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Abstract. In this paper, the followings are proved that: (1) Let X be the inverse limit
of an inverse system {Xα, πα

β , Λ} and let the projection πα be an open and onto map
for each α ∈ Λ, if X is |Λ|-paracompact (resp. hereditarily |Λ|-paracompact) and each
Xα has property P (resp. hereditarily property P), then X has also property P (resp.
hereditarily property P). (2) Let X=

�
σ∈ΣXσ be |Σ|-paracompact (resp. hereditarily

|Σ|-paracompact), then X has property P (resp. hereditarily property P) iff
�

σ∈F Xσ

has property P(resp. hereditarily property P) for each F∈[Σ]<ω , where P denotes one
of the following four properties: expanability, discrete expandability, σ-expandability,
discrete σ-expandability.

In 1990, K.Chiba[1] proved the following: Let X be the inverse limit of an inverse system
{Xα, πα

β , Λ} and let the projection πα be an open and onto map for every α ∈ Λ, if X is
|Λ|-paracompact and each Xα is normal (resp. paracompact, collectionwise normal, meta-
compact, subparacompact, submetacompact, paralindelof, metalindelof, σ-paralindelof, σ-
metacompact, shrinking, property B), then X is normal (resp. paracompact, collectionwise
normal, metacompact, subparacompact, submetacompact, paralindelof, metalindelof, σ-
paralindelof, σ-metacompact, shrinking, property B). On the basis of this, various people
ask:

Question. Is there a similar result about expanable spaces?

In this paper, we first answer this question positively. Next, we show that hereditarily
expandable spaces have also similar properties. Using these, two groups of characteri-
zations of infinite Tychonoff products of expandable spaces (resp. hereditarily expand-
able spaces) are obtained under the condition of |Σ|-paracompactness(resp. hereditarily
|Σ|-paracompactness). And we show that both discrete expandable spaces and discrete
σ-expandable spaces have also respectively similar results.

We use that NY (x) denotes the neighourhood system of a point x of a subspace Y of a
space X. Espectly, N(x) denotes NY (x) when Y=X; |A|, clA and IntA denote respectively
the cardinality, the closure and the interior of a set A; (U)x and (U)|A denote respectively
{U∈ U : x ∈U} and {U⋂

A:U∈ U}; ω and [Σ]<ω denote, respectively, the first infinite
ordinal number and the collection of all non-empty finite subsets of a non-empty set Σ.
And assume that all spaces are Hausdorff spaces throughout this paper.

Definition 1. Let κ be a cardinal number, A space is κ-paracompact iff its every open
cover U of cardinal |U| ≤ κ has a locally finite open refinement; A space is |Λ|-paracompact
iff it is κ-paracompact, where κ=|Λ|.
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Definition 2. A space X is said to be expandable (resp. discrete expanable) iff its every
locally finite (resp. discrete) closed family {Fξ: ξ ∈ Ξ} has a locally finite open family {Uξ:
ξ ∈ Ξ} such that Fξ ⊂Uξ for every ξ ∈ Ξ; A space X is said to be σ-expandable (resp. σ-
discrete expandable) iff its every locally finite (resp. discrete) closed family {Fξ:ξ ∈ Ξ} has
a sequence 〈{Unξ:ξ ∈ Ξ}〉n∈ω of locally finite open families of X such that Fξ ⊂ ⋃

n∈ωUnξ

for every ξ ∈ Ξ.

Definition 3. A space X is said to has hereditarily property P iff its every subspace
has property P , where P denotes one of the following four properties: expanability,discrete
expandability, σ-expandability, discrete σ-expandability.

It is easy to prove the following Lemma by the above Definitions:

Lemma A space X has hereditarily property P iff its every open subspace has property
P , where P is one of the following four properties: expanability,discrete expandability,
σ-expandability, discrete σ-expandability.

The following are main results and their proofs of this paper:

Theorem 1. Let X be the inverse limit of an inverse system {Xα, πα
β , Λ} and let the

projection πα be an open and onto map for each α ∈ Λ. If X is |Λ|-paracompact and each
Xα is expandable (resp. σ-expanable), then X is expandable (resp. σ-expanable).

