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EXPLICIT FORMULAS FOR THE REPRODUCING KERNELS
OF THE SPACE OF HARMONIC POLYNOMIALS
IN THE CASE OF CLASSICAL REAL RANK 1

Ryoko WaDA

Received January 31, 2006; revised November 27, 2006

ABSTRACT. We give the explicit formulas of the reproducing kernels of the space of
harmonic polynomials of p C g in the case of classical real rank 1, which are gener-
alizations of the well-known reproducing formulas of classical harmonic polynomials
on the unit sphere or any other SO(p)-orbits in CP. These formulas are expressed as
integrals on a single orbit, simplifying our previous results that are expressed as double
integrals on some family of nilpotent orbits.

Introduction.

For harmonic functions on RP there are many studies. Especially, the following repro-
ducing formula on the unit sphere SP~1 is well-known:

On,mf(s) =dim Hmp/ f(s1)Pnp(s-s1)ds (s€ SP~t fe Hny),
gp=1

where H,, , is the space of spherical harmonics of degree n in dimension p, and P, ,(t) =

p—2
%Cf (t) is the Legendre polynomial of degree n in dimension p and C%(t) is the

Gegenbauer function (cf. [1], [7], [8], [11], etc). We denote by H,,(CP) the space of poly-
nomials f on CP of degree n which satisfy Z§:1 %ﬂ f = 0. Then homogeneous harmonic
polynomials on RP? of degree n are uniquely extended to the element of H,,(CP). The repro-
ducing formulas of H,, (CP) on any non-trivial SO(p)-orbit in CP? are also known in addition
to the above case SP~1 (cf. [2], [9], [10], [17], [21]). For details on harmonic polynomials
and harmonic functions on R?, see also [15], [16].

In this paper, we further generalize these formulas from the Lie algebraic standpoint
in a unified way. According to the formulation of [5], harmonic polynomials on R? can
be canonically identified with harmonic polynomials on the vector space p, where p is the
complexification of pgr appeared in a Cartan decomposition of the Lie algebra gr = so(p, 1).

In this situation, any SO(p)-orbit in CP corresponds to a Kr-orbit in p, where Ky is
a Lie subgroup of GL(p) generated by expad X (X € tg). Thus, the integral formulas of
harmonic polynomials on R? can be rewritten explicitly as integral representation formulas
on each Kgr-orbits (cf. Appendix of [18]).

In [20] we generalize these formulas to the case where the Lie algebra ggr is real rank
I: ie. gr = s0(p,1) (p > 2), su(p,1), sp(p,1) (p > 1) or fu—20) by constructing the
reproducing kernels for each case (cf. Theorems 1.2 and 1.3). We denote by gr = tr + pr
a Cartan decomposition of gr and put Kg = expad tg. In [20] we express these formulas
as integrals of the reproducing kernels on a single Kr-orbit in a unified way, simplifying the
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formulas previously obtained in [18], [19], where the integral formulas for two cases su(p, 1)
and sp(p, 1) are expressed in the form of double integrals on some family of nilpotent Kgr-
orbits. In particular the reproducing kernels are expressed in simple forms for nilpotent
orbits . In this paper we give a complete proof of these results for the case sp(p, 1) which is
omitted in [20], together with that of the case su(p, 1) for the sake of completeness.
Concerning reproducing formulas, the results of Nagel-Rudin [12] and Rudin [13] are also
known. Their results correspond to our formula for the case gr = su(p,1). Let H,(CP)

be the space of homogeneous polynomials f on CP = R?P of degree n in the variables
p a2

21,%2," " ,%p, 21, 22, "+, Zp Which satisfy ijl Wf = 0. For nonnegative integers k
and | we denote by S®! the space of polynomials on CP which have total degree k in
the variables 21,29, -, 2, and total degree [ in the variables Z;,Za, -+ ,Z,. Set HF =

S*LA Hy 1 (CP). Then the Lie group U(p) naturally acts on the space H,(CP), and H*¥n—F
is a U(p)-invariant subspace of H,,(CP). The sum H,(C?) = @}_, H*"* gives the U(p)-
irreducible decomposition (cf. [16]). And the reproducing formulas of H*! on the unit
sphere {z € CP;'2z = 1} of CP are explained in detail in [12], [13]. In this setting the
element of I;fn(Cp) corresponds to a harmonic polynomial on p and the unit sphere of C?
corresponds to one Kgr-orbit for the case gr = su(p, 1).

The plan of this paper is roughly stated as follows: In § 1 we recall the definitions and
some fundamental properties of harmonic polynomials on p which we use in this paper,
mainly following the results stated in [20]. In § 2 we review the principal results for the
case su(p, 1), which is previously stated in [20]. In § 3 — § 5 we consider the case sp(p,1).
In § 3 we review some known results on harmonic polynomials on p when gr = sp(p, 1).
In § 4 we give the Kgr-irreducible decomposition of harmonic polynomials on p, which is
the principal part of this paper and state the main theorem (Theorem 4.5) by using the
properties of Kgr-irreducible components. Finally in Appendix, we determine the dimension
of the Kr-irreducible component.

Thus, we obtain the reproducing kernels on each Kgr-orbit for all cases of classical real
rank 1. To obtain integral formulas of harmonic polynomials in cases of classical real rank
2 is our next theme.

The author would like to thank Professor Y. Agaoka sincerely for his helpful suggestions
and ceaseless encouragement.

1. Harmonic polynomials on p.

In this section we fix several notations which we use in this paper, and recall the defini-
tions and the known results on harmonic polynomials.

