y + Y wn,

Yn = 0 Zn + 3,8 2n + Y Un,

Tpt1 = QnTn + BT Yn + Yntn, foralln >1,

where {an}, {60}, {7}, {ah}, {8L}, {7Vh}, {an}, {81}, {7/} are real sequences in [0, 1]
such that ay, + B+ =, + B+ =al + B+~ =1foralln > 1,3 v, < o,
S e <00, Yoot i < oo and {un}, {vn}, {wn} are bounded sequences in C.

This scheme is named as Noor iterations with errors. Mann, Ishikawa and Xu-Noor
iteration processes can be obtained from the above scheme as special cases by suitably
choosing the mappings and the parameters.

In this paper, we approximate the common fixed points of two asymptotically nonexpan-
sive mappings in the intermediate sense by using Noor iterations with errors. Our results,

(1.2)
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not only improve and generalize the corresponding results of Kim and Kim [4], Kim et
al. [5], Khan and Takahashi [3], Rhoades [10], Schu [11] and Xu and Noor [13] but also
unify Xu-Noor type, Ishikawa type and Mann type convergence results. It is remarked that
we have considered more general iterations as well as a wider class of mappings than that
studied by Xu and Noor [13].

In the sequel, we shall need the following well-known results.

Lemma 1 (Tan-Xu[12]). Let {ay}, {bn} be two nonnegative real sequences satisfying the
following condition:

1 < an + by, for allm > 1.
If 370 1 by < 00, then limy, o0 ay exists.

Lemma 2 (Xu[14]). Letp > 1 andr > 0 be two fized real numbers. Then a Banach space
FE is uniformly convex if and only if there is a continuous strictly increasing convex function
g :10,00) — [0,00) with g(0) =0 such that

Az 4+ (1= Nyll” < Mlzl” + (1 = 2 [lyll” = m (N g(llz = yl)

for all x,y € B,[0], where B.[0] = {z € E : ||z|| <7} and mp(A) = AP(1 = X) + (1= NP for
all X € [0,1].

Theorem B (Bruck-Kuczumow-Reich[1]). Suppose a Banach space E has the uniform
7-Opial property, C is a norm-bounded sequentially T-compact subset of E and T : C — C
is asymptotically nonexpansive in the weak sense. If {yn} is a sequence in C such that
lim,, oo ||y — z|| exists for each fived point z of T and if {y, — T*y,} is T-convergent to 0
for each k > 1, then {y,} is T-convergent to a fized point of T'.

2 Common Fixed Point Theorems Denote by F(T) and F(S,T), the set of fixed
points of T and the set of common fixed points of S and T respectively. In case of S =T,
F(S,T)=F(S)=F(T).

First, we prove a few lemmas which will be needed in the main results.

Lemma 3. Let C be a nonempty convex subset of a Banach space E and let S,T : C — C
be mappings with F(S,T) # 0. Put

rn = sup ([[S"x =Syl — [z —yll) v sup (|T"z—T"y||—|lz —y[) VO
z,yeC z,yeC

and suppose that > > | r, < co. Then for the sequence {x,} generated by the scheme (1.2),
limy, oo ||zn — p|| exists for all p € F(S,T).

Proof. Set H = sup,,> ||un — p||Vsup,>1 [[vn — pl|Vsup, > |w, — pl for p € F(S,T). Since
lzn = pll < o & = pll + B 17" 20 = pll + 7 llwn — pll
< oy llzn = pll + By (len = pll + ) + 7, H

= (o + By) len — ol + Born + i H
< H In —p|| +Tn+7;z/H

and

lyn =PIl < o llzn = pll + B8, 15" 20 = pll + 73 [lon =
< oy lon = pll + Bu(llzn = pll +7rn) + 1, H,
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we have

[Zn+1 —pll < an |20 —pll + Bu IT"yn — pll + ¥ llun — pl|
< Bn (Hyn _pH + rn) + o Hxn _pll + v H
< Bl lzn = pll + By (|20 = pll + 210 + v H) + 14]
+ By H + |20, — pl| + v H
< (an + a%ﬁn + ﬁnﬁ%) lzn — pll + 3rn + (ﬁnﬁiﬂg + B'V’L’Y':’L +vn) H
< || @n = pll + 3rn + (BuBr v + Bu¥y, + vn) H.

The conclusion follows from Lemma 1. O
Remark 1. Lemma 2.4 in [5], Lemma 3 in [8] are special cases of Lemma 3.