Proof. Let {Fξ: ξ ∈ Ξ} be a family of locally finite closed sets of X. For every α ∈ Λ,
put

Vα=
⋃{V: V is open in Xα and |{ξ ∈ Ξ: π−1

α (V)
⋂

Fξ �= φ}| < ω}
then

(1) {π−1
α (Vα) : α ∈ Λ} is an open cover of X and π−1

α (Vα)⊂ π−1
β (Vβ) if α ≤ β.

In fact, for every x∈X, there is some W∈N(x) such that {ξ ∈ Ξ: W
⋂

Fξ �= φ} is a finite
set since {Fξ: ξ ∈ Ξ} is locally finite in X. By [2,2.5.5 Proposition], there exist a α ∈ Λ and
an open set V of Xα such that x∈ π−1

α (V)⊂W, i.e., |{ξ ∈ Ξ: π−1
α (V)

⋂
Fξ �= φ}| < ω, then

x ∈ π−1
α (V)⊂ π−1

α (Vα). So,
⋃

α∈Λ π−1
α (Vα)=X. Next, for every x ∈ π−1

α (Vα), there is some
open set V of Xα such that x∈ π−1

α (V) and |{ξ ∈ Ξ: π−1
α (V)

⋂
Fξ �= φ}| < ω. I.e., |{ξ ∈ Ξ:

π−1
β (πβ

α)−1(V)
⋂

Fξ �= φ}| < ω since x∈ π−1
α (V)=π−1

β (πβ
α)−1(V), hence x ∈ π−1

β (Vβ).
By [1,Lemma 2], there is an open cover {Wα:α ∈ Λ} of X such that
(2) clWα ⊂ π−1

α (Vα) for every α ∈ Λ, and Wα ⊂Wβ if α ≤ β.
Pick Tα=Xα-πα(X-clWα) for every α ∈ Λ, then Tα is a closed set of Xα and Tα ⊂Vα.

Again pick Cα=Intπ−1
α (Tα). Now, we prove:

(3) {Cα : α ∈ Λ} is an open cover of X.
For every x∈X, there is some α ∈ Λ such that x∈Wα since {Wα:α ∈ Λ} covers X. There

exist a β ∈ Λ and an open subset V of Xβ such that x ∈ π−1
β (V)⊂Wα. Pick γ ∈ Λ satisfying

γ ≥ α and γ ≥ β, then x∈Cγ . To show this, we only assert that π−1
β (V)⊂ π−1

γ (Tγ). In fact,
if there is some y=(yδ)δ∈Λ ∈ π−1

β (V)-π−1
γ (Tγ), then yβ ∈V and yγ ∈ πγ(X-clWγ). There is

some z=(zδ)δ∈Λ ∈X-clWγ such that yγ=πγ(z)=zγ , i.e., yβ=πγ
β(zγ). So, z∈ π−1

γ (πγ
β)−1(V)

⊂Wα ⊂Wγ . This contradicts to z∈X-clWγ . Thus x ∈ π−1
β (V)⊂ π−1

γ (Tγ), then x ∈Cγ .
By |Λ|-paracompactness of X, there is a locally finite open cover {Oα:α ∈ Λ} of X such

that
(4) Oα ⊂Cα for every α ∈ Λ
Define Fα={Tα

⋂
clπα(Fξ): ξ ∈ Ξ} for every α ∈ Λ, then

(5) Fα is a locally finite closed family of Tα.
In fact, for every y∈Tα ⊂Vα, there is some open set V of Xα such that y∈V and

|{ξ ∈ Ξ: π−1
α (V)

⋂
Fξ �= φ}| < ω, then |{ξ ∈ Ξ:V

⋂
Tα

⋂
clπα(Fξ)�= φ}| < ω since {ξ ∈ Ξ:



INVERSE LIMITS AND INFINITE PRODUCTS OF EXPANDABLE SPACES 1317

V
⋂

Tα

⋂
clπα(Fξ)�= φ} ⊂ {ξ ∈ Ξ:π−1

α (V)
⋂

Fξ �= φ}. Hence Fα is a locally finite family of
closed subsets of Tα.