Let g be a complex semisimple Lie algebra, gr be a noncompact real form of g, gr
= tr + pr be a Cartan decomposition of gg and g = €+ p be its complexification. We put
G =expadg and Ky = {g € G; g = gf}, where the involution 0 : g — g is defined by
0 =1ontand § = —1on p. Let K be the identity component of Ky. Then we have K
=expad®t.

Now we define harmonic polynomials on p as follows. We denote by S and S,, the spaces
of polynomials on p and homogeneous polynomials on p of degree n, respectively. For f € S
and g € Ky, we define gf € S by (9f)(X) = f(g7'X) (X € p). We denote by J the ring
of K-invariant polynomials on p and put Jy = {f € J; f(0) = 0}. It is known that J is
also Ky-invariant. According to the definition in [5], a polynomial f € S is called harmonic
if and only if (OP)f = 0 for any P € J.. We denote by H,, the space of homogeneous
harmonic polynomials on p of degree n. In the following we put Z, = {0,1,2,---}. The
following results are well known:
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Theorem 1.1 (cf. [1], [5]). (i) For any n € Z4 we have
Sp = (J+S)n & Hy,

where we put (J4+S), = Sp N JLS.

(ii) Weput N={X € p; P(X) =0 forany P € J;} and let h(X,Y") be a nondegenerate
symmetric bilinear form on p. Then H,, is generated by {h( ,Z)"; Z € N}.

(iii) Let O be a Kg-orbit in p of mazimal dimension. Then the restriction mapping
f— flo is a bijection from H,, onto H,|e.

For further properties on harmonic polynomials on p, see [1], [5].

From now we consider the case where ggr is a classical simple Lie algebra with real rank
1, i.e. gr =s0(p,1) (p > 2), su(p,1) (p > 1) or sp(p,1) (p > 1). Let Kr be the adjoint
group of tg: Kr = exp ad €g. Then it is known that Kgr acts on the space H,, and we

denote by
N(n)

J-Cn = @ J_Cn,k
k=0

the Kr-irreducible decomposition of H,,, where N(n) + 1 is the number of Kg-irreducible
components. Now we assume that 3, r % Hp i if (n, k) # (m,1). Then under this condi-
tion, the following results are proved in the previous paper [20].

Theorem 1.2 ([20] Theorem 1.3). Up to a non-zero constant there exists a unique
function Hy ,(X,Y) £0(0 <k < N(n)) defined on p x p such that

(1.1) I;fnk( Y)YeH,, forany Y ey,
(1.2) ﬁn,k(gX, gY) = fIn,;@(X, Y) forany g€ Kr and any X,Y € p,
(1.3) Ho 1 (X,Y) = Ho 1 (Y, X) forany X,Y €p.

Theorem 1.3 ([20] Theorem 1.3). Let ﬁmk(X, Y)Z0(0 <k < N(n)) be a function
which satisfies the conditions (1.1)~(1.3). Suppose Xo € p and H, (X0, Xo) # 0. Then for
any f € Hyy and X € p the following reproducing formula of harmonic polynomials holds
on each Kr-orbit KrXo:

dim J‘Cn’k ~

(1.4) .m0k f(X) = = f(9X0)Hn ik (X, gXo)dg.

Hy 1(Xo, Xo0) JEw

Here dg means the normalized Haar measure on Kgr.

Remark 1.4. To prove Theorem 1.2 and Theorem 1.3 we need the assumption I, i %
Hom, (k) # (m,1)). In the case gr = su(p, 1) this fact is proved in Corollary of [16;
p.241]. The proof for the case gr = sp(p,1) will be given in Proposition 4.2 (ii) of this
paper.

Remark 1.5. In the case gr = s0(p, 1) the above equality (1.4) is already known as a
formula of classical harmonic polynomials on C? (~ p) and the above function ﬁn HX,Y)
can be expressed explicitly in terms of the Legendre polynomial of degree n in dimension p
(see, for example, [1], [2], [11], [17], [21]). When gr = su(p, 1), the equality (1.4) is known as
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a formula of polynomials on the space H*! if X, € pr and Tr (Xo?) = 2 (cf. [12], [13]). But

for the remaining cases of su(p, 1), including sp(p, 1) and f4(—20), the function H, (X,Y)
defined in [20] is expressed as a double integral of some inexplicit functions and is not so

clear. In this paper we express H, (X,Y’) as an integral of explicitly given polynomials on
a single Kgr-orbit of p for two cases gr = su(p, 1) and sp(p, 1).

2. Integral formulas of harmonic polynomials: The case of su(p,1).

In this section we give the reproducing kernel of each irreducible subspace of H,, on
Kr-orbits in p for the case gr = su(p,1) (p > 1) (Theorem 2.1). The principal results for
this case are already stated in [20]. The reproducing kernel H,, x(X,Y) takes a somewhat
simpler form in case X or Y is contained in nilpotent orbits. Here we also give a proof of
this fact.

) i Aeu(p), o eu(l), TrA—f—a:O},

);xecp},

0
a
T
0
2 ) ; Ae M(p,C), TrA—i—a:O},

and Kr = AdS(U(p) x U(1)) = {Ad( a0 ) . A e U(p)}. Let B(, ) be the Killing form
0 T

on p. For X = ( ‘v oo ) € p, the polynomial

P(X)=(4p+4)'B(X,X) = %Tr (X?) = tya,
gives a generator of J. We put
N={Xep; P(X) =0},

Y={X¢ep; P(X)=1},

and
Yr =XNpR.

