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ABSTRACT. In contrast with Noether theorem, we built up a new operative procedure
for the derivation of conserved quantities and then applied it to the extremal problem
for the integration under constraints in the space of state and control variables. In
the problem, conserved quantities were constructed by imposing the homogeneities
with respect to the state variables through control variables on relating functions.
The purpose of this paper is to release the control variables from the homogeneities
and then construct such a conserved quantity in a similar procedure. The quantity is
illustratively constructed in a economic model, with the aid of which optimal paths
can be determined completely.

Introduction. Noether theorem (Noether [10]) concerning with symmetries of the
action integral or its generalization (Bessel-Hagan [2]) with those up to divergence plays an
effective role for discovering conserved quantity from the Lagrangian or the Hamiltonian
structures of considering problem. In contrast with Noether theorem, a new operative
procedure for the derivation of conserved quantity was established without using either
Lagrangian or Hamiltonian structures (Mimura and Néno [6]). It was discussed for a second-
order differential system which was supposed later to be of the Euler-Lagrange system, and
also for higher order system (Mimura, Fujiwara and Nono [8]). And the results were applied
to various economic growth models (Mimura, Fujiwara and Néno [7], [9]; Fujiwara, Mimura
and Néno [3], [4], [5]) to discover new economic conserved quantities including non-Noether
ones.

In the applications, the Euler-Lagrange system was given in the extremal (maxmizing or
minimizing) problem for the integration over a finite (0 < 7" < 00) or an infinite (7' = o)
period of time:

T
(1) / e PtU (z, u)dt,
0
under constraints
(2) it = F'(z, u),

where z = (z#(t)) (u=1,---, k) and u = (u?(t)) (6 =1,---, £) are the state and control
variables respectively, and p (p > 0) is a constant. There exists a conserved quantity £2,
whenever F*(z, u) and U(z, u) are homogeneous functions of degree one and r (r may not
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be an integer) with respect to the state variables z',--- ,z* through the control variables

ul, .-, uf, ie., they satisfy

FFlax, au) = aF*(z, u), Ulaz, au)=a"U(z, u)

for arbitrary constant « (o # 0), respectively.
Within the state variables 1 = p, 22 = h and the control variables u! = s, u? = s,
Mankiw gave the maximizing problem with the function U(z, u) of the form

(1—sp—sn)""f(p, 1) 7
l1—0

(0: const.)

under some growth processes relating to f(p, k), where f(p, h) is a homogeneous production
function of degree one with respect to p and h (e.g., Askenazy [1]). The homogeneity of
the function is guaranteed with respect to the state variables p and h, but it is not with
respect to the state and control variables p, h and s,, sp. This fact stimulates us to release
the control variables u!,--- ,u’ from the homogeneities. So, in this paper, we show that
there exists such a conserved quantity of the above Q even if F¥(z, u) and U(z, u) are
homogeneous functions of degree one and r with respect to the state variables z',--- 2
respectively (Theorem 1). The theorem 1 gives an anothor approach to the conserved
quantities obtained by Noether theorem (while it gives also non-Noether ones [3]), for
example, that of the economic growth model of Mankiw. In the model, with the aid of
obtained conserved quantity, the optimal path can be determined completely.

For convenience, differentiability is assumed to be of sufficiently high order and the
summation convention is employed throughout.

1 New derivation of conserved quantity. In the papers ([3],[4],[7],]9]), we have dis-
cussed the extremal (maximizing or minimizing) problem for the integration (1) under
constraints (2) and the results were carried out into various economic growth models. In
the multiplier technique to the problem, the Lagrangian is given by (m, are the multipliers):

(3) L=e U +m,(i" — F"),

whose Euler-Lagrange equations consist of (2) and

d (0L oL oF” ou
_ =) - —— — . . = _ Pt

(4a) dt (83’:“) Ozt 0 Mt R P
d (oL oL oOF* ou
Sy o2 g, & et

(4D) dt (8&‘7) due 0 ous " ou’’

A conserved quantity (first integral) for the extremal problem is a quantity Q2 of the variables
Ty, T, 47, m,, ¥, u” and t whose total time derivative vanishes (Q = 0: conservation law)
on the optimal paths, i.e., on solutions to the relating Euler-Lagrange equations (2), (4a)
and (4b). To develop the discussion, we recall the following procedure for the derivation of

conserved quantity for the extremal problem ([9], Theorem 1):