Lemma 4. Let C be a nonempty closed conver subset of a uniformly convex Banach space
E. Let S,T : C — C be mappings with F(S,T) # 0 and let {x,}, {yn}, {zn} be the
sequences generated by (1.2). Put

= sup ([|S"z =S| = [lz—yl)V sup (|T"z —T"yl| - [z —y[) VO
z,yeC z,ycC

and suppose that > >~ ry, < co. Then (i) and (ii) hold.
(i) If 0 <liminf, o B, <limsup,,_,. On <1, then

lim || Ty, — zn| = 0;
n—oo

(i) If liminf, o0 B > 0 and 0 < liminf, .o G), <limsup,_,., 3, <1, then

lim ||S"z, — z,| = 0.
n—oo

Proof. Let p € F(S,T). Since lim,,_, |2 — p|| exists as proved in Lemma 3, we can obtain
a closed ball B,[0] such that {z, — p,yn — D, 2n — D, T"xp, — P, T"Yp — P, S"2n — Py Un —
Ty Uy, — T, Wy, — Ty } C Br[0] N C. Let @ denote the possible constant terms appearing in
the following estimates: With the help of Lemma 2 and the scheme (1.2), we have

(2.1) 120 = Pl = 187 (T2 — p) + (1 = B1) (w0 — P) + V1 (wn — ) ||

< BT a0 —p) + (1= Bz — D) +71Q
< BT w0 = pl* + (1 = B) llzn — |
— ma(B)g (|20 — T zall) +74Q
< 87 (I = pII* + 20 o — pll +72)
+ (1= B llzn = plI* +7Q
= |lzn = plI* +28,7n |20 — pll + Bir? + 4
and

22) Ny =2l = 18,(5" 20 —p) + (1 = B4)(@n — D) + Yo (vn — z0) |

< 18(S" 20 — p) + (1= BL) (@n — p)|I° +74Q
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< B 118" 20 = ol + (1 = B3) 2 = p”
~ ma(8,)9 (15" 20 = wal) +74Q

< 81, (lzn = plI” + 2rn |20 = pll +72) + (1 = 8,) llz — p”
= ma(8)g (115" 20 = wall) + 7, Q-

Substituting (2.1) into (2.2), it follows that

(2.3) lyn — p||2 < |lzn —p||2 + 252527% |zn —pll + Zﬁ;rn llzn — pll
+ Br,(1+ Br)ra = m2(B7)g (115" 20 — xnll) + (v, + 1) Q-

Again by Lemma 2, the scheme (1.2) and inequality (2.3), we infer that

|zns1 = plI* < 1Bn(T"yn — p) + (1 = Ba)(@n — P)II* + W@

< BullTyn = pl* + (1 = Ba) = p|®
= m2(Bn)g (I T"yn — zal) + 1@

< B [llym = oI + 2 llgn = pll + 73] + (1 = Bu) 2 — I
= m2(Bn)g (I T"yn — zul) + 1@

< B |z = pl* + 2608870 |00 — pll + 2808,70 |20 — pll
+ BulB (14 B)ra + Bu(vh, + 1)@ + 2rnBn lyn — DIl + Burs:
= Bama(B,)g (15" 2n — @nll) + (1 = Bn) [l2n — p|I?
= m2(Bn)g (I T"yn — zal) + 1@

< llzn = plI* = m2(80)g (IT"yn — zall) = Bum2(B})g (1S™2n — 2nl|)
+ (1 Y+ 1) Q-

JFrom this, we obtain the following two inequalities:

(2.4) 72(Bn)g (I1T"yn — 2nl) < ll2n = plI° = [l2ns1 — p)I?
+ (Tn + In +’Y;z +’Y;{)Q

and

(2.5) Bama(85)g (1S"2n = 2nll) < ll2n = plI* = lzns1 — p|I?
+ (Tn + Yn + 'Y; + 'YZ)Q

Suppose that (i) holds. Then there exists § > 0 and a positive integer ng such that o (5,) >
6 for all n > ng. Let m be any positive integer satisfying m > ng. Summing up the terms
from ng to m on both sides in the inequality (2.4), we have

m

2 2
6> g(IT"yn = all) < llzne = plI° = llzms1 — pl

n=no
m

+Q D (rntvm+7n+7)

n=no

m
2
< ane =PI+ Q D (T + Y + 70 +72)-

n=no
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When m — oo in the above inequality, we get that

53 g (IT7"yn — wall) < o0

n=1

and hence
lim g ([|T"yn — zn|]) = 0.
n—oo
By virtue of the properties of g, we conclude that
lim ||T"y, — z,| = 0.
n—oo

Next assume (ii). So there exists 7 > 0 and a positive integer ny such that 3,m2(5),) > n
for all n > ny. Therefore inequality (2.5) becomes

n 2
Ui Z g (18" 20 — xull) < |z, —plI” +Q Z (rn + v + 7 + ) <00
n=ni n=ni
and hence lim,,_, ||S" 2z, — 25| = 0. O
Remark 2. Lemma 4 generalizes Lemma 2.2 in [13].