The proof for expandablity.
For every α ∈ Λ, Tα is expandable since Xα is expandabe. There is a locally finite

family Wα={Wαξ: ξ ∈ Ξ} of open sets of Tα such that
(6) Tα

⋂
clπαFξ ⊂Wαξ for every ξ ∈ Ξ.

We put Uξ=
⋃

α∈Λ[Oα

⋂
π−1

α (Wαξ)] for every ξ ∈ Ξ, then
(7) Fξ ⊂Uξ for every ξ ∈ Ξ.
In fact, for every x ∈Fξ, there is some α ∈ Λ such that x∈Oα ⊂Cα ⊂ π−1

α (Tα), then
xα=πα(x)∈Tα

⋂
πα(Fξ)⊂Wαξ.

So, x∈ π−1
α (Wαξ)

⋂
Oα ⊂Uξ.

(8) {Uξ: ξ ∈ Ξ} is a locally finite open family.
In fact, for every x∈X, there is some G′ ∈N(x) such that

{α ∈ Λ:G′ ⋂Oα �= φ} = {α0, α1, ..., αk}
where k ∈ ω. Again for every i ≤ k, there is Gi ∈N(xαi ) such that |(Wαi)Gi | < ω. Put
G=G′ ⋂[

⋂
i≤k π−1

αi
(Gi)], then G∈N(x) and
{ξ ∈ Ξ:Uξ

⋂
G�= φ} ⊂ ⋃

i≤k{ξ ∈ Ξ:Wαiξ

⋂
Gi �= φ}

Therefore, X is an expandable space.
The proof for σ-expandablity.
For α ∈ Λ, if Xα is σ-expandabe, then Tα is σ-expandable. Since {Tα

⋂
clπα(Fξ):ξ ∈ Ξ}

is a locally finite closed family of Tα, there exists a sequence 〈Wαn = {Wξαn: ξ ∈ Ξ}〉n∈ω

of locally finite open families of Tα satisfying:
(6′) Tα

⋂
clπα(Fξ) ⊂

⋃
n∈ω Wξαn for every ξ ∈ Ξ.

We put Uξn=
⋃

α∈Λ[Oα

⋂
π−1

α (Wξαn)] for every ξ ∈ Ξ.
By using the ways of (7) and (8), it is easy to prove the following:
(7′) Fξ ⊂ ⋃

n∈ωUξn for every ξ ∈ Ξ, and
(8′) {Uξn:ξ ∈ Ξ} is a locally finite open family for every n ∈ ω.
So, X is σ-expandable. �

Theorem 2. Let X be the inverse limit of an inverse system {Xα, πα
β , Λ} and let

the projection πα be an open and onto map for each α ∈ Λ. If X is hereditarily |Λ|-
paracompact and each Xα is hereditarily expandable (resp. hereditarily σ-expanable), then
X is hereditarily expandable (resp. hereditarily σ-expanable).

Proof. Assume that {Fξ: ξ ∈ Ξ} is a family of locally finite closed sets of an open
subspace Y of X. For every α ∈ Λ, let us put

Vα=
⋃{V: V is open in Xα, π−1

α (V)⊂Y and |{ξ ∈ Ξ: π−1
α (V)

⋂
Fξ �= φ}| < ω}

then
(1)

⋃
α∈Λ π−1

α (Vα)=Y, and π−1
α (Vα)⊂ π−1

β (Vβ) if α ≤ β.
By [1, Lemma 2], Y has an open cover {Wα:α ∈ Λ} such that
(2) clY Wα ⊂ π−1

α (Vα) for every α ∈ Λ, and Wα ⊂Wβ if α ≤ β.
For every α ∈ Λ, put Eα=

⋃{E:E is open in Xα and π−1
α (E)⊂Wα}. Now, we assert that

(3) {π−1
α (Eα):α ∈ Λ} is an open cover of Y , and π−1

α (Eα)⊂ π−1
α (Eβ) when α ≤ β.

