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ABSTRACT. The purpose of this paper is to study weak and strong convergence of a new
implicit iteration process to a common fixed point for a finite family of nonexpansive
mappings in a uniformly convex Banach space. The results obtained in this paper
extend and improve the corresponding results of [C. E. Chidume, N. Shahzad, Strong
convergence of an implicit iteration process for a finite family of nonexpansive mappings,
Nonlinear Anal. 62 (2005) 1149-1156; H.K. Xu, R. Ori, An implicit iterative process for
nonexpansive mappings, Numer. Funct. Anal. Optim. 22 (2001) 767-773].

1. Introduction

Let X be a normed space and let C be a nonempty subset of X. A mapping T : C — C
is said to be nonexpansive on C if for all z,y € C the following inequality holds:

[Tz =Ty < [l —yll.

Convergence theorems for nonexpansive mappings have been established by a number of
authors(e.g., [6], [12], [13], [17] and the references therein).The convergence problems of an
implicit iteration process have been studied by Browder [1, 2], Xu and Yin [19], Takahashi
and Kim [16], and Jung and Kim [7], respectively. In 2001, Xu and Ori [18] introduced the
following implicit iteration process for a finite family of nonexpansive mappings {T; : i € J}
(here J ={1,2,... ,N}) with {a,} is a real sequence in (0, 1), and an initial point z¢ € C:

Ty = owg+ (1 — o)z,
To = Qox1 + (1 — Ozg)TQZ‘Q,
ey = anzy—1+ (1 —an)Inzy,
g1 = ant12n + (1 — ani1)INt1TN 41,

which can be written in the following compact form:

(1.1) Tn = &1 + (1 —ap)Tnxn, n=1,

where T, = T),(;moq n) (here the mod N function takes values in .JJ). Xu and Ori proved the
weak convergence of this process to a common fixed point of the finite family of nonexpansive
mappings in a Hilbert space.
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Recently, Chidume and Shahzad [4] proved that Xu and Ori’s iteration process converges
strongly to a common fixed point for a finite family of nonexpansive mappings if one of the
mappings is semi-compact. Inspired and motivated by these facts, we introduce and study
an implicit iterative scheme for a finite family of nonexpansive mappings in Banach spaces.
The scheme is defined as follows:

Let X be a normed linear space, let C' be a nonempty convex subset of X, and let
{T; : i € J} be a finite family of nonexpansive self-mappings of C. Suppose that {a,} and
{Bn} are two real sequences in [0,1]. Then for an arbitrary xo € C, the sequence {z,} is
generated as follows:

ry = oxo+ fiTize+ (1 — oy — f1)Tiay,
z2 = ooz + BTzt + (1 — ag — B2)Toxs,
Ny = antn-1+OnInen_1+ (1 —anv —On)INneN,
ryy1 = any1Zy + v Tviien + (1 —any — Byve) I Ty,

which can be written in the following compact form:

(12) Tp = QpTp_1+ 6nTnxn—1 + (1 — Oy — 6n)Tnxn; n Z 17

where T;, = T, (moa vy (here the mod N function takes values in .J).

We note that Xu and Ori’s iteration is a special case of the above implicit iterative
scheme. If 8, = 0, then (1.2) reduces to Xu and Ori’s iteration [18].

The purpose of this paper is to establish strong and weak convergence theorems of the
implicit iterative scheme (1.2) for a finite family of nonexpansive mappings. More precisely,
we prove weak convergence of the implicit iteration process in a uniformly convex Banach
space X such that its dual X* has the Kadec-Klee property. The results presented in this
paper extend and improve the corresponding ones announced by Xu and Ori [18], Chidume
and Shahzad [4], and many others.

Now, we recall the well known concepts and results.

A mapping T : C — C is called demi-closed with respect to y € X if for each sequence
{zp}in C and each x € X, x, — z and Tz, — y imply that 2 € C' and Tz = y. A Banach
space X is said to satisfy Opial’s condition [10] if for any sequence {z,} in X, z,, — =
implies that

limsup ||z, — z|| < limsup ||z, — y/|
n—oo n—oo
for all y € C with x # y. A Banach space X is said to have the Kadec-Klee property if for
every sequence {z,} in X, z, — z and ||z, || — ||z|| together imply ||z, — x| — 0. A family
{T; :i € J} of N self-mappings of C with F = N}, F(T;) # @ is said to satisfy condition
(B) on C' [4] if there is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0 and
f(r) >0 for all r € (0, 00) such that

121;%}5\[{\@ —Tiz|} = f(d(z, F))

for all z € C; see ([14], p.377) for an example of nonexpansive mappings satisfying condition
(B).
In the sequel, the following lemmas are needed to prove our main results.
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Lemma 1.1 (Lemma 1, [17]). Let {an}, {bn} and {0,} be sequences of nonnegative real
numbers satisfying the inequality

i1 < (L+68p)an +bp, Yn=1,2 ...

