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ABSTRACT. In this paper, the followings are proved that: (1) Let X be the inverse limit
of an inverse system {Xq, 7§, A} and let the projection mo be an open and onto map
for each « € A, if X is |A|-paracompact (resp. hereditarily |A|-paracompact) and each
X has property P (resp. hereditarily property P), then X has also property P (resp.
hereditarily property P). (2) Let X=]] .xXo be |X|-paracompact (resp. hereditarily
|%|-paracompact), then X has property P (resp. hereditarily property P) iff [, »Xo
has property P(resp. hereditarily property P) for each F€[X]<“, where P denotes one
of the following four properties: expanability, discrete expandability, o-expandability,
discrete o-expandability.

In 1990, K.Chibal[l] proved the following: Let X be the inverse limit of an inverse system
{Xa, T3, A} and let the projection 7, be an open and onto map for every o € A, if X is
|A|-paracompact and each X, is normal (resp. paracompact, collectionwise normal, meta-
compact, subparacompact, submetacompact, paralindelof, metalindelof, o-paralindelof, o-
metacompact, shrinking, property B), then X is normal (resp. paracompact, collectionwise
normal, metacompact, subparacompact, submetacompact, paralindelof, metalindelof, o-
paralindelof, o-metacompact, shrinking, property B). On the basis of this, various people
ask:

Question. Is there a similar result about expanable spaces?

In this paper, we first answer this question positively. Next, we show that hereditarily
expandable spaces have also similar properties. Using these, two groups of characteri-
zations of infinite Tychonoff products of expandable spaces (resp. hereditarily expand-
able spaces) are obtained under the condition of |X|-paracompactness(resp. hereditarily
|¥|-paracompactness). And we show that both discrete expandable spaces and discrete
o-expandable spaces have also respectively similar results.

We use that Ny (x) denotes the neighourhood system of a point x of a subspace Y of a
space X. Espectly, N(x) denotes Ny (x) when Y=X; |A[, clA and IntA denote respectively
the cardinality, the closure and the interior of a set A; (U), and (U)|a denote respectively
{Ue U : z €U} and {UNA:Ue U}; w and [X]<¥ denote, respectively, the first infinite
ordinal number and the collection of all non-empty finite subsets of a non-empty set X.
And assume that all spaces are Hausdorff spaces throughout this paper.

Definition 1. Let x be a cardinal number, A space is k-paracompact iff its every open
cover U of cardinal || < k has a locally finite open refinement; A space is |A|-paracompact
iff it is k-paracompact, where k=|A|.
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Definition 2. A space X is said to be expandable (resp. discrete expanable) iff its every
locally finite (resp. discrete) closed family {F¢: ¢ € Z} has a locally finite open family {Usg:
& € E} such that Fe CUg for every £ € =; A space X is said to be og-expandable (resp. o-
discrete expandable) iff its every locally finite (resp. discrete) closed family {F¢:{ € =} has
a sequence ({Upe:€ € E})pew of locally finite open families of X such that Fe C |J,,c, Une
for every £ € E.

new

Definition 3. A space X is said to has hereditarily property P iff its every subspace
has property P, where P denotes one of the following four properties: expanability,discrete
expandability, o-expandability, discrete o-expandability.

It is easy to prove the following Lemma by the above Definitions:

Lemma A space X has hereditarily property P iff its every open subspace has property
P, where P is one of the following four properties: expanability,discrete expandability,
o-expandability, discrete o-expandability.

The following are main results and their proofs of this paper:

Theorem 1. Let X be the inverse limit of an inverse system {X,, W%‘,A} and let the
projection m, be an open and onto map for each o € A. If X is |A|-paracompact and each
X, is expandable (resp. o-expanable), then X is expandable (resp. o-expanable).

Proof. Let {F¢: £ € E} be a family of locally finite closed sets of X. For every a € A,

put
Vo=U{V: Vis open in X, and |{¢ € Z: 7} (V)F¢ # ¢} < w}
then

(1) {7, (Va) : @ € A} is an open cover of X and 7 }(V,)C WEI(Vg) if a <.