In fact, for every x∈Y there is some α ∈ Λ such that x ∈Wα, then there are both some
β ∈ Λ and some open set E in Xβ such that x ∈ π−1

β (E)⊂Wα. Put γ ∈ Λ such that γ ≥ α, β.
Then x ∈ π−1

β (E)⊂Wα ⊂Wγ . I.e., x∈ π−1
γ (Eγ). So,

⋃
α∈Λ π−1

α (Eα)=Y. The proof of the
second part of (3) is trivial.

Since X is hereditarily |Λ|-paracompact, the subspace Y of X has a locally finite open
cover {Oα:α ∈ Λ} such that

(4) Oα ⊂ π−1
α (Eα) for every α ∈ Λ.

Let us put Qα=clEα

⋂
(clVα-Vα) for every α ∈ Λ, then
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(5) π−1
α (Qα)

⋂
Y=φ for every α ∈ Λ

In fact, if there is some x=(xβ)β∈Λ ∈ π−1
α (Qα)

⋂
Y, then x�∈ π−1

α (Vα) since xα ∈Qα ⊂(clVα-
Vα). On the other hand, we have x ∈clY (π−1

α (Eα)). To show this, let G be an arbi-
trary neighborhood of x in Y. There exist a β ∈ Λ and an open set Hβ in Xβ such that
x ∈ π−1

β (Hβ)⊂G. Let us choose a γ ∈ Λ such that γ ≥ α, β and put Hγ=(πγ
β)−1(Hβ). Then

x∈ π−1
γ (Hγ)⊂G and πγ

α(Hγ)∈NXα (xα). Let us put b∈ πγ
α(Hγ)

⋂
Eα since πγ

α(Hγ)
⋂

Eα �= φ,
then b=πγ

α(c) for some c∈Hγ . There is y=(yα)α∈Λ ∈X such that yγ=c since πγ is an onto
map. Then yα=b and y∈ π−1

γ (Hγ)
⋂

π−1
α (πγ

α(Hγ)
⋂

Eα). So, π−1
γ (Hγ)

⋂
π−1

α (Eα) �= φ. I.e.,
G

⋂
π−1

α (Eα)�= φ since π−1
γ (Hγ)⊂G. So, x∈clY (π−1

α (Eα)) ⊂ π−1
α (Vα). This is a contradic-

tion.
(6) For every α ∈ Λ, Fα = {(clEα-Qα)

⋂
clπα(Fξ):ξ ∈ Ξ} is a locally finite family of

closed sets in Xα-Qα.
In fact, for every x∈clEα-Qα=clEα

⋂
[Xα-(clVα-Vα)], we have x ∈clEα ⊂clVα and

x �∈clVα-Vα, then x ∈Vα. Hence there is some V∈NXα (x) such taht π−1
α (V)⊂Y and |{ξ ∈

Ξ:π−1
α (V)

⋂
Fξ �= φ}| < ω, i.e.,|{ξ ∈ Ξ:V

⋂
πα(Fξ)�= φ}| < ω. Thus Fα is locally finite in

clEα-Qα. Again since clEα-Qα is closed in Xα-Qα, then (6) is true.
The proof for hereditarily expandablity.
Assume that Xα is hereditarily expandable for every α ∈ Λ, there exists a locally finite

open family Kα={Kαξ:ξ ∈ Ξ} in Xα-Qα such that
(7) (clEα-Qα)

⋂
clπα(Fξ)⊂Kαξ for every ξ ∈ Ξ.

