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MARGINAL MEASURE PROBLEMS ON THE RANKED SPACE S’
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ABSTRACT. Let S be the set of all rapidly decreasing C*®°-functions defined in R® and
S’ its topological dual for the usual topology. S’ is definable as a ranked space. The
family of preneighbourhoods defines a topology for it. We denote the space equipped
with the topology by S%. Our aim in this note is to study Strassen’s marginal measure
problems for S%. Our results are that if we read continuous functions and open sets as
Borel measurable functions and Borel sets, respectively, in [8], Theorem 7 and Theorem
11, then the similalities of Strassen’s results hold still.

81. Introduction
Let S, S" and S be the same as in the above. S, satisfies the second axiom of count-
ability and is metrizable for the topology (see [6], Paragraph II). Our aim in this note is to
study Strassen’s marginal measure problems (see [8], Theorem 7 and Theorem 11) for S%.
> is not a Polish space. Hence our results differ a little from Strassen’s one, that is, we
have to read continuous functions and open sets as Borel measurable functions and Borel
sets, respectively, in [8], Theorem 7 and Theorem 11. However our conditions are equivalent
to Strassen’s one for Polish spaces.

To obtain our results the following facts play important roles;

(1) the Borel o-algebra of S% coincides with it of the spaces S), equipped with the week
topology o(S’, S) and it of the space S/ topologized by the family of all r-open sets of the
ranked space S’ (see [6], p. 810, Theorem 11),

(2) the projection of any Borel set of the product space Sp x S% is universally measurable
with respect to (S%, 5(S%R))-

For it the notion of r-convergence plays an important role.

§2. The ranked space S’ and measurability
Let S and S’ be the same as in §1 and N the set of all non-negative integers. For each
m in N, let (', ), be an inner product on S defined by

gu+-tar

(6B =3 /R D) D) (D7 =

- a1 qr /)
Ox{t - - 0z

where ¢ runs through all multi-indices ¢ = (g1, ,qr) with 0 < ¢; < 3m for each i =
1, 2,--- k. Putting

we have

lollo < ol < -+ (¢ €9).
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Put, for any f in S’,

[f1l=m = sup{[f(#)] : ¢ € § and [|}[lm < 1},

and

p(f) = min{m : | fl|-m < +oo}.

Let S, ={f €S : p(f) <m} for each m in N.

Proposition 2.1 ([6], p. 807). The followings hold.

(1) 8" =uUrX_,5...

2)m<m' if S, CS.,.

(3) For each m in N, || | is a norm on S, and each normed space (S, || ||=m) is
complete.

For each f in S’ put

Vi m, )= f {9 € S lgllom < 55} Gy m e N),

U(f) ={V(f; m, j); 5=0, 1, ---, max(1l, p(f)) <m, m € N}

and

Uy ={V(f; m, j): feS max(l, p(f)) <m, m € N}.

Then (S', U(f), U;) becomes a ranked space (see [5], §2). Since the family U( f) of preneigh-
bourhoods for each f in S’ satisfies the axioms (B) and (C) of Hausdorff, U(f) becomes a
fundamental system of neighbourhoods of f (see [5], §1, 1.6). O(S’) denotes this topology.
Furthermore the ranked space (S’, U(f), U;) satisfies (r — T3) (see [6], P. 807, Theorem
7). Hence the topological space (S’, O(S")) is a Hausdorfl space. S. Nakanishi showed the
following theorem in [6], §7 and §8.

Theorem 2.2. The topological space (S’, O(S")) satisfies the second axiom of count-
ability and is metrizable.

We denote the topological space (S’, O(S’)) and S’ equipped with the weak topol-
ogy o(S’, S) by Sy and S),, respectively. We, also, denote the topological space S’
topologized by the family of all r-open sets of the ranked space (S’, U(f), U;) by S..
B(S%), B(SL) and B(S.,) denote the Borel o-algebras of S%, S.. and S}, respectively.

Theorem 2.3 ([6], p. 810, Theorem 11). 3(S%) = 5(S;.) = B(S,,) hold.