In fact, for every x€X, there is some WeN(x) such that {{ € Z: WNF¢ # ¢} is a finite
set since {F¢: € € E} is locally finite in X. By [2,2.5.5 Proposition]|, there exist a a € A and
an open set V of X, such that x€ n 1 (V)CW, i.e., |{¢ € E: 7, (V)F¢ # ¢}| < w, then
zeny (V)C 7 (Va). S0, Upes o' (Va)=X. Next, for every z € m;*(Vy), there is some
open set V of X, such that xe n31(V) and |[{€ € Z: 7, (V)Fe # ¢} < w. Le., |[{€ €E:
ng(ﬂg)*l(V)ﬂFE # ¢}| < w since x€ ng(V):wﬁ_l(wg)’l(V), hence z € Wﬁ_l(Vﬁ).

By [1,Lemma 2], there is an open cover {Wy:a € A} of X such that

(2) W, C ;1 (V,) for every a € A, and W, CWp if a < 3.

Pick Ty=X,-74(X-clW,) for every a € A, then T, is a closed set of X, and T, CV,.
Again pick C,=Int7;1(T,). Now, we prove:

(3) {C4 : a € A} is an open cover of X.

For every xe€X, there is some a € A such that xe W, since {W,:av € A} covers X. There
exist a § € A and an open subset V of Xz such that x € ﬂgl(V)CWQ. Pick v € A satisfying

v > a and v > 3, then x€C,,. To show this, we only assert that ng(V)C 7TA71(T7). In fact,

if there is some y=(ys)sea € ﬂfgl(V)—mjl(Tv), then yg €V and y., € my(X-clW,,). There is
some z=(zs)sca €X-cIW, such that y,=n,(z)=z,, i.e., ygzwg(zv). So, ze ng(wg)_l(V)
CW, CW,. This contradicts to zeX-clW,. Thus x € ﬂgl(V)C 7 '(T,), then z €C,.

By |Al-paracompactness of X, there is a locally finite open cover {O,:a € A} of X such
that

(4) O, CC, for every o € A

Define Fo={To\clna(F¢): & € E} for every a € A, then

(5) Fq is a locally finite closed family of T,.

In fact, for every yeT, CV,, there is some open set V of X, such that yeV and

{€ € B ' (V)NFe # ¢} < w, then [{¢ € Z:VNTa Nelma (Fe)# ¢} < w since {€ € E:
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VN T Nelrma (Fe)# ¢} C {€ € Ein Y (V)NFe # ¢}. Hence F, is a locally finite family of
closed subsets of T,.

The proof for expandablity.

For every a € A, T, is expandable since X, is expandabe. There is a locally finite
family Wo={We: £ € E} of open sets of Ty, such that

(6) Ta NeclmoFe CW ¢ for every € € E.

We put Ue=J,c2[Oa N7 (Wag)] for every & € Z, then

(7) Fe CUg for every £ € E.

In fact, for every z €F¢, there is some a € A such that x€O, cC, C 7, !(T,), then

Xa=Ta(X)ETq (T (Fe) CWeae.

So, x€ ng(Wag)ﬂOa CUe.

(8) {Ue: & € =} is a locally finite open family.

In fact, for every x€X, there is some G’ €N(x) such that

{a € A:G' N0, # ¢} = {ap, a1, ..., }
where k € w. Again for every i < k, there is G; €N(z,,) such that |(Wa,)a,
G=G"N[Ni<r 72, (Gs)], then GEN(x) and
{€ € B U NG# ¢} C U< 1€ € EWaie NGs # ¢}

Therefore, X is an expandable space.

The proof for o-expandablity.

For a € A, if X,, is o-expandabe, then T, is o-expandable. Since {T,, (clr, (F¢):£ € E}
is a locally finite closed family of T, there exists a sequence Wan = {Wean: € € EPnew
of locally finite open families of T, satisfying:

(6") TaNelra(Fe) € U,eo, Wean for every & € Z.

We put Uen={,cx[OaN7Ta! (Wean)] for every € € E.

By using the ways of (7) and (8), it is easy to prove the following:

(7") Fe € U, Uen for every € € E, and

(8) {Ugn:€ € 2} is a locally finite open family for every n € w.

So, X is o-expandable. O

Theorem 2. Let X be the inverse limit of an inverse system {X,,7§,A} and let
the projection 7, be an open and onto map for each @ € A. If X is hereditarily |A|-
paracompact and each X,, is hereditarily expandable (resp. hereditarily o-expanable), then
X is hereditarily expandable (resp. hereditarily o-expanable).