Lemma 5. Let C be a nonempty closed convex subset of a uniformly convexr Banach space
E. Let S,T : C — C be mappings with F(S,T) # 0. Put

= sup ([|5"z = S"yl| = llz—yl)V sup (|T"z —T"y| - [z —yl[) VO
z,yeC z,y€e

and suppose that " r, < co. For the sequences {xn}, {yn}, {2n} generated by (1.2),
where the sequences {Bn} and {5} satisfy the additional restrictions: 0 < liminf, . G, <
limsup,,_,, Bn <1 and 0 < liminf, o B, <limsup,_, . 5, < 1, we have

lim ||z, — 2| = lm ||z — yn| = lim ||z, — Sz,| = lim ||z, — Tz,| = 0.
n—oo n—oo n—oo n—od

Proof. As proved in Lemma 4, we have

lim ||T"y, — 2,|| = 0= lim ||S"z, —z,|.

n—oo n—oo
Since

[0 = ynll < By [0 — Szl + 75, |20 — vall — 0

as n — oo, therefore

(2.6) [Tz — anl| < (| T"2n = Tyl + [T"yn — zn|
Slen = ynll + 70 + 1T yn — znll — 0

as n — oco. On the other hand
20 — 2all < 5;: lzn — Tz || +'Vg lzn —wn| —0
as n — 00, gives

15" 20 — 2| < (|S" 20 — S™ 20| + (|52 — 2|
<|lzn — 2znll + 70 + [[S™ 20 — 2| — 0
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as n — 00. Also observe that
[#n = npal] < llon = T an || + [[T" 20 — Tnia |
< o =T @ || + o [[T" 20 — 0|
+ B 1T @0 — Ty || + vn lun — T 4|
Slan =T || + o [T @0 — an|
+ Bn (|20 — Yull +7n) + V0 ltn = T2 || — 0
as n — oo. From this, uniform continuity of T, (2.6) and the inequality
|20 — Tn| < ||on — Tppa] + Hanrl - TnJrlanrlH
T s =T |+ 7, T |

<2 = Tng1ll + ragr + ||Tngr = T wppa || + || T 2n — T

we have
lim ||Tz, — z,| = 0.
n—oo
Similarly, lim ||Sz, — x,| = 0.
n—oo
That is,
lim ||z, — 25| = lm ||z, — ynl| = lim ||z, — Sz,| = lim ||z, — Tz,| =0,
n— 00 n—oo n—00 n—00
completing the proof. O

Remark 3. Lemma 5 extends Lemma 2.9 in [5] and Lemma 4 in [3].
We now establish the following weak convergence result based on Theorem B.

Theorem 1. Let E be a uniformly convexr Banach space satisfying the Opial property and
let C' be a nonempty bounded closed conver subset of E. Let S,T : C — C be asymptotically
nonezrpansive mappings in the intermediate sense with F(S,T) # (. Put
rn = sup ([[S"z —S"y|| —[lz —yl)) v sup (|T"z—T"y| -z —y[)VO
z,yeC x,Yy€E

and suppose that > °o  r, < oco. Let {z,}, {yn}, {20} be generated by (1.2), where
the sequences {Bn} and {f)} satisfy the additional restrictions: 0 < liminf, .o Bn <
limsup,_,. On < 1 and 0 < liminf, .o 5], < limsup,,_,.. 0B, < 1. Then {z,}, {yn},
{zn} converge weakly to the same point p of F(S,T).

Proof. Tt follows from Lemma 3 that lim,_, ||z, — p|| exists for all p € F(S,T) and

lim ||Sz, —x,||=0= lim ||Tz, — z,]|
n— 00 n—0o0
by Lemma 5. As lim, o ||Sz, — z,|| = 0 and S is uniformly continuous, so for any k& > 1,

inductively, we have

||Skxn — an — 0 as n — oo.
Similarly

||Tkxn — an — 0 asn— oo.

Now, we can use Theorem B with weak topology instead of 7-topology and hence, there
exists z1 € F(S), z2 € F(T) such that x,, = 2z; and z,, — 2z2. By uniqueness property of
the limit, z; = 2o € F(S,T). Further, the limits of the sequences {x,}, {yn}, {zn} coincide
by Lemma 5. O
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The following corollary is an immediate consequence of the above theorem; this result
improves Theorem 2.10 of Kim, Kiuchi and Takahashi [5] and includes as special case,
Theorem 1 of Khan and Takahashi [3].