If > 6p, <00 and > 07 b, < 0o, then
(1) im,,_, o a,, exists.
(2) lim,,_, o a,, = 0 whenever liminf,,_, a, = 0.

Lemma 1.2 (Lemma 1.4, [5]). Let X be a uniformly convex Banach space and B, = {x €
X : |lz|| < 7}, r > 0. Then there exists a continuous, strictly increasing, and convex
function g : [0,00) — [0,00),g(0) =0 such that

Az + By +7z)1* < Alzl|* + BllyllI” + 71I1211> = ABg ([l — y)),
for all z,y,z € By, and all \, 3,7 € [0,1] with A+ 3+ v =1.

Lemma 1.3 (Lemma 2.7, [15]). Let X be a Banach space which satisfies Opial’s condition
and let {xz,} be a sequence in X . Let u,v be two elements of X such that lim, . ||z, — ul|
and limy, o [|2n —v|| exist. If {xn,} and {x,,} are subsequences of {x,} which converge
weakly to u and v, respectively, then u = v.

Lemma 1.4 (Kaczor [8]). Let X be a real reflexive Banach space such that its dual X* has
the Kadec-Klee property. Let {x,} be a bounded sequence in X and x*,y* € wy(xy,); here
wy (xy) denote the set of all weak subsequential limits of {x,}. Suppose lim,,_, o |[tzn + (1 —
t)z* — y*| exists for all t € [0,1]. Then x* = y*.

Lemma 1.5 (Browder [1]). Let X be a uniformly convex Banach space, let C' be a nonempty

closed convex subset of X and let T : C — X be a nonexpansive mapping. Then I — T is
demi-closed at zero.

We denote by I' the set of strictly increasing, continuous convex function v : Rt — R*
with v(0) = 0. Let C be a convex subset of the Banach space X. A mapping T : C — C'is
said to be type (v) if y €T and 0 < a < 1,

Y(lleTz+ (1 — )Ty = T(ax + (1 - a)y)|) <[l —yl| - [Tz — Tyl
for all z,y in C.

Lemma 1.6 (Bruck [3] and Oka [9]). Let X be a uniformly convexr Banach space and C' a
convex subset of X. Then there exists v € I' such that for each mapping S : C — C with
Lipschitz constant L,

_ 1
lasSz + (1 = a)Sy = S(azw + (1 = a)y)ll < Ly~ (lz = yll = £ [192 = Sy]))
forallz,y e C and 0 < a < 1.

2. Main Results

In this section, we prove weak and strong convergence of the implicit iteration process
(1.2) to a common fixed point for a finite family of nonexpansive mappings in a uniformly
convex Banach space.

Lemma 2.1. Let X be a uniformly convex Banach space and let C' be a nonempty closed
convex subset of X. Let {T; : i € J} be N nonexpansive self-mappings of C with F =
NN, F(T;) # 0 (here F(T;) denotes the set of fived points of T;). Let {an} and {Bn} be
real sequences in [0, 1] such that a,, + By is in [0,1] for alln > 1 and 0 < liminf, . o, <
limsup,, o (n + Bn) < 1. From an arbitrary xo € C, define the sequence {x,} by (1.2).
(i) If x* € F, then lim,_  ||x, — x*|| exists.
(it) For all 1 € J, lim,—.c |2 — Tizy|| = 0.
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Proof. Let z* € F. (i) For each n > 1, we have

|zn — 2" = llan®n—1 + BnTntn—1 + (1 — an — Bn) Tty — x*||
< anll@n—1 — 2" + Bul| Than—1 — ™| + (1 — o = Bn)|| Tnan — 27|
< anllzn-1 = &% + Bullzn-1 — 27| + (1 — an — Bn) |20 — 27|
= (o )20 — 2]+ (1= — Bo)llm — 2.

This implies that
[an — 2% < [lzn—1 — 7.

It implies by Lemma 1.1 that lim, . ||z, — *| exists.
(ii) We shall show that lim, e ||£n—1 — Th2n|| = 0. Using Lemma 1.2, we have

zn — %)% = [lan®n_1 + BuTnn_1 + (1 — ay — Bp) Ty, — z*||?
= [an(@n—1 = 2") + Bn(Tnzn-—1 — %) + (1 — an — Bn) (Tnan — x*)HQ
< apllzn-1 — x*”z + Bl Tazn-1 — x*”Q + (1= an = Bu)|Tawn — x*||2
—an(l —an = Bn)g(l|zn—1 — Trzn)
< nlln_1 — 22 + Bullrn s — "2 + (1 = an — Bo)on — 27

—an(1 = an = Bn)g(|2n—1 — Thzal).
Hence

an(1 = an = Ba)g([lzn-1 = Toznl) < anllza—1 — ™| + Ballzn-1 — 2*|?
+ (1= an = Bo)llen —2*|° = |zn — 2*|?
< apllTn—1 — z*|* + BullTn_1 — =*|?
+ (1= an = B)len—1 — a*|* = [|&n — ™|
= [lzn-1 — *|? = [lz, — 2*|%.