Proof. Assume that {F¢: £ € E} is a family of locally finite closed sets of an open

subspace Y of X. For every a € A, let us put
Vo={V: Vis open in X,, 7,1 (V)CY and |{¢ € =: 7' (V)Fe # ¢} < w}

then

(1) Upenr ot (Va)=Y, and 731 (Vq SH(Vg) if a < 6.

By [1, Lemma 2] Y has an open cover W o € A} such that

(2) cly W, C 1 (Vy) for every a € A, and W, CWpg if a < 3.

For every a € A, put E,={J{E:E is open in X, and 7, *(E)CW,}. Now, we assert that

(3) {75 (Eq):r € A} is an open cover of Y , and 7,1 (E,)C 7,1 (Eg) when a < 3.

In fact, for every x€Y there is some o € A such that © €W, then there are both some
B € A and some open set E in Xg such that x € Wﬁ_l(E)CWo{. Put v € A such that v > «, 5.
Then z € w5 (E)CWo CW,. Le., x€ 771 (E,). S0, Uyen T (Ea)=Y. The proof of the
second part of (3) is trivial.

Since X is hereditarily |A|-paracompact, the subspace Y of X has a locally finite open
cover {Oq:a € A} such that

(4) Oy C 7,1 (E,) for every a € A.

Let us put Qu=clE, [(clV4-V4) for every a € A, then
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(5) 7,1 (Qa)Y=0¢ for every a € A

In fact, if there is some x=(xg)gen € To ' (Qa)Y, then x¢ 7,1 (V,,) since z, €Qq C(clV,-
Va). On the other hand, we have z €cly (7, '(E,)). To show this, let G be an arbi-
trary neighborhood of x in Y. There exist a § € A and an open set Hg in Xz such that
S WEI(HQ)CG. Let us choose a v € A such that v > «a, 8 and put HV:(wg)’l(Hg). Then
xe m; 1 (H,)CG and n) (H,)eNx, (24). Let us put be 72 (H,) NEq since n) (Hy)\Ea # ¢,
then b=n)(c) for some c€H,. There is y=(ya)aca €X such that y,=c since 7, is an onto
map. Then y,=b and ye n7 ' (H,) 7, ' (71 (H,)Ea). So, 77 ' (Hy) 75" (Ea) # ¢. Le.,
GN 7, ' (Ea)# ¢ since w1 (Hy)CG. So, xecly (1, (Eqa)) C 7, (Va). This is a contradic-
tion.

(6) For every a € A, Fo = {(clEa-Qq) Nclma(Fe):€ € E} is a locally finite family of
closed sets in X,-Qq.

In fact, for every x€clE,-Qo=clE,[) [Xa-(clV4-V4)], we have z €clE, CclV, and
x €clV,4-V,, then 2 €V,. Hence there is some VENx,_ (x) such taht 7 }(V)CY and |[{¢ €
S (V)N Fe # ¢} < w, ie,|[{€ € EVN 7o (Fe)# ¢} < w. Thus F, is locally finite in
clE4-Qq. Again since clE,-Q, is closed in X,-Qq, then (6) is true.

The proof for hereditarily expandablity.

Assume that X,, is hereditarily expandable for every a € A, there exists a locally finite
open family Ko={Ka¢:{ € Z} in X4-Qq such that

(7) (clEq-Qa) Nelma (Fe) CKqe for every € € E.

For every ¢ € E, let us pick Ug = [J{On 75 (Kag):a € A}. Now, we assert that

(8){U¢:€ € E} is locally finite in Y, and F¢ CUg for every & € E.

In fact, for every x €Y, there exists a G* €Ny (x) such that A={a € A:0,(G* # ¢}
is a finite set since {O,:x € A} is a locally finite open cover in Y. For every a € A, we
have 74 (X)=Xq €X0-Qq by (5). There is a neighborhood G, of x, in X,-Q, such that
Ao={€ € 2:Go NKae # ¢} is a finite set. Put G=G* [N, ea Ta ' (Ga)], then GEN(x) and
{€ € BU:NG# ¢} C UpenAa. Next, for every xeFe, x€O, C 7,1 (Eq) for some o € A,
then x, €(clEq- Qu)Nclma (Fe)CKae. Hence x€0, (7, (Kae)CUe. Le., {Us:l € E} s a
locally finite open expansion of {F¢:£ € E} in Y.

The proof for hereditarily o-expandablity.