We denote by 3, = {f € S,; ?:1 %?)yj f = 0} the space of homogeneous harmonic

0 =z

polynomials on p of degree n. For X = ( ty ) € p, we define the bijection ¥ : p —s C?P

0
by ¥(X) = % ( i(f/tgi) ) , and let H,,(C??) be the space of homogeneous polynomials on C?P
of degree n which satisfy Z;;:l 82—32 =0. Then f € 3, if and only if fo ¥~ € H, (C?P),

and we have
2(n+p—1)(n+2p — 3)!

dim%,, = dim H,,(C*) = 2 —2)]
n!'(2p — 2)!

Remark that the restriction mapping ¥ : Yr — S?’~! is also bijective. This implies

that P, 2p (;\}%) (P(X))"? (X €p,Y € BR) is the reproducing kernel of 3(,, on ¥g ,

where P, ,(t) is the Legendre polynomial of degree n in dimension ¢ (cf. [8], [11], etc). Note
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that the Legendre polynomial is related to the Gegenbuar function C¥(t) by the equality

P _ (g=3)!n! C%
na(t) = Grg=miCn® (1)
In the rest of this section we assume p > 2. For the case 1, see Remark 2.3 at the

p:
end of this section. For X = ( ,f; o ) €pand g = Ad( ’3 9 ) € Kr (A € U(p)) we
have gX = ( 0 Aw ) We put

‘(Ay) 0
0 e
El - ( tel 01 > S ER,
~ 0 rei
= >
Er,q ( t(%el_’_qu) 0 ) eX (’l">0,q70),

B, - ( e, >6N 0<r<),
where e; =*(10---0), and e = *(01---0). Remark that
KrEy=%gr, p=NU [J A3,
AeC\{0}
and the Kr-orbit decompositions of ¥ and N are given by

© = |J KrE., and N= |J Kr(pE.).
q>0,7>0 p>0,0<r<1

Weput A = {(n,k);neZi,0<k<n}. ForX:(tOy g)ande(tOb g)ep

we put

Kopk(X, V)= (z-@)"-b)" % ((n,k)€A),
where z - w = tzw for z,w € CP. It is clear that

Knk(X,Y) = Ky i (Y, X) (X,Y €p),
Knk(9X,9Y) = Kni(X,Y) (g € Kr),
Kni( ,Y) € H, (Y e N).

Let J(,, 1 be the subspace of J{,, which is spanned by the elements I?n;g( YY) (Y e N).
From Theorem 14.4 in [16] we can easily see that 3, = Op—oHn,k gives the Kr-irreducible
decomposition of H,, and

(p+n—Dk+p—-2)(n—k+p—2)!
(p—D!(p—2)k!(n — k)! '

Now we put Ey = ( tgz 601 ), and by using I?n,k, we define a function I;fn,k(X, 7)(X,Z €
p) by

dim j‘fmk =

H,v(X,Z) = / K 1 (X, 9Eo) K 1 (9Eo, Z)dg,

Kr
where dg is the normalized Haar measure on Kr. For f, h € H,,, we define the Kgr-invariant
inner product ( , ) by

(f,h) = . f(gEo)h(9Eo)dg.
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Then we see that H, , L H,,; (k # 1). Therefore it is easy to show that I;fn,k € Hp k.
The following theorem asserts that the function H, ; explicitly defined above gives the
reproducing kernel of H,.

Theorem 2.1. Let Xg € p and assume fIn,;@(XO,XO) #0 (Y(n,k) € A). Let f € Hpmy
and X € p. Then the following integral formula holds:

dim j‘fmk ~

(2.1) 5n,m5k,lf(X) == f(gXO)Hn,k(Xv 9Xo)dg.

H, (X0, Xo0) /K&

Especially if X € N orY € N, we have

(2.2) H, 1 (X,Y) =K, (X,)Y).

And therefore the polynomial I~(n7k(X, Y') itself gives a reproducing kernel on nilpotent orbits
KrXo (X() eN ):

dim g‘fn k ~
(2.3) OnmOk 1 f(X) = =————— f(9Xo0)Kn .k (X, 9Xo)dg.
K, 1(Xo, X0) JKr

Proof. We can easily show that the function fIn,;@(X, Y') satisfies the conditions (1.1)—
(1.3) in Theorem 1.2, and hence we obtain the formula (2.1).
Now we show (2.2) and (2.3). For X,Y € p we put

Fou(X,Y) = dimg{n,k/ Hp 1 (X, 9E0) K i (gFo, Y )dg.
Kr

Then the function F), 5 (X,Y") also satisfies the conditions (1.1)—(1.3). Hence from Theorem
1.2 (i) there exists some ¢, ; € C such that

(2.4) Fui(X,Y) = carHor(X,Y) (XY €p).

On the other hand for Y € N we have from (2.1)

(2.5) Foiw(X,Y)=H, ,(Eo, Eo)Kp k(X,Y)
because I~(n7k( ,Y') belongs to H,, . The equalities (2.4) and (2.5) imply
(26) CnJcﬁ'n,,k(Xv Y) = ﬁn,k(E(]vEO)I?TLJC(X’ Y)

Since

Ky k(Eo,Eo) =1#0,

we have

o (o, Eo) = / | B(gBo, Eo) |2 dg # 0.
Kr
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Therefore from (2.6) we have ¢, = 1 and hence by the property (1.3) the equality
Hy k(X,Y) = Hp x(Eo, Eo) Ko i (X,Y)
holds if X € N or Y € N. From this and (2.1) we have easily (2.2) and (2.3). Q.E.D.
Remark 2.2. We have

Hy 1 (X0, X0) =C | | Hun(9Xo0, Br) [P dg (X0 €p),
Kr
where C = fK nk (9Xo, E1)|?dg)~t. Since I?n;g( ,Eo) # 0 on YR, we have C' > 0.
Therefore the follovvlng two conditions (2.7) and (2.8) are equivalent.

