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ABSTRACT. In this note, we obtain more precise estimations than the constants are
given in the paper by M.Fujii, E.Kamei and Y.Seo, Kantorovich type operator inequal-
ities via grand Furuta inequality, Sci. Math., 3 (2000), 263-272. Among other, we
show that the following statements are mutually equivalent for each 6 € (0, 1]:

(i) Km™S M55 1)t AP > Br
for any n >0, s > 1, p > § with (p — d)s > nd.
(ii) K(m‘S,M‘S,g)Ap > B? for any p >4 .
For each § € (0, 1]
(p—98)s (p—8)s
Km » M % ,n+1)7 > Km®, ML)

)
holds for any n > 0, s > 1, p > § such that (p — d)s > nd.

1 Introduction. Let B(H) be the C*-algebra of all bounded linear operators on a
Hilbert space H and Bi4(H) be the set of all positive invertible operators of B(H). An
operator A is said to be positive (in symbol: A > 0) if (Az,z) > 0 for any 2 € H. We denote
by Sp(A) the spectrum of the operator A. The order between operators A, B € B, (H)
defined by log A > log B is said to be the chaotic order A > B.

First of all, we recall the celebrated Kantorovich inequality: If a positive operator A €
B (H) satisfies Sp(A) C [m, M] for some scalars M > m > 0, then

(m+ M)?

L (Aa) ! 2 (A7)

2
for every unit vector x € H. The number (”Z;]J\é) is called the Kantorovich constant.

Related to an extension of the Kantorovich inequality, Furuta [4] showed the following
Kantorovich type operator inequality:

Theorem A If A> B >0 and Sp(A) C [m, M] for some scalars M > m > 0, then

MN\P!
(E) AP > K(m, M,p)AP > BP holds for any p > 1,
where a generalized Kantorovich constant K(m, M, p) [4, 5] is defined as
_ _ P
(%) K(m,M,p) = % (%%) for allp € R.

Next, we cite the grand Furuta inequality which interpolates the Furuta inequality [3]
and the Ando-Hiai inequality [1].
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Theorem G (The grand Furuta inequality) If A > B > 0 and A is invertible, then
for each t € [0,1],

r

{AZ(A 5 APA 2) A%} > {A2(A2BPA 5)°A%}a
holds for anys > 0,p>0,q > 1 andr >t with (s—1)(p—1) > 0 and (1—t+r)q > (p—t)s+r.
In [2] Fujii et al. consider the class of orders A% > B® for A, B € By, (H) and § € [0, 1],
where the case 4 = 0 means the chaotic order. This class of orders interpolates the usual
order A > B and the chaotic order A > B continuously. As applications of Theorem A and

the grand Furuta inequality, they obtained in [2, Theorem 2] the following Kantorovich type
order preserving operator inequalities by means of the generalized Kantorovich constant (x).

Theorem B Let A,B € By (H) with Sp(A) C [m, M] for some scalars M > m > 0.
Then the following statements are mutually equivalent for each § € (0,1]:

i) A > B°.
(i)  For eachn € N and o € [0,1]

(p—d+au)s—au (p—d+au)s—au
n

K(m MR p 1) A draws (Am'é_SBpsz_é)

holds for s > 1, p>§ and u > § with (p — d + au)s > (n + a)u.
(iii) For eachn € N

(p=3)s (p=3)s

K(m™ =M% n+1): AP > BP
holds for s > 1 and p > ¢ with (p — §)s > nd.

(iv)  ()r=94P > BP holds for p > 6.

Moreover, Hashimoto and Yamazaki in [6, Theorem 4] showed the following Kantorovich
type order preserving operator inequalities under the chaotic order.

Theorem C Let A,B € By ((H) with Sp(A) C [m, M] for some scalars M > m > 0.
Then the following statements are mutually equivalent:

(i) A > B (i.e. logA>logB).
(i) For eachmn >0 and o € [0, 1]

(ptau)s—au (ptau)s—au

K(m " , M n ,n+ 1)A(p+ozu)s > (A%BPA%)S

holds for s > 1, p >0 and u > 0 with (p+ au)s > (n + a)u.

In this note, we shall show more precise estimations than the constants (ii) and (iii) of
Theorem B and the constant (ii) of Theorem C.
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2 Results. In this section K(m,M,p) denotes the generalized Kantorovich constant
(x) and S(h,p) denotes the Specht ratio [7, 6] defined for all p € R as

(%x) S(h,p) = G- WP o > 0, R #1 and S(1,p) = 1.

p e logh
We need the following properties [5, 7]:
()  K(m,M,1)=1lim, .1 K(m,M,p)=1 and S(h,0)=1lim,_¢S(h,p) =1,
()  lm,_qo K(m",M", 2 +1) = S(h,p), where h=2

()  limpioS(h,p)r =1

and the following proposition [7, Proposition 4] proven by T.Yamazaki and M.Yanagida:

Proposition P Let K(m, M, p) be defined in (). Then
Flp,rym, M) = K(m",M", % +1)

is an increasing function of p, v and M, and also a decreasing function of m for p > 0,
r >0 and M >m > 0. And the following inequality holds:

M\" R
(—) ZK(m’,M’,B—i—l)zl forallp>0,r>0and M >m > 0.
m r

We begin by stating the following theorem, which gives more precise estimations than
the constants (ii) of Theorems B and C.