Proposition 2.4. For each m in N a normed space (S),,, || ||-=m) is a separable Banach
spaces.
Proof. Since the topological space (S’, O(S’)) satisfies the second axiom of countability,
the topological subspace (S),, O(S],)) of (S’, O(S’)) satisfies the second axiom of count-
ability. The topology of (S,,, O(S,)) is stronger than it of (S,,,| ||-m). Therefore the
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normed space (S, || ||l-m) is separable. By Proposition 2.1 (S}, || ||-m) is a separable
Banach space.

Theorem 2.5. Let 5((S.,, || |l-m)) denote the Borel o-algebra of the normed space
(Si.s |l |=m) for each m in N. Then S!, belongs to 5(S..) and 8(S.)NS., = B((SL., || |=m))
holds.

Proof. For any positive integer n we have

{feSn: Ifll-m<nt={fes: |fll-m<n}

By [6], p. 809, Lemma 18 the right hand is r-closed (see [4], p. 180 for the definition of
r-closed sets). Hence S7, belongs to 3(S)). Next we shall show the second assertion. Since
the topology of the topological subspace (S,,, O(Sy,)) is stronger than it of the normed
space (Sm, || [|=m), it is obvious that 3(S.) NS, D B((S,,, || [|=m)) holds. We shall
show the converse inclusion. Let F' be an r-closed subset of S.. Put, for each m in N,
F,, = FNS],. Then F,, is a closed subset of the normed space (S}, || ||-m). Indeed, let
{fn} be a sequence of F,,, converging to an f in S’ with respect to the norm || ||—,. Since S},
is a Banach space, f belong to S;,. This convergence, by [6], p. 807, Proposition 17, implies
that {f,} r-converges to the f in S’. Since F is r-closed, the f belongs to F. Since it has
been proved that F), is closed in (S!,, || ||=m), Fm belongs to B((S.,, || [|=m)). Accordingly
it is easily seen that 5(S.) N S, = B((S,,, || ||-m)) holds.

Remark. By Theorem 2.3 it is seen that, for each m in N, S/ belongs to 5(S%) and
B(S,), and B(SR) NSy, = B(SL,) NSy = BU(Sh, I [|-m)) hold.

Definition 2.6 ([2], p. 280). Let (X, () be an abstract measurable space. A subset
of X is universally measurable with respect to (X, B) iff it is u-measurable for every finite
measure p on (X, ).

Theorem 2.7. ([3], p. 388). Let X and Y be Polish spaces. If B is a Borel subset of
X and f is a continuous map from B to Y, then f(B) is an analytic set in'Y.

Theorem 2.8 ([2], p. 281). Evry analytic subset of a Polish space is universally
measurable.

pr, and pr, denote the projections from the product space Si x S% onto the first com-
ponent space and the second component space, respectively.

Theorem 2.9. Let F be a Borel subset of S, x S%,. Then for any Borel subset B of Sp,
pr, (F N (SR x B)) is universally measurable with respect to (S, B(Sg))-
Proof. Since S% is a metric space satisfying the second axiom of countability, we have

B(Sk) ® B(Sk) = B(Sk x Sk),

where 3(S%)®6(Sy) denotes the product o-algebra of two Borel o-algebra 5(S%)’s. Putting
B,, = S!, N B for each m in N, by Theorem 2.5 and Theorem 2.3 F' N (S}, X By,) belongs
to B((Shs | 1=m) X (Sps [ |=m)). Put Eny = pyy (F' N (S}, x By,)) for every m in N. Since
(Sr, |l ll=m) is a separable Banach space, by Theorem 2.8 FE,, is universally measurable
in the normed space (S}, || ||l-=m). Let u be a finite measure on S%. Since, by Remark,

BU(Sh,, || [1=m)) = B(Sk)NS), and S}, belong to 3(S%), we can restrict u to the measurable
space (S.,, B((SL,, || llm))). We denote it by . Since E,, is universally measurable in
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(S7.s || llm), there exist Borel sets A,,, and Cy,, in 8((S),, || [|=m)) such that A, C E,, C C,,
and pim (Am) = pm(Cr,). Since

F N (Skx B) =F N (Uy_o(Sp, X Bi)) = Upi—o(F N (S}, X B)),
we have
pr (FN(Sk x B)) =UsY_Ep,.