(2.7) H,, 1(Xo, Xo) = 0,

(28) H’I’L,k'KRXO = {0}

This implies that the abbumptlon H, & (Xo, Xo) # 0 in Theorem 2.1 holds for any (n,k) € A
if and only if X, ¢ )\KREl and X ¢ )\KREO for any A\ € C.

Remark 2.3. We consider the case p = 1. For X = ( toy g ) andY = ( t(;, ”6/ ) Ep

we put ﬁIn,l(X, Y) = (z-2/)" and ﬁn72(X, Y) = (y-y)". We denote by H, x the subspace
of H,, which is generated by {ﬁnk( ,E1)} (k= 1,2). Then we have the Kg-irreducible
decomposition H, = H, 1 & H, 2. It is easy to show that ﬁn,k(X, Y') satisfies (1.1)—(1.3)
in Theorem 1.2, and therefore Theorem 2.1 also holds in case p = 1.

3. Harmonic polynomials on p in the case sp(p,1).

In the rest of this paper we consider the Lie algebra sp(p, 1) and give the explicit formula
of the reproducing kernel of harmonic polynomials on each Kgr-orbit (Theorem 4.5). In this
case the expressions of matrices becomes much more complicated than the case of su(p, 1),
because the complexification sp(p + 1, C) of the real Lie algebra sp(p, 1) can not be realized
as a subalgebra of the quaternion general linear Lie algebra gl(p + 1, H). (Note that in the
case su(p, 1), its complexification can be naturally identified with sl(p 4+ 1, C)).

The construction of the reproducing kernel is also complicated for the case sp(p, 1), and
in this section we first settle the notations and state basic formulas on harmonic polynomials
on p for the Lie algebra sp(p,1). Since the Lie algebra sp(1,1) is isomorphic to so(4,1), we
always assume p > 2 in the following argument. From now we put g = sp(p + 1,C), gr

=sp(p, 1),

A 0 B O
b — 0 a 00 Acu(p), acu(l), beC
R= B 0 A 0 |’ B ispxp symmetric ’
0 -b 0 a
0 = O Y
B 2.0 'y 0 . »
0 =tz 0




106 R. WADA

Then we have

A 0B 0N 4B ceMpo)
0 « 0 ﬁ t t
t= p ; ‘B=B,'C=C ,
cC 0 -tA 0 0. eC
O '_y O _a b) 7’)/
0 ~ 0 w
t t
Rt I A R EE RNl
tz 0 =tz 0
and
é (())z g ?3 'AA+'BB = Ip,
Kn={Ad| 5 0 5 o |eAdu@p+2); 4B ="B4,
0 -F 0 @ oa+ 56 =1
tO T 10 w
For X = | /Y S o _Oy € p, the polynomial defined by
t2 0 =tz 0
P(X) = o B(X,X) = Iy (X?) ="'ay + 2w
8(p+2) ’ 4
gives a generator of J and K, is given by H,, = {f € S, ; ?:1 (%Zyj + %;wj) f=0}.

2 i(y — )
i(w — z)
We can see that f € K, if and only if fo ¥~! € H,,(C*) and from this fact, we have
2(n+2p—1)(n+4p — 3)!
nl(4p — 2)!

T +y
For X € p we define the bijective mapping ¥ : p — C* by ¥U(X) = l( ztw )

dim 7, = dim H,,(C*) =

We put

and
Yr =XNPR.

. ~ Qdp—1 r7 _ Tr ‘XY n/2
Remark that ¥ : ¥g ~ S and H,(X,Y) = P, 4p <4m> (P(X)™2* (X €p,Y €
Yr) gives the reproducing kernel on Yg. Furthermore it is known that the restriction
mapping f — f|n is also a bijection from H,, onto I, |x.

A 0 B 0 0 =z 0 w
0 0 t t

Let g =Ad| 5 § 3 g €Kpand X =| ¢ 2 v f)y € p. If we put
0 -8B 0 @ 2 0 —fz 0

o(X) :( Y ) € C*, we have

A(az + Bw) + B(az — By)
| B(—pz+aw)+ Alay + B2)
(3-1) ) = | “B(aw + Bu) + Alaz - By)
A(=pz + aw) — B(ay + B2)
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In the following, we often simply write a(g) = o and (g) = 3, though « and § depend on
g € Kr. We put

rep

~ 1
Eg=0'| 72792 |5 (50,¢>0).

In addition we put F; = El,o-
It is clear that p = NUU,cc\ oy AX- Remark that

(3.2) N= U Kr(¢E,), %= U KrE,
q>0, %Srﬁl ¢>0,7>0

xr
give the Kgr-orbit decompositions of N and X, respectively. For X = <I>1( Y ), Y =

w

:El

@‘1( Z: ) ep,weput (X,V) = FTr ("XY) =a-2'+y-y + 22 +w-w'. Then we can
/UJI

easily see that ( , ) is Kr-invariant.