Let X, be hereditarily o-expandable for every a € A, there is a sequence (Kan = {Kean:
& € Z})new of locally finite open families of X,-Q, satisfying:

(7") (clEa-Qa) Nelma (Fe)C U, e Kean for every & € 2.

Let us put Ugn=U,cr[Oa N7y (Kean)] for every £ € Z and every n € w. By using the
way of (8), we have

(8") {Ugn:§ € =} is locally finite for every n € w, and Fe C |, Uep for every £ € 2. O

new

Corollary 1. Let X be the inverse limit of an inverse system {X,, T3, A} and let the
projection m, be an open and onto map for each o € A. If X is |A|-paracompact and each
X, is discrete expandable (resp. discrete o-expanable) for each a € A, then X is discrete
expandable (resp. discrete o-expanable).

Proof. Let {F¢: € =} be a family of discrete closed sets of X. For every a € A, we put
Vo={V: V is open in X, and 7} (V)F¢ # ¢ for at most one £}
then it is easy to prove that X is discrete expandable (resp. discrete o-expanable) by a
similar way of Theorem 1. O

Corollary 2. Let X be the inverse limit of an inverse system {X,, 7§, A} and let the
projection 7, be an open and onto map for each o € A. If X is hereditarily |A|-paracompact
and each X, is hereditarily discrete expandable (resp. hereditarily discrete o-expanable),
then X is hereditarily discrete expandable (resp. hereditarily discrete o-expanable).
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Proof. Assume that {F¢:£ € Z} is a discrete closed family of an arbitriary subspace Y
of X. For every a € A, let us put
Vo=U{V: Vis open in X,, ;1 (V)CY and 7} (V)F¢ # ¢ for at most one &}
By the similar way of Theorem 2, we can show that the conclusions hold respectively under
the given conditions. O

Now we use that P denotes one of four properties: expanability, o-expandability, discrete
expandability, discrete o-expandability, then the following hold:

Theorem 3. Let X:HUEEXU be |X|-paracompact, then X has property P iff HaeFXg
has property P for each Fe[¥]<v.

Proof. (<) When |YX| < w, it is obvious that X=[] .5 X, has property P since
F=X% €[X]<¥. Without loss of generality, we suppose |X| > w. Define the relation <:
F<E if and only if FCE for any (F,E)e[X]<“x[X]<“. Then [X]<% is a directed set on the
relation <. Let us put Xp=[] .z X, for every F' €[¥]<“ and define the projection:

7E:Xp —»Xp when F < E, where 7&(x)=(x,),ecr €XF for any x=(x,),cr €Xg.

It is easy to prove that & is an open and onto map, then {Xg, 7%, [£]<¢} is an inverse
system of spaces Xp with bounding maps 7%: Xp —=Xp(E > F).

Let X' be the inverse limit of the inverse system {Xg, 7, [£]<“}, by [2,2.5.3 Example],
X' is homeomorphic to X=[TpesXo-

Next, since Xp=[], X, has property P for every F' €[¥]<“, then X’ has property P
by Theorem 1 and Corollary 1. So, X=]], .5 X, has property P.

(<) Assume that the product X=]] .+X, has property P. For every Fe[X]<, pick a
point x, €X, for every o € X-F, then the closed subspace Yr=]] .pXs X [[,cx_pi®s}
of X has property P. Therefore, Xp=]],cpXs has also property P. O

By using Theorem 2 and the way of the proof of Theorem 3, the following holds obviously:

Corollary 3. Let X=[] .5, Xs be |YX|-paracompact, then X has hereditarily property
P iff [, pXo has hereditarily property P for each Fe[X]<. O

Theorem 4. Let X=[],.X; is countable paracompact (resp. hereditarily countable
paracompact), then the following are equivalent:

(1) X has property P (resp. hereditarily property P).

(2) [1;c X has property P(resp. hereditarily property P) for each F € [X]<*.

(3) IL;<,X; has property P (resp. hereditarily property P) for each ne w.

PRrOOF. The equivalence of both (1) and (2) is obvious by Theorem 3 (resp. Corollary
3). (2)=(3) hold trivially. Now we prove (3)=-(2):

In fact, for every F' € [X]<“, we may assume m=max[F since F# ¢. Let us pick z, €X,
for each o € {0,1,....m} — F, then [[,cp Xo X [],c01,. m}—r{%o} is a closed set of
[I;<mXi- So, [[;cpXi has property P (resp. hereditarily property P). O
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