Corollary 1. Let E be a uniformly convexr Banach space satisfying the Opial property and
let C be a nonempty bounded closed convex subset of E. Let S,T : C — C be asymptotically
nonexpansive mappings in the intermediate sense with F(S,T) # (0. Put

rn = sup ([[§"z = S"y|| —[lz—yl) v sup (|T"z —T"yl| - [z —yl) VO
z,yeC x,Yy€E

and suppose that > >~ |y, < 00. Generate {z,}, {yn} by:

xr1 € C,
Yn = a%xn + ﬂ;LSn{En + ’Y;Lvnv
Tnal = WnTpn + BnT"Yn + Yntn, for alln > 1,

ab+ 0L+, =1foralln > 1, 30 4 < 00, Yoo 7 < 00, 0 < liminf, 8, <
limsup,,_,o On < 1, 0 < liminf, o B, <limsup,,_, . B, <1 and {u,},{vn} are sequences
in C. Then {x,}, {yn} converge weakly to the same point p of F(S,T).

Now we prove a strong convergence theorem; our result constitutes a generalization of
Theorem 1 and Theorem 2 in [4], Theorem 3.6 in [5], Theorem 2.1 in [13] and Theorem 2
in [3].

Theorem 2. Let E be a uniformly convex Banach space and let C' be a nonempty closed
conver subset of E. Let ST : C — C be asymptotically nonerpansive mappings in
the intermediate sense with F(S,T) # 0. Let r, defined as in Theorem 1 satisfying
St < oo. Let {zn}, {yn}, {2n} be generated by (1.2), where the sequences {Bn}
and {0} satisfy the additional restrictions: 0 < liminf, o B, < limsup,,_,. Bn < 1 and
0 < liminf, .o 3, <limsup,_,., 3, < 1. Then {zn}, {yn}, {2n} converge strongly to the
same point p of FI(S,T), if one of the following conditions is satisfied:

(i) {xn} has a subsequence which converges strongly to a point in C;
(ii) S™ is compact for some m > 1.
Proof. As obtained in Lemma 5, we have

(2.7) lim |z, — Sx,||=0= lm |a, — Tz,] .
n—oo n—oo

Assume that (i) holds. Let {zy,} be a subsequence of {x,} such that z,, — z € C. Then
(2.7) assures that z is a common fixed point of S and T'. As lim,_,« ||z, — p|| exists for all
p € F(S,T), therefore x,, — z. Next suppose that (ii) is given. We have already shown in
Theorem 1 that

lim HSkxn—an =0= lim HTkxn—an for all k£ > 1.

n—00 n—00

By the compactness of S™, we must have a convergent subsequence {S™x;} of {S™z,}.
Suppose that lim; . S™z,, = q. Then

0< me - q|| < me - Smx"jH + ||Smxnj - q|| — 0as j — oo.
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Hence

im ||z, —qf| = 0.
— 00

J

That is, z,,; — ¢. The rest of the proof is similar to assumption (i). As obtained in Lemma
5 that

lim ||zn, — 2zpl| = 0= lim ||z, — yull,
n—oo n—oo
the limits of the sequences {z,},{y,} and {z,} coincide. This completes the proof. O

The following results are immediate consequences of Theorem 2.

Corollary 2. Let C be a nonempty closed convex subset of a uniformly conver Banach
space E. Let S,T : C — C be asymptotically nonexpansive mappings in the intermediate
sense with at least one common fixed point and let T, be defined as in Theorem 1 satisfying
oo < oo. Let {zp}, {yn} be given by:

xr1 € C,

Yn = a{nxn + ﬂ;LSn{En + ’Yavnv

Tpt1 = Ty + BT Yn + Ynlbn, for alln > 1,
where {an}, {Bn}, {7}, {ah}, {BL}, {7vL} are real sequences in [0, 1] satisfying o+ Bn+vn =
L=al, +8,+~, foralln > 1, > v < 00, >0 vh < 00, 0 < liminf, .o B, <
limsup,, . Bn < 1, 0 < liminf, .o B), < limsup,,_,. B, < 1. Then {z,}, {yn} converge

strongly to the same point p of F(S,T) provided that one of the following conditions is
satisfied:

(i) {zn} has a subsequence which converges strongly to a point in C;
(if) S™ is compact for some m > 1.

Corollary 3. Let C be a nonempty closed convex subset of a uniformly conver Banach

space E. Let T : C — C be asymptotically nonexpansive mapping in the intermediate sense.
Set

rn = sup ([|[T"z —T"y| — ||z —yl) VO
z,yeC

and suppose that Y >~ |, < 0o. Let {x,} be defined by:

xr1 € C,
Tnt1 = Ty + O T Ty + Yy, foralln>1,

where {an},{On}, {1n} are real sequences in [0,1] satisfying o + Bn + vn = 1 for all
n>1 Yy < oo, 0 < liminf, .o B, < limsup,_,. B, < 1. Then {z,} converges
strongly to a fized point of T provided that one of the following conditions is satisfied:

(i) {xn} has a subsequence which converges strongly to a point in C;
(ii) T™ is compact for some m > 1.

Remark 4. Xu-Noor type convergence, Ishikawa type convergence and Mann type conver-
gence results are the direct consequences of Theorem 1 and Theorem 2.
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