Next we put

A 0 B 0

0O 1 0 O

0 0 0 1

and

I, 0 0 O

_ 0 o 0 p

Hy = ¢ Ad 0 0_ Ip 0 € Krp
0 -8 0 @

Then H; and Hy are subgroups of Kr, and for any g € Kgr there exist unique h; € H;
(7 = 1,2) such that g = hihe. Furthermore, if g; € H; (j = 1,2), we have g1g2 = g2g1. We
denote by dh; the normalized Haar measure on H; and by C(H;) the space of continuous

I, 0 0 0
functions on H; (j = 1,2). Remark that if we put hy = Ad( 8 o I(l g ,a = pet,
0 -8 0 «@
B =+/1—p2e*, then for any f € C(Hz) we have
1 27 27 1
(3.3) f(h2)dhe = 5— / / f(p,0,0)p dp dep db,
H, ™ Jo 0 0

where f(p7 67 90) = f(hQ)
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A 0 B 0
For hy = Ad OB (1] % 8 € H, we define the mapping ¢ : H\E, — §4—1 by
0 0 0 1
Rea;
~ Ima
¢(h1E1) = Re (—2_1) y
Im (—by)

a1
where h1E; = @1( 7%—1 ) and a; = Aey, by = Bey. (If hy, by € H; satisfy hi By = b E},
0
then we can easily prove ¢(hyEy) = ¢(h, E1). And this fact implies that the mapping ¢ is
well defined.) From the definition of H; we see that ¢ is bijective and the equality

(3.4) f(hlﬁl)dhl = /4 1 fod (s)ds

S4p=
holds for any f € C(H;), where ds is the normalized O(4p)-invariant measure on S4~1,
ForX:tb_l(Z) (i’,)epweput

Ko(X,Y)= (-2 +2- 2Ny -y +w-w)+(x-w —z-9y)(y -2 —w-2'),

% /KR@E““”X’ gE1)"dg,

Knk(X,Y) = Ko (X, V){Ky(X,Y)}*

I?m(Xa Y)=

(myn € Zy, k=0,1,---,[n/2]). These functions play an important role in constructing
the function H,, x(X,Y). Remark that the equalities

(35) I?n,k(Xv Y) = I?n,k(an)a

(3.6) K i(X,Y) = K 1(9X, gY)

hold for any X,Y € p, g € Kr.

4. Decomposition of the space H, and the integral formula for the case
5p (p7 1)'

In this section we first show that IN(nk( ,Y) e H, if Y € N, and next by using this
property, we define Kgr-irreducible subspaces H,, ; of 3, (k=0,1,---,[n/2]). And finally
we state our main theorem for the case sp(p, 1) (Theorem 4.5). As before we always assume
p =2

First, for k= 0,1, - - -, [n/2], we introduce the polynomial K, j to simplify the following
calculations:
1
K, x(X,Y) = (X, V)" 2R K (X, Y) )P (X,Y €p).

n—2k+1
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We can see that K, ,( ,Y) e H, if Y e N.
Now we prove that K, x( ,Y) € 3, (Y € N). For this purpose we need the following

), Y =¢! (
holds:

(4.1) Kn(X,Y) = b Z (m1 +m3)!(ma + m3)!(x s Tym

| | 12
m+1 M -+met2ma=m ml.mg.(mg.)

X (T +w- W) Y e W)y T —w- T

Proposition 4.1. (i) For X = @‘1(

ISERSESN Y
g e 8

) € p the following formula

(ii) There exist am,q € R (¢ =1,2,---,[m/2]) such that
[m/2]
(4.2) (X, V)" = (m+ DEn(X,Y) 4+ D amgKmq(X,Y) (XY €p).
g=1
(ili) There exist byq €R (¢ =1,2,--+,[m/2]) such that
[m/2]
(4.3) (X, V)" = (m+DEn(X,Y) 4+ D bmgKmg(X,Y) (X,Y €p).
g=1

Proof. (i) Assume a,b € C* and a-a = b-b = 0. Then the following equality holds (see

[11]):

me Tmg. m(2p—1)! —m
/34%1(8.@) (s-b) d8_2m(m—|—2p—1)!(a b)™.
From this formula and from (3.1), (3.4) we have
~ (m+2p—1)! / ~ ~
44 Kp(X, V)= TP ) ELY)YYX, gE)™
(m+2p—1)!

s E [ (] o @@ g b @ )

x {ay - (ax — Bw) — by - (az + By)}mdm) dho

, o —gw \ " oz — fu
_ (m +2p— 1) / / 5. i(ail _ ’BE,) 5. —iLam — Bw) as | an
ml(2p =1 S, | Jsars By +az By +az ’
i(By +az’) —i(By + az)

=/, {(@ — pu’) - (0w — Pw) + (@z' + BYy) - (az + By) } " dho.

The last expression of (4.4) equals

/H {laf(z- 2"+ 2-2") + B (w-w" +y - )
+af(z-y —z-w)+aB(y -2 —w-2')}"dhy

-y (] B ) (@)

my!malmglmy!
mi+ma+mz+ma=m 12T

X (-2 +z-2)" (y-y +w-w)?(z-y —x-w)(y- 2 —w-2")™.
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Putting o = te’® and 8 = /1 — t2¢'#, we have from (3.3)
.t gy Ty

2 27
2 — / / / t2m1+m3+m4(1 _ t2)(2m2+m3+m4)/2(eiﬂeiap)mg—m4t dt dé d(p
s

(my + m3)!(mg + ms)!
(m+1)!

- 5m3,m4

Therefore we obtain (4.1).
(ii) We prove the following formulas by induction on n:

(4.5) { (Y2 = @) Kan-1(X, V) + 3073 0an-1.aKon-10(X, ),

(X, Y>2 =(2n+ 1)K2n(X Y)+ Zq:l azn,gKon,q(X,Y),
(a2n—1,q7 asng €ER,n=1,2--- )-

When n = 1, we have (4.5) because (4.1) gives

2K1(X,Y) = (X,Y),
3Ky (X,Y) = (X,Y)2 — Ky(X,Y).