Theorem 1 Let A, B € By (H) and M, m some scalars such that M >m > 0. Then the
following statements are mutually equivalent for each § € [0,1]:

(p—d+au)s—au (p—6+au)s—au
n n

oau— oau— s
G)  K(m M 4 1)AP-taw)s > (A ; JBPATJ)
holds for anyn >0, a € [0,1], s > 1, p >0 and u > § with (p — § + au)s > (o + n)u.

au—34§

11 u u —dtau)s—au _Stau)s au—4§ au—6\"
(11)0 K(m , MY, % + ]_)A(p o+au) > (A 5 BPA— = )
holds for any o € [0,1], s> 1, p> 4§ and u > 4.

For each § € [0,1]

(p—90+au)s—au

(p—8+au)s—au (p—d+au)s—au
n X

K(m , M ™ ,n+1) > K(m", M,

1
U +1)

holds for anyn >0, a € [0,1], s > 1, p >0, u > § such that (p — 0 + au)s > (o + n)u.

Proof.  First in the case of u # 0 we prove that for each § € [0, 1]

K(m(p—w?as—au , M(p—s+a:>s—aum 1) > K(m®, MY, (p—9+au)s—au

+1)>1
(3

holds for any n > 0, « € [0,1], s > 1, p > 0, u > §, u # O such that (p—d+au)s > (a+n)u.
(p—d+au)s—au

We replace r; by , 72 by w and p by (p — J + au)s — au in Proposition P.
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Since (p — 6 + au)s > (a + n)u then we have 11 > ro > 0 and (p — 0 + au)s — au =
(p—0)s+ au(s —1) > 0 and it follows from Proposition P that

(p—90+au)s—au (p—90+au)s—au

K(m™, M™, +1) > K(m™, M"™, +1)>1,
71 T2
ie.,
(p=S+au)s—au (p=S+au)s—au
K(m " , M n ,n+1)
(p=S+au)s—au (p=$taw)s—au (p_§tau)s—au
(1) = K(m " 7M " y  (p—dtau)s—au + 1)

> K (m*, M*, W +1) > 1,

which is the desired result in the case of u # 0. Letting v — 40 in (1) and using (b) and
that © > § > 0 we obtain

K(m™, M ,n+1) > S(h,ps) > 1,

which is the desired result in the case § = u = 0.

(ii) = (ii)g. Put n = W for u # 0 and n — 400 for u = 0 in (ii).

(ii)g = (ii). Let n > 0 such that (p — § + au)s > (a + n)u holds. We have from (1)
and (ii)p that

(p—8+au)s—au
n

K(m M ,n+ 1) Alp—dtau)s
> K(m", M", (p—d+au)s—au + 1)A(10—5+04u)s > (A au{ﬁ BpAau{a )5

(p—d+au)s—au
n

u

holds.
So the proof of theorem is complete. ]

Next, we give more precise estimations than the constants (iii) of Theorem B.

Theorem 2 Let A,B € BL(H) and M, m some scalars such that M > m > 0. Then the
following statements are mutually equivalent for each ¢ € (0,1]:

(p—8)s (p—9d)s

(iii) K(m™ =, M n+1) AP > BP

holds for anyn >0, s > 1 and p > ¢ with (p— d)s > nd.
(iii)o K(m®,M°, 2)AP > BP

holds for any p > 6.

For each 6 € (0,1]

K(m ™5 M5 n 4 )Y 2 K(m®, M0, %)

holds for anyn >0, s > 1, p > § such that (p — §)s > nd.

Proof.  First we prove again that for each § € (0, 1]

K(m™ =, M55 n 4 )% > K(m®, M0, %)
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holds for any n > 0, s > 1, p > § such that (p — §)s > nd. As in [7] we define a function

1
RPtT — 1\ ™
" 7> where h > 1, p > 0, r > 0.

h):=|——
9(p,r,h) <p+r P

If we put h = % > 1, then we have (see [7, The proof of Proposition 4])

) Kt 3 2 1) = {5 gt v}

It follows that

K(m—(pf)s’M@,n—i— 1) = K(m@,M@; (57 g?: +1)3
p—9
(3) = {190 —0)s. 2522 0) - (222 (0 D)s. )}

Since g(p,r, h) is the increasing function of p and r by [7, Lemma 8], we have that

g((p— )8, =22 hy > g(p— 5,222 h),
g(2=22 (p—8)s,h) > g(B2,p— 8,h)

hold if s > 1. Then
e g((p—0)s, L525 h) - g(L52 (p— 6)s, h)

Since g(p,r,h) is a bounded function by [7, Lemma 10]: h > g(p,r,h) > /h, then we
have

1
(5) hzﬁg(p,r,h)g(r,p,h)ZI

holds for h > 1, p >0, r > 0.
Using (2), (3), (4) and (5) we obtain that

K(m™5 M3 1)t
(6) = {1 00— ). 2525 ) - g(P522 (0 — 8)s. )}

p—9 p— p=35
Z{%'g(p_(sap__évh)'g(pT_évp_dvh)} :K(m n{S’M " n+1)

p—0

holds for any n >0, s > 1, p > .