For every ξ ∈ Ξ, let us pick Uξ =
⋃{Oα

⋂
π−1

α (Kαξ):α ∈ Λ}. Now, we assert that
(8){Uξ:ξ ∈ Ξ} is locally finite in Y, and Fξ ⊂Uξ for every ξ ∈ Ξ.
In fact, for every x ∈Y, there exists a G∗ ∈NY (x) such that �={α ∈ Λ:Oα

⋂
G∗ �= φ}

is a finite set since {Oα:α ∈ Λ} is a locally finite open cover in Y. For every α ∈ �, we
have πα(x)=xα ∈Xα-Qα by (5). There is a neighborhood Gα of xα in Xα-Qα such that
Aα={ξ ∈ Ξ:Gα

⋂
Kαξ �= φ} is a finite set. Put G=G∗ ⋂

[
⋂

α∈� π−1
α (Gα)], then G∈N(x) and

{ξ ∈ Ξ:Uξ

⋂
G�= φ} ⊂ ⋃

α∈�Aα. Next, for every x∈Fξ, x∈Oα ⊂ π−1
α (Eα) for some α ∈ Λ,

then xα ∈(clEα- Qα)
⋂

clπα(Fξ)⊂Kαξ. Hence x∈Oα

⋂
π−1

α (Kαξ)⊂Uξ. I.e., {Uξ:ξ ∈ Ξ} is a
locally finite open expansion of {Fξ:ξ ∈ Ξ} in Y.

The proof for hereditarily σ-expandablity.
Let Xα be hereditarily σ-expandable for every α ∈ Λ, there is a sequence 〈Kαn = {Kξαn:

ξ ∈ Ξ}〉n∈ω of locally finite open families of Xα-Qα satisfying:
(7′) (clEα-Qα)

⋂
clπα(Fξ)⊂

⋃
n∈ωKξαn for every ξ ∈ Ξ.

Let us put Uξn=
⋃

α∈Λ[Oα

⋂
π−1

α (Kξαn)] for every ξ ∈ Ξ and every n ∈ ω. By using the
way of (8), we have

(8′) {Uξn:ξ ∈ Ξ} is locally finite for every n ∈ ω, and Fξ ⊂ ⋃
n∈ωUξn for every ξ ∈ Ξ. �

Corollary 1. Let X be the inverse limit of an inverse system {Xα, πα
β , Λ} and let the

projection πα be an open and onto map for each α ∈ Λ. If X is |Λ|-paracompact and each
Xα is discrete expandable (resp. discrete σ-expanable) for each α ∈ Λ, then X is discrete
expandable (resp. discrete σ-expanable).

Proof. Let {Fξ:ξ ∈ Ξ} be a family of discrete closed sets of X. For every α ∈ Λ, we put
Vα=

⋃{V: V is open in Xα and π−1
α (V)

⋂
Fξ �= φ for at most one ξ}

then it is easy to prove that X is discrete expandable (resp. discrete σ-expanable) by a
similar way of Theorem 1. �

Corollary 2. Let X be the inverse limit of an inverse system {Xα, πα
β , Λ} and let the

projection πα be an open and onto map for each α ∈ Λ. If X is hereditarily |Λ|-paracompact
and each Xα is hereditarily discrete expandable (resp. hereditarily discrete σ-expanable),
then X is hereditarily discrete expandable (resp. hereditarily discrete σ-expanable).
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Proof. Assume that {Fξ:ξ ∈ Ξ} is a discrete closed family of an arbitriary subspace Y
of X. For every α ∈ Λ, let us put

Vα=
⋃{V: V is open in Xα, π−1

α (V)⊂Y and π−1
α (V)

⋂
Fξ �= φ for at most one ξ}.

By the similar way of Theorem 2, we can show that the conclusions hold respectively under
the given conditions. �

Now we use that P denotes one of four properties: expanability, σ-expandability, discrete
expandability, discrete σ-expandability, then the following hold:

Theorem 3. Let X=
∏

σ∈ΣXσ be |Σ|-paracompact, then X has property P iff
∏

σ∈F Xσ

has property P for each F∈[Σ]<ω .

Proof. (⇐) When |Σ| < ω, it is obvious that X=
∏

σ∈ΣXσ has property P since
F=Σ ∈[Σ]<ω. Without loss of generality, we suppose |Σ| ≥ ω. Define the relation ≤:
F≤E if and only if F⊂E for any (F,E)∈[Σ]<ω×[Σ]<ω. Then [Σ]<ω is a directed set on the
relation ≤. Let us put XF =

∏
σ∈F Xσ for every F ∈[Σ]<ω and define the projection:

πE
F :XE →XF when F ≤ E, where πE

F (x)=(xσ)σ∈F ∈XF for any x=(xσ)σ∈E ∈XE .
It is easy to prove that πE

F is an open and onto map, then {XE, πE
F , [Σ]<ω} is an inverse

system of spaces XE with bounding maps πE
F : XE →XF (E ≥ F ).