For the Lagrangian L of (3), let the functions (£) = (77/1N o, 7)) and (€5) = (ni, oh, 19)
of the variables w,, &*, u°, 7,, ", u and t satisfy the equations

dgt  OF® OFn
= —¢'+ =17,

(52) dt ~— Oz ou°
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dn, OFY O*Fv O2Fv 02U 02U
(5b) i/ + My + 7rl,<a "+ Ta) = ept<a o+ T") ,

dt oxH ThE Ozt ou® O+ TV Ozt ou® OxH

o O (PP PPN L PU L 0T
¢ oue T T\ Broue Y T dueouwe T ) T € ozroue’ T duedu | )

on the optimal paths for the extremal problem of (1) under the constraints (2). Then the
following conserved quantity 2 is constructed:

(6) Q =1t — 0,05
Moreover, by substituting 77}; = Ty + pry, ) = @t in the solution (£) = (ni 1

)
(Tutpmp, @, 4%) of (5a), (5b) and (5¢) for Q of (6), while (€5') is left as (£5) = (07, ¥h, 75) =
(N, @, T7), the conserved quantity Q of (6) is reduced to

(7) Q= atn, — (7 + pm) et

We assume that F'*(x,u) and U(z,u) are homogeneous functions of degree one and r
with respect to the state variables x!,--- , 2" respectively (control variables u',--- ,u’ are

not counted in the homogeneities), i.e.,

OFH
v _ K
(8) oxrY z ’

ou
(9) D

zt = rU.

Then the relation (8) is combined with (2) to see

v

oz

which gurantees that (¢, 77) = (z#, 0) is a solution of (5a). Together with the solution,
the following differentiations of (8) with respect to z* or u:

aH =

O’Fr 9*Fr . OF"
dz<dzr" O utdxv | ou
and also of (9) with respect to ¥ or u?:
0?U ou 0*U ou
b (1) w_ .92
D Dz (r=1) dzv  Ouedzr’ | Qus’

are substituted for (5b) and (5¢). Then the resulting equations of (5b) and (5¢) are written
respectively as

dy,  OF" U
dt oz " T (r=1)e oz’
oFt - _oFr _ . oU
due T T gy T oue’

whose solution 1, = (r — 1)m, can be found immediately by (4a) and (4b). Finally the
solution (%) = (nu, ¢*, 77) = ((r—1)m,, =", 0) is substituted for (7) to have the following
theorem:
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Theorem 1  For the extremal problem of (1) under the constraints (2), let F*(x, u) and
U(z, u) be homogeneous functions of degree one and r respectively with respect to the state
variables x',--- ,x*. Then there exists the following conserved quantity :

(10) Q= (r—1m,a" — (7, + pr, )zt

Multiply (4a) by z* and then summing up for the indices p. Then, through the homo-
geneities of U and F*, it follows that

re”P'U = fr ot + m, F* = 7,2t + m,d",
which is used to eliminate 7,z* in 2. Consequently Q of (10) is written as

(11) Q= —re P'U + 7, (ri* — pat).

2 An application to economic model.

2.1 Derivation of conserved quantity. For the derivation of conserved quantity, our
theorem 1 in the previous section can be applied effectively to the following two-sector
economic model, while Askenazy used his modified Noether theorem ([1], Theorem 1). The
discussion of (Mankiw et.al., [1]) begins with the setting of variables: the physical capital
x! = p, the human capital 22 = h, the saving rates or the shares u' = s, and u? = s,
of production devoted to physical investments and education or training, respectively. So,

consider the maximizing problem for the integration over an infinite period of time:

[e’e] l1—0o
(12) / L (p, o= const.; p > 0)
0 l1-0

under the constraints
p=spf(p, h) — (6, +n)p,

(13) :

h =spf(p, h) — (0n + n)h,
where f(p, h) is homogeneous production function of degree one with respect to the state
variables p and h, ¢ = (1 — s, — sp)f(p, h) (¢ # 0) is the amount of consumption goods,
n is the growth rate of the population, 6, and 6 are the rates of depreciation of physical
and human capitals respectively. The relating Lagrangian with the multipliers m; and w9 is
given as

l1—0o

+ (P — spf (P, h) + (6p + n)p) + ma(h — sn.f(p, h) + (0n + 1)),

L=erts
1-0

whose Euler-Lagrange equations consist of (13) and

T —_— — — a

(14a) 71— (0p + n)m + (spm1 + sh@)_éj — e Pt C’
i _— — a

(14b) T2 (5h + n)7r2 =+ (3p7T1 + shﬂ—2)_‘]]z — e PteO 27

—0

(14c) T =me = —e Flc
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Then, (11) leads to the same conserved quantity as in (eq.(46) in [1]):

(15) Q=—e "7 + (1 —0)(mp+ mah) — p(mip + mh).

Corollary. Let f(p, h) be homogeneous production function of degree one with respect
to the physical capital p and the human capital h. Then, in the mazimizing problem of (12)
for the amount of consumption goods ¢ = (1 — s, — sp) f(p, h) under the constraints (13),
the theorem 1 gives rise to the conserved quantity (15) which is derivable without using the
Noether theorem.

2.2 Determination of optimal paths. First note that optimal paths in the infinite
horizon have to satisfy the transversality condition lim; o (m1p + m2h) = 0. Besides the
condition, we place
(16) lim e P'¢'™7 =0, lim (mp+ mh) =0,

t—o00 t—o00

so as to be limy_, o, 2 = 0. Therefore, since a conserved quantity is constant on the optimal
paths, the quantity Q of (15) is zero on the optimal paths:

—e P 4 (1 — o) (mp+ Wgh) — p(mip + m2h) =0,
for which (14c) and ¢ = (1 — s, — sp) f are substituted to see
(17) (1—sp—su)f +(1—0)(p+h)—plp+h)=0.
The constraints of (13) are added to get

p+h+ (0, +n)p+ (n +n)h
f )
which is substituted for (17) to obtain (cf. eq.(47) in [1])

(18) Sp + Sp =

(19) f—= (6 +n)p—(n+n)h—pp+h)—o(@p-+h)=0.

In view of (14¢) and ¢ = (1 — s, — sp) f, the difference of (14a) and (14b) yields
of of _

(20) a—p—%—ép—éh.

The homogeneity of f:
of . of

8pp+ %h =/
and (20) are used to write (J, +n)p as
_ of of
(6p +n)p = <5h+a—p— %)p—l-np
_ _9f, _9f
(6h+n)p+< 8hh 8hp)
of

=(5h+n)p+f—(p+h)%,
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which is substituted for (19) to derive

p+h 1 /0f
—— === —-( .
(21) e a<ah (On +n+p)
The equality 71 = 79 in (14c¢) and ¢ = (1 — s, — sp,) f are substituted for (14b) to have
f g Of
(22) —— Oop +n ah

Therefore, it follows from (21) and (22) that

)+ h r
(23) a;ﬁ = —72 -
For the integration of (23), m3 = —e ?'¢™7 in (14c) is substituted to see
(24) k(p+h)=c=1—sp,—sn)f (k:const., k>0),
which is substituted for (17) to have
(25) -
so that
(26) p+h= Cle%t (C1: const).

The equations (21) and (25) yield the relation

(27) %z&ﬁ-n—f—/H—%,
which is used to write (22) as
Ty _ok—p
) 1—0’
so that
(28) Ty = Coe 17 ¢ (Cs: const).

l1—0o

By (26) and (28)7 the term 71p + moh in the transversality condition, the terms e~ *tc
and m1p + m2h in the condition (16) are written respectively as

og—1

. —k
mp 4+ moh = C1Che™ M, e Ptel=o = (—=C3) = e M mp+mh = T—Cnge_kt,
— g

each term of which goes to zero as t — 0.
Here, the constant k in (24):

(1- Sp — sn)f

kj:
p+h

is written by (18) as .
f=(p+n)p— (0 +n)h p+h

k? - )
p+h p+h
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for which (25) is substituted to have

_1-0f(p, h) = (6p+n)p— (On +n)h
o p+h

p="
g

Therefore, the constant & is determined by the initial values p(0) = po and h(0) = hg as

P 1—0f(po, ho) — (6p +1)po — (6n + 1)ho

k:
o o po + ho

?