The rest part of proof is similar to the proof of Theorem 1. For any n > 0,s>1,p > ¢
such that (p—d)s > nd we replace r1 by pn;‘s, r9 by 0 and p by p— 6 in Proposition P. Since
r1 > 19 >0 and p— 4 > 0, it follows from Proposition P that

p;é +1)> K(mr’27MT’27p;5

K(m™ M™,
1 T2

+1) =1,

ie.

-5

(7) K(m", M5

n+1) > K(m‘s,M‘S,%) > 1.



602 JADRANKA MICIC AND JOSIP PECARIC

By (6) and (7) we obtain
(8) K(m(PZS)s’M(PZé)s’n_'_ 1)% Z }—(—(Tné’]\457 g) 2 1,

which is the desired result.
(iii) = (iii)o. Put n =% —1 and s = 1 in (iii).
(iii)o == (iii). Let n > 0 such that (p — d)s > nd. By (8) and (iii)o it follows that

(p=3)s (p=3)s

Km™=" M5 ,n+1)%Asz(m5,M5,§)Aszp

holds.
So the proof of theorem is complete. ]

Using Theorem B and Theorems 1 and 2 we obtain the following:

Theorem 3 Let A, B € By (H) with Sp(A) C [m, M| for some scalars M > m > 0. Then
the following statements are mutually equivalent for each § € (0,1]:

(i)o A > DB,
(i)  For each o € ]0,1]

au—3§

(p—9d6+au)s—au
u

holds for any s > 1, p> 6§ and u > 6.

(il)o K (m?, M° E)AP > BP holds for any p > 6.

(iv)o (%)p_‘SA” > BP holds for any p > 6.

K(m", M*",

+ 1)A(P—6+au)s > (A BpAau,z_,s)s

These constants (ii)g and (iii)g are more precise estimations than the constants (ii) and (iii)
of Theorem B, respectively.

Remark 4 We remark that (iii)g in Theorem 3 follows directly from Theorem A if we
replace A by A% and B by B°.

In particular, if we put 6 = 1 in Theorem 3, then we obtain the following Kantorovich
type order preserving operator inequalities under the usual order.

Theorem 5 Let A, B € By, (H) with Sp(A) C [m, M] for some scalars M > m > 0. Then
the following statements are mutually equivalent:

(i)o A> B.
(i)  For each o € ]0,1]

-1 —
K (v, g, = L aw)s — au

+ 1)A(p—1+au)s > (A(m;prA(m;l)s

u
holds for any s > 1, p>1 and u > 1.
(iil)o K (m, M,p)AP > BP holds for any p > 1.
(iv)o  (&)P=1AP > BP holds for any p > 1.

These constants (ii)g and (iii)g are more precise estimations than the constants (ii) and (iii)
of [2, Theorem 3], respectively.
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Using Theorem C and Theorem 1 we obtain the following:

Theorem 6 Let A, B € By (H) with Sp(A) C [m, M| for some scalars M > m > 0. Then
the following statements are mutually equivalent:

(o A > B (i.e. logA>1logB ).

(il)o  For each o € [0,1]

(p+au)s — au
u

holds for any s > 1, p >0 and u > 0.

(iii)o  S(h,p)AP > BP holds for any p > 0.

K(m", M", + 1)A(p+ozu)s > (A%BPA%)S

This constant (ii)g is more precise estimation than the constant (ii) of Theorem C.
Proof.

(i)o = (ii)o. (i)o = |[(ii) of Theorem C] = (ii)p by Theorem 1.

(ii)o = (iii)o. Let be u > 0. If we put o =0 and s =1 in (ii)o, then we obtain that

K(m*, M2+ 1)47 > BP
u

holds for any p > 0 and uw > 0. Letting u — +0 and using (b) we obtain (iii)g. We remark
that the statements (ii)o for u = 0 and (iii) are identical.

(iii)p = (1)o. It is proved in [7, Theorem 5]. Indeed, if p > 0, we take logarithm of
both sides (iii)g and obtain log(S(h,p)%A) > log B. Then letting p — +0 and using (c) we
obtain (i)g. We remark that using (a) the statements (iii)o for p = 0 and (ii) are identical.

O
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