Let X
′
be the inverse limit of the inverse system {XE , πE

F , [Σ]<ω}, by [2,2.5.3 Example],
X

′
is homeomorphic to X=

∏
σ∈ΣXσ.

Next, since XF =
∏

σ∈F Xσ has property P for every F ∈[Σ]<ω, then X′ has property P
by Theorem 1 and Corollary 1. So, X=

∏
σ∈ΣXσ has property P .

(⇐) Assume that the product X=
∏

σ∈ΣXσ has property P . For every F∈[Σ]<ω , pick a
point xσ ∈Xσ for every σ ∈ Σ-F, then the closed subspace YF =

∏
σ∈F Xσ × ∏

σ∈Σ−F {xσ}
of X has property P . Therefore, XF =

∏
σ∈F Xσ has also property P . �

By using Theorem 2 and the way of the proof of Theorem 3, the following holds obviously:

Corollary 3. Let X=
∏

σ∈ΣXσ be |Σ|-paracompact, then X has hereditarily property
P iff

∏
σ∈F Xσ has hereditarily property P for each F∈[Σ]<ω. �

Theorem 4. Let X=
∏

i∈ωXi is countable paracompact (resp. hereditarily countable
paracompact), then the following are equivalent:

(1) X has property P (resp. hereditarily property P).
(2)

∏
i∈F Xi has property P(resp. hereditarily property P) for each F ∈ [Σ]<ω.

(3)
∏

i≤nXi has property P (resp. hereditarily property P) for each n∈ ω.
Proof. The equivalence of both (1) and (2) is obvious by Theorem 3 (resp. Corollary

3). (2)⇒(3) hold trivially. Now we prove (3)⇒(2):
In fact, for every F ∈ [Σ]<ω, we may assume m=maxF since F �= φ. Let us pick xσ ∈Xσ

for each σ ∈ {0, 1, ...,m} − F , then
∏

σ∈F Xσ × ∏
σ∈{0,1,...,m}−F {xσ} is a closed set of

∏
i≤mXi. So,

∏
i∈F Xi has property P (resp. hereditarily property P). �

Acknowledgement. The author would like to express his thanks to the Nature Scien-
tific Fund Committee of China for its subsidy to this subject(Fund Number:10671134).

References

[1] K.Chiba, Normality of inverse limits, Math. Japonica 35, No.5(1990), 959-970.

[2] R. Engelking, General Topology, Polish Scientific Publishers, Warszawa, 1977.

[3] Y.Katuta, Expandability and its generalizations, Fundmenta Mathematicae, LXXXVII(1975),
231-250.

[4] Y.Yasui, Generalized Paracompactness, in Topics in General Topology, Chapter 5, Morita K.
and Nagata J.Eds., Elsevier Science Publishers B.V.(1989)161-202.



1320 ZHU PEIYONG

[5] Zhu Peiyong, The products on σ-paralindelof spaces, Scienticae Mathematicae Vol.1,No.1,
No.2(1998),217-221.

[6] Zhu Peiyong, Hereditarily Screenableness and Its Tychonoff Products, Topology Appl
83(1998)231-238.

[7] Zhu Peiyong and Sun Shixin, Infinite Product Problems on δθ-refinable Spaces, Scientiae
Mathematicae Japonicae, 58,No3(2003),547-551,:e8,243-247.

[8] Zhu Peiyong, Inverse Limits and Tychonoff Products of Almost Expandable Class,Indian J.
pure appl.Math.,34(4):579-585.April 2003.

Zhu Peiyong’s address: Shool of Applied Mathematics, University of Electronic Science
and Engineering, Chengdu, 610054, P.R.China, E-mail:zpy6940@sina.com.cn