Assume that (4.5) is valid for n = 1,2, --- k. By this assumption and by (4.1), we obtain
the following equality after some calculations:

k
(X, V)2 = {2k + D Eor(X,Y) + Y ask g Kok g(X,Y)HX,Y)
k
= by, Kori1,4(X,Y) +{ 3 (m1 + ms)!(ma + m3)!

ml'mg'(mg')

=)
Il

mi1+mo+2msz=2k

2 )My Y e w) ™ (2 Y W)™ (y 2 —w e a) ™ HXLY)

X
—~ e

[
p@q»

oo Kok 1,0 (X, Y) 4 (2K 4 2) Kop 11 (X, V) + 2k Kop—1 (X, V) Ko(X,Y),

=)
Il
-

where ay,, . = agk, q(2k — 29 + 2)(2k — 2¢ + 1)~!. By the assumption of induction we have

k—1
2k Kop 1 (X, Y)Ka(X,Y) = Ko(X, V){{X, V)P = a1, g Kok1,4(X, Y)}
q=1
k-1
=2kKop111(X,Y) — Z aok—1,gK 241,441 (X, Y).
q=1
Hence there exist some agg+1,4 € R (¢ =1,2,--- , k) such that

k
(X, V)P = (2k + 2) Ko (X, Y) 4+ D asky1,4K2u41,4(X, V).
q=1

In the same way we can show the second equality of (4.5) for n =k + 1.



FORMULAS FOR REPRODUCING KERNELS 111

(iii) Using (4.2), we can prove (4.3) easily. Q.E.D.
From (4.2) there exist an—2k,q € R (¢ =1,2,---,[n/2] — k) such that
N [n/2)—k
(n—2k+ 1) Kp or(X,Y) = (X, V)" = 3" 4, op g Kk g(X,Y)  (X,Y €p).
q=1

From the definitions of I?n,;g(X, Y) and K, ;(X,Y) and from this formula, there exist
tng €R (g=k,k+1,---,[n/2]) such that
[n/2]
nkXY chq anY)

Hence we see that I?nk( ,Y) € H,, because K, 1( ,Y) € H,, (Y € N) .
We denote by H, i the subspace of 3, which is generated by {K,r( ,Z); Z € N}.
Then from (3.6) it is clear that the space 3, j is Kgr-invariant. From now we put Ej
ey
=¢! ( 8 ) € N. To show our main theorem, we must prepare the following proposition.

€2

Proposition 4.2. (i) For any X,Y € p we have
(46) [ RnalgBo. Y)Rur(X.9E0)dg =0 (17 1),
Kr

(ii) H,, = @Etn/g]ﬂ-fn,k gives the Kg-irreducible decomposition of H,,. Furthermore, 3, i

and Hy,,; are not equivalent as Kg-representation spaces if (n, k) # (m,1).
To prove this proposition, we need the following

Lemma 4.3. (i) For any hy € Hy and X,Y € p it is valid that Ko(he X,Y) = Ko(X,Y).
(ii) If n,m € Z4 and n > m, we have for any XY € p

(4.7) / (ha X, Bo)™ (Y, haBy)"dhs = 0,
H>

and

(4.8) / Ky (heEo, X)K (Y, hoEg)dha = 0.

H>
P I, 0 0 0
Proof. Ifweput(b(X):( Y ) € C* anthZAd( 8 o I(; g ) (o, B € C, aa+

w 0 -8 0 «@

B3 = 1), from (3.1) we have

ax —l—Bw
ay + Bz
az — By
—Bx + aw

(4.9) D(hoX) =
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By using (4.9), it is easy to show (i). We will prove (ii). From (4.9) there exist some
t,s,r,q,u, v € C such that

<h2X7 E0>m = (Ol’l" + ﬁq +aM + By)mv

and
(Y, hoEY)™ = (at + Bs)".

These formulas give that
/ (ha X, Eo)™ (Y, ho Ey)"dhs
H

n
k _ —n—k+mgy
Z Z Cm17m27m37m47n,k(t,S,T,q,,u,l/)/ am1+ ﬁm2 ams 6 dh27

k=0 mi+ma+mz+mas=m Hy

where Crny o mamank(t,s,7,q, i1, v) is a polynomial of ¢, s, 7, q, u, v. Putting o = pe? and

B =+/1— p? e, we have

(4.10) / otk gme gms TR g
H>

27 27 1
272 Jo 0 0
X

(ef)mammam R oY dp d dip.
If n > m, we have my + k — ms # 0 or mo — myq —n + k # 0 because
(mi+k—m3)—(ma—myg—n+k)=n+mg —ms+mg—mo>n—m>0.