Putting A = UY_ Ay, and C = U_(Chy,, A and B belong to §(S%) and we have

ACpm(Fﬁ(S}% x B)) C Cand u(C — A) < Zﬂm(cm_Am) =0.

m=0

Hence p,, (F'N (SR x B)) is p-measurable. Thus Theorem 2.9 has been proved.

83. Strassen’s Theorem

Let X be a topological space and let 3(X) denote the Borel o-algebra of X.
BY(X) (resp. C®(X)) denotes the set of all bounded real valued Borel measurable (resp.
continuous) functions on X. P(X) denotes the set of all probability Borel measures on X.
Put Z = S, x Sy. S., is a Lusin space (see [7], p. 115, (C)). Let K(S!,) be the set of
all compact subsets of S,, and Ko(S], x SI,) the set of all finite disjoint unions of compact
rectangles in S, x S!,. Bo(Z) denotes the set of all finite disjoint unions of Borel measurable
rectangles of Z. Put

BY(Z)={fopr +gopr,: f g€ B"(Sk)}

Theorem 3.1. Let 1 and v be probability Borel measures on Sp and A a non-void
weakly closed convex subset of P(Z). Then the following conditions are mutually equivalent:

(1) There exists a 0 in A having p and v as marginals.

(2) For any functions f and g in B®(S%) one has

fdu—l—/ gdygsup{/(fOp,«l—|—g0pr2)d9: 0 € A}.
: z

’
SR R

Proof. The implication (1) — (2) is easy. We shall prove the converse assertion. Put, for
any f and g in B%(S}),

Wo(fopr +g0pr) :/ fdu+/ gdv.
Sk Sk
Wy is a linear functional on B§(Z). Put, for any h in B®(Z),
P(h) = sup{/ hdf: 0 € A}.
z

P is positively homogeneous and subadditive on B®(Z) and satisfies Wy < P on B§(Z). By
the Hahn-Banach theorem W is extended to a linear functional W on B®(Z) with W < P.
Put, for any set E in 3y(Z), 0o(FE) = W(xE), where xg denotes the characteristic function
of E. 0 is a finitely additive probability measure on $9(Z) having p and v as marginals.
Since S}, is a Lusin space and §(S,) = 8(S%), for any positive number € and any set E in
Bo(Z) there exists a compact set K in KCo(S], x S.,) such that K C E and 6p(E — K) < e.
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Therefore by [7], p. 51, Theorem 16 6, is extended to probability Radon measure 6 on
S! % S! having p and v as marginals. Since

B(S,, x Sy) = B(S,,) ® B(S,,) = B(Sk) ® B(Sk) = B(Z),
6 is a probability Borel measure on Z. Since A is a weakly closed convex subset of P(Z),

in order to show that 6 belongs to A it is sufficient to show that / hdf < P(h) for any
z

h in C*(Z). By adding positive constants we may assume that h is positive. Since h is a
bounded continuous function, by [1], Chapitre 9, §2, n°6, Lemma 3, for any positive number
€ there exists a linear combination hg of the characteristic functions of open subsets of Z
with positive coefficients such that 0 < h(z) — ho(z) < € for all z in Z. Let

n
hO(Z) = ZaiXOi(Z)7
i=1
where each «; is positive and each O; is open. Since Z satisfies the second axiom of
countability, for each 4 there exists an open set U; in §y(Z) such that U; C O; and 0(O; —
n

U) < MLn’ where M = max{a; : i=1,2,--- ,n}. Putting I(z) = ;aiXUi(z), we have

/hd9—26</h0d9—e</ld@z/ld@ogP(l)gP(h).
Z A Z A

Since € is arbitrary, we have

/ hdo < P(h).
Z

Thus Theorem 3.1 has been proved.

Corollary 3.2. Let F' be a non-void closed subset of Z and € > 0. Given the probability
Borel measures p1 and v on S4, there exists a probability Borel measure X on Z with the
marginals p and v such that \(F') > 1 — € iff, for any Borel set B of S%;, one has

v(B) < u(pr, (FN(Sg x B)) +e

Proof. By Theorem 2.9 p,, (F N (SR x B)) is universally measurable with respect to
(Sk, B(SR)). Accordingly reading open sets (resp. continuous functions) as Borel sets
(resp. Borel measurable functions) in [8], Theorem 11, Corollary 3.2 is proved similarly to
the proof of [8], Theorem 11.
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