which is substituted to the right handside of (27) to have

0 (p k) f(p07 hO) (6[) 6h)p0
2 L = .
(29) Sph+n+p+ 1 —

Since f(p, h) is homogeneous function of degree one, it can be arranged as

f(p, h) =pf(1, X),

where X = h/p (X > 0). Then, in view of (29) and 9f(p,h)/0h = df(1, X)/dX, the
equation (27) is written as
df(la X) f(pov hO) — (5;0 - 6h)p0

30 =
(30) dx po+ ho

Whenever (30) has a solution

(31) X=—=A (A: const.),

_ G ozky ACy p=ky
(32) b= 1Lt h = A,
which together with (13) conclude:
_(p—k 1 _(p—k A
(33) sp(t) = (1_J+5p+n) T A sp(t) = (—1_U+5h+n> LA

Theorem 2 Let f(p, h) be homogeneous production function of degree one with respect
to the physical capital p and the human capital h. Then, in the mazimizing problem of (12)
for the amount of consumption goods ¢ = (1 — s, — s1) f(p, h) under the constraints (13),
there exist the optimal paths p(t), h(t) of (32) and sp(t), sn(t) of (33), whenever the equation
(30) for the given initial values po and hy has a solution X = h/p = A.

Cobb-Douglus production function. Let the homogeneous production function
f(p, h) of degree one be of the form

f(p, h) =p'=PhP (B: const.; 0 < B < 1).
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Then the left handside Y = df (1, X)/dX of (30) reduces to Y = 3X5~1, so that

dY
_— = — -2 1 = 1 =
7 B(B-1)X <0, thgoy 00, Xhm Y =0.

Hence Y > 0. Here, the right handside of (30) reduces to

f(po, ho) = (0p = n)po po " — (6, — 8)po  (ho/po)’ — (8, — 61)

po + ho po + ho B 1+ ho/po

)

which becomes positive if

ho\”?
(34) <_) > 8, — on.
DPo

Therefore, for the initial values py and hg satisfying (34), the equation (30) has the unique
solution. It is subustituted for (32) and (33) with f(1, A) = AP to complete the optimal
paths.

CES production function. Let the homogeneous production function f(p, h) of
degree one be of the form

f(p, h) = (ap® + bh“)% (a, b, k: const.; a>0,b>0, k> 0; k#1).
Then the left handside of (30) Y = df(1, X)/dX reduces to Y = bX* 1(a + bX")»~1, so
that
b

4 :ab(ﬁ—l)X”_Q(a—i—bX“)%_Q, lim ¥V = lim ———— =b*.
dX X —o00 X —o00 (a/Xﬁ_'_b)T

a|=

The right handside of (30) reduces to

fPo, ho) = (8, — n)po  (apl§ +bh) = — (6, —dn)po _ (a+b (ho/po)")* — (5, — 51)

po + ho po + ho 1+ ho/po

(i) The case of k > 1. Since dY/dX > 0 and Y (0) = 0, it follows that 0 <Y < bx.
Here, the initial values py and hg can be given such that the equation (30) has a solution,
i.e., they can be given so as to satisfy

o< letbopo) )P = Op = 00) yi o o< <g+<@> >N+6h_15p<1+@'
1+h0/p0 b Po b=

In fact, in view for the derivative of the monotone increasing functions ¢1(X) = (a/b +
XFY5 4 (6, — 6,)/b% and go(X) =14 X:

i /a N 1 a :
gh(X) = X" (- + X%) —<——+1> <1=gy(X),

there exist a constant X for which

l —
og(%+x*‘)"+5h % 14X i X > X,

1
w
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Therefore the initial values pg and hg are given to satisfy ho/po > Xo. Then the equation
(30) has the unique solution X = h/p = A which is subustituted for (32) and (33) with
f(1, A) = (14 bA") to complete the optimal paths.

(ii) The case of 0 < k < 1. Since dY/dX < 0 and lim,_,4oY = oo, it follows that
Y > br. Similarly, it can be seen that the initial values py and hg can be given such that
the equation (30) has a solution X = h/p = A, i.e., they can be given so as to satisfy

1+ ho/po Do b= Do

The solution is used to complete the optimal paths (32) and (33) with f(1, A) = (1+bA").
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