Therefore we obtain (4.7) from (4.10). From the definition of K,( , ) we have for some
Chm €R

(4.11) K (heEo, X) K (Y, haFo)dhs

H>
= Cn,m/ / / (gF1, X)"(haEo, gE1)"(go Ev, ha Eo)™ (Y, go E1)™dg dgo dhs.
Ho JKr Y Kgr

We put g = g291 (9; € H;,i = 1,2). By changing variables and by using the property
k1ko = kokq(k; € H;,1 = 1,2) we have from (4.7)

/ (ha Eo, g 1) (g0 Er, ha Fo) ™ dh

Hy

=/ (Eo, hy g2g1 E1)"(hy ' go Er, Eo) ™ dhs
Hy

- / (97 Eo, ha E1)" (hagy tgoEr, Eo)"dha = 0 (n > m).
Hy

Hence (4.11) implies (4.8). Q.E.D.
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Proof of Proposition 4.2. (i) From (3.6) we have
(4.12) / K1(9E0,Y)Kux(X, 9Eo)dg
Kr
= / / K i(hihaEo, Y ) Ky k(X hiho Eo)dhy dhy
Hy JH>y

- / / Ko i(haEo, T YY) K k(W7 X, hoEo)dhy dh,.
H1 H2

Assume k > [. Then from (4.8) it is valid that for any X;,Y; € p
(4.13) / Ko (haEo, Y1) Ky (X1, ho Eo)dhs

H>

= {K>(Eo, Y1)} { K2(X1, Eo) }*

X/ K _21(haEo, Y1) Ky _o1(X1, haEo)dhy = 0.
H>

Therefore, by (4.12) and (4.13) we have (4.6). When k < [, we obtain (4.6) because

/ Kn1(X,9E0)Kni(9E0,Y)dg = / Ko i(9E0, X) K1 (Y, gEo)dg = 0.
KR KR

(ii) We define the inner product of L?(KgrEp) by

(f,h) = - f(gEo)h(g9Eo)dg

for f,h € L?(KrEp). Then from (4.6) we have H,, L 3, for k # [ with respect to the
inner product ( , ). To prove H,, = Ecn:/ g] Hon,k, we have only to show that the number
of Kgr-irreducible components of 3, is [n/2] + 1 because H,,  # {0} and H, L H,; for
k # 1. We denote by S"(C?’ @ C?) the n-th symmetric tensor product space of C?? @ C2.

Then the sum

(4.14) S™C @ C%) =Y 5\(C¥) @ 5\(C?)
A

gives the irreducible decomposition of S™(C? ® C?) with respect to the natural action of
GL(2p,C)xGL(2, C), where S)(C?P) and S)(C?) denote the G L-irreducible representation
space corresponding to the partition A = (A1, A2) (A1 > A2 > 0, A1 + Ao = n). Then using
the branching rule from GL(2p, C) to Sp(p) stated in [4; p.507], we can see that S)(C?)
is always irreducible as an Sp(1)-module and Sy (C?P) splits into Ao + 1 Sp(p)-irreducible
components with highest weight (/\1 — Ao+ k)&l + keo = ()\1 — )\Q)Al + kAo (/4} =0~ /\2),
where we use the usual numbering. Since Ay moves from 0 to [n/2], it follows that the
number of Kg-irreducible components of (4.14) is 1 + 2+ --- + ([n/2] + 1), which is equal
to the number of Kgr-irreducible subspaces of S,,. Let .J,, be the space of Kr-invariant
homogeneous polynomials of degree m. In this case we have Jop,—1 = {0} and dim Jo,, = 1
(m € Zy). Then, from the formula S, = &}_(HiJpn—r (cf. Theoreml.l (i)) we can
easily show that the number of Kgr-irreducible subspaces of 3, is [n/2] + 1 and this shows
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Next we show that 3, , and H,,; are not Kr-equivalent if (n,k) # (m,l). By using
the results S, = ®}_,HiJn—r and S, (C?) is a sum of Sp(p)-irreducible components with
highest weight (A1 — A2)A1+ kA2, we can show that H,, is a sum of Sp(p) x Sp(1)-irreducible
components with highest weight {(n — 2k)A; + kA2} ® (n — 2k)A; (k=0 ~ [n/2]). From
this fact we can easily see that H, r ~ H,,; if and only if n = m and k = [, because
two irreducible representations are equivalent if and only if their highest weights coincide.

Q.E.D.

Remark 4.4. The irreducible decomposition of S,, and the generators of irreducible
components of this representation are also stated in [3], though the number of irreducible
components in [3] was misprinted. However the generators given in [3] are not fitted to our
purpose, and we give here a new proof for the sake of completeness.

Now we put A = {(n,k); n € Z4, 0 < k < [n/2]}. Under these preliminaries we define
the function H, 1(X,Y) on p x p as follows:

(4.15) Hy, 1 (X,Y) = / Knk(X, gE0) K 1(9E0,Y)dyg.
Kr

From the definition it is clear that I;fnk( ,Y) € H, i for any Y € p. Therefore we can
easily show that H,, ,( ,Y") satisfies the conditions (1.1)—(1.3) in Theorem 1.2. Then we can

show the following theorem completely in the same way as in the case of su(p, 1) (Theorem
2.1).

Theorem 4.5. Let Xy € p and assume that ﬁmk(Xo,Xo) #0 (Y(n,k) € A). Then for
any f € Hy and X € p we have

dim J‘Cn k ~
(4.16) OnmOp 1 f(X) = =——"— f(9Xo)Hy 1 (X, gXo0)dg.
Hy 1(Xo, Xo0) JEw

Especially for any Xo € N and f € H,, . we have

(4.17) Hpo(X, X0) = Kni(X, Xo)
and

dim H,, ~
(4.18) SOt f(X) = = L F(9X0) Kn i (X, gX0)dg.

Ky (X0, X0) JKw

Remark 4.6. For any Z; € g we have
Hy 1 (Zo, Zo) = / \K . 1(Zo, gEo)?dg = / Ko 1:(9Z0, Eo)|*dg.
KR KR

Since I?n,k(Eo,Eo) =1, we have I?n,;g(X, Ey) # 0 on p. From this we see I?n,;g(X, Ey)lsr
# 0 and [, |K,k(9Z0, Eo)[?dg # 0 because K, ( , Ep) € 3. Therefore we can see that

= Hnk(XY) o ticfies (1.7) in [20].

Hy k(Zo, Zo) # 0 and Hp 1 (Z0,%0)
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Remark 4.7. We have I;fn,k(Xo,Xo) # 0 for any (n,k) € A if and only if X ¢ )\KREH
and Xo ¢ AKrE for any A € C.

Remark 4.8. To write down I?mk(X, Y') for the cases su(p,1) and sp(p, 1) in a simple
form by using some special functions is our subject.

Appendix.

In this section we will get the dimension of H,, ; for the case sp(p, 1).

Proposition A.1. When gr = sp(p, 1) (p > 2), we have

(n—2k+1)2(2p+n—1)2p+n—k—2)! (2p—|—/€—3)!.

(A1) dim Ho, . = (n—k+ D) k(2p—3) (2p—1)!

Furthermore the highest weight of H, . is {(n —2k)A1+kA2} ® (n—2k)A1 (K =0~ [n/2]).

To prove this proposition we use the following lemma.

Lemma A.2 (cf. [19] Theorem 2.2). Assume p > 2. For any f € H,, and any X € p
we have

(A.2) £ = dim6, [ ol ( [ ftaBx gﬁmdg) dt,

where we put

r(2p—1 B
pt) =293 L2 3) sy _zmeaae 12 (g<p <),

V(2p = 3)!

For the proof of this lemma see [19].

Proof of Proposition A.1. We can see that there exist a,, € R (¢ =1,2,---,[n/2] — k)
such that
_ [n/2]—k _
(A.3) Kon(X,Y) = Kpp(X,Y) 4+ Y ngKngin(X,Y) (XY €p)
q=1

by (4.3). (4.18) and (A.3) give that

(A4) (dim 3¢, 1)~ f(X) = . f(9E0) K k(X gEo)dg

= J(gEo)Kn (X, gEo)dg,
Kr
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because I?n,k(Eo, Ep) =1. From (A.2) and (4.3) we have for any X e pand Y ¢ N

(A5)  (dim%,) K,k (X,Y) = /0 p(t) ( /K f?n,k(gﬁt,yxx,gﬁo"dg) dt

1
0 Kgr

= Ap kB i (dim 3, 1) " K, £ (X,Y)

:An,an,k/ Kok (9F0,Y) K, (X, gEo)dg
Kr

=An,k/ Ko 1(gFEo, Y)(X, gEo)"dg,
Kr

where
1 ~ ~ ~
An,k = / Kn,k(EtvEt)p(t)dt
0

and

[n/2] _

(X,Y)" =3 BugKng(X,Y) (XY €p).

q=0

Since

t%(l _ t2)k{(1 _ t2)nf2k+1 _ t2(n72k+1)} )
(n—2k+ 1)(1 - 26?) t7’é?)»
V2

Ko k(B Ey) = {
9—n

we get

A 24p_3f‘(2p - D2p+n—k—-2) (2p+k—3)!
ok Va(2p = 3)! (4p +n — 3)!

By (A.5) we get for any f € H,, 1

(A.6) (dim3,) " f(X) = Ani | F(9E0)(X, gEo)"dg.

Kr

Now we introduce the following polynomial to simplify the calculations:

hn i (X) = (X, E1)" "M Ko (X, Eo)}F (X €p).
Then we have hy, j, € H,. By using (4.6) we can see that
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/ Bk (9E0) Ky (X, gEo)dg =0 (k #1,X €p)
Kr

and this and (4.18) show that h, ; belongs to 3, . Hence (A.4) and (A.6) imply

(dim 3, 1) " :/ bk (9E0) Kk (Eo, gE0)dg
Kr

and

(dlmf}fn)fl = An,k hnk(gE0)<EOagE0>ndg
Kr

because hyn k(Ep) = 1. In order to compute dim ¥, ;, we compare the values of the right

hand sides of these two formulas. By some calculations we obtain

/ Tk (9E0) K i (Eo, gEo)dg
Kr

1 _
= 7/ | Ky (X, EO)\%/ (he X, E1)" "2 (Ey, ho X)" "2 dhy dhy
Hy

n—2k+1 H,
1 2 2N 2k 2%
= 5 a2 "R Ko (X, E dh
2(n—2k+1)2/Hl(xl| + [T K2 (X, Eo) [ dha

and

/ P,k (9E0)(Eo, 9Eo)" dg
Kr

= [ Ky(X, Ey)* / (ha X, E1)" 2% (Ey, ho X)" dhy dhy
H1 H2
n!

2 2\n—2k 2k
T o — Ko (X, E dh
2k! (n—k+1)!/Hl(x1| + |w") | K2(X, Eo) 1

where we put X = <I>1( Y ) =hEyand z; = x-¢e;,w; = w-e; (i =1,2). Hence we

w

obtain
n!(n—2k+1)?2

dim Hp = Ap it = 20T )
Tk = kT o — k1 1))

dim H,,.
From this we get (A.1).

In the proof of Proposition 4.2 (ii) we showed that 3, is a direct sum of Kg-irreducible
components with highest weight {(n — 2k)A1 + kA2} ® (n — 2k)A1 (k =0 ~ [n/2]). By
using Weyl’s dimension formula, we know that the dimension of the irreducible component
corresponding to {(n — 2k)A1 + kA2} @ (n — 2k)A; just coincides with (A.1). Hence the
highest weight of H,, i is given by {(n — 2k)A1 + kA2} ® (n — 2k)A;. Q.E.D.
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