If 0 < liminf, o o, < limsup,,_, . (@, + B,) < 1, then there exists a positive integer ng
and 1,1 € (0,1) such that 0 < 5 < an and oy + B <71 < 1, Vn > ng. Hence

0@ =1)g(lenr = Tuzal) < lenr — "I = an — |2, Vn > no.

It follows that for m > ng,

m 1 m
9(|Tn-1 = Toznl) £ —— (lzn-1 — 2* > = |z — 2*|?).
n;g n(l—n') n;g

We get Z;O:no g([|zn—1 — Than||) < oo as m — oo. This implies that lim, . g(||Zn—1
—Tnxyn]l) = 0. Since g is strictly increasing, continuous and g(0) = 0, we have lim,, oo ||€n—1—
Tn2n|| = 0. Since T,, is nonexpansive, we have
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|2n = Tn-1]l = lon®n—1 + BnTntn—1 + (1 — ap — Bn)TnZn — Tn-1||
= ”an(xn—l - xn—l) + 6n(Tnxn—1 - xn—l)
+ (1 —an—Bn)Thzn — xn-1)]|
= ||Bn(Tnzn—1 — Tnxn + Tnxy — Tpn_1)
+ (1 —an = Bn)(Toxyn — xn-1)||
< ﬁn”Tnxn—l - Tnxn“ =+ ﬁn”Tnxn - xn—ln
+ (1 —an — Bu)|Tnxn — Tn-1l|
< Bullzn-1 — xn” + (1 = ap) || Then — xanH
< Bollen—1 — ol + | Tnzn — 2n 1|

= ﬁn”mn—l - xn“ + ||-77n—1 - Tnan

This implies that
(1= Bu)llzn — 2n-all < [len—1 — Tnznl.

By limsup,, . (an + Bn) < 1, there exists a positive integer ng and 8 € (0,1) such that
On < ayn + Bn < B, Vn > ng. Hence, we have

(I =Bz — zn-1ll < [[Tn-1 — Tpal.

Let n — oo. It follows that lim, .o ||€n — Tpn—1]] = 0. Also lim,,_, || — Zn4i]| = 0 for all
[ € J.Since ||xn —Tnxn|| < [|[2n—2n—1]]+ ||Tn—1—Thxn||, we have limy, o0 |0 — Tnxys|| = 0.
Now since for all [ € J

Hxn —Thizn| < |lzn — anrlH + ||xn+l — Tn1Tny|| + ||Tn+lxn+l |

< an — anrlH + ||xn+l — Tn1Tny|| + ||xn+l — x|,

we have that lim, o ||n — Thtizn|| = 0 for all I € J. Since for each | € J, {||x, — T1zn]|}
is a subset of U, {||zs, — Tny12n ||}, we have lim,, . |2, — T2, || = 0 for all I € J. This
completes the proof. O

Theorem 2.2. Let X be a uniformly convex Banach space and let C' be a nonempty closed
convex subset of X. Let {T; : i € J} be N nonexpansive self-mappings of C with F =
NN, F(T;) # 0. Suppose that {T; : i € J} satisfies condition(B). Let {ay,} and {3,} be real
sequences in [0,1] such that o, + By is in [0,1] for all n > 1 and 0 < liminf, o o, <
limsup,, oo (an + Bn) < 1. From an arbitrary o € C, define the sequence {x,} by (1.2).
Then {x,} converges strongly to a common fized point of the mappings {T; : i € J}.

Proof. Let x* € F. By Lemma 2.1 (i), we have that {z,} is bounded, lim, o ||z, — |
exists and ||z, — 2*|| < ||#n—1 — 2*|| for all n > 1. This implies that d(x,, F) < d(zp—1, F),
so limy, 00 d(xy,, F') exists. Also, by Lemma 2.1 (ii), limp—eo ||2n — Tizn| = 0 for all [ € J.
Since {T; : i € J} satisfies condition(B), we conclude that lim,, .. d(z,, F) = 0. Next we
show that {x,} is a Cauchy sequence. Since lim,_ o d(z,, F) = 0, for any € > 0, there
exists a natural number ng such that d(z,,F) < § for all n > ng. So we can find y* € F
such that ||z, —y*|| < §. For all n > ng and m > 1, we have
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lZn+m — Tnll < 1Tngm =y || + |70 — 37|
< zng = y*ll + |20 — ¥
< € n €
-+ - =
2 2

This shows that {x,} is a Cauchy sequence and so is convergent since X is complete. Let
lim,, oo , = 2*. Then z* € C. It remains to show that z* € F. Let € >0 be given. Then

’

there exists n; € N such that ||z, — 2*|| < &, ¥n > ny. Since lim, o d(z,, F) = 0, there
exists no € N and np > ny such that for all n > ny we have d(z,, F') < § and in particular

we have d(zy,, F') < . Therefore, there exists w* € F' such that ||z, —w*|| < . For any
i € J and n > ny, we have

ITiz" = 2"|| < || Tiz" — w|| + [lw" = 27|
< 2w =27
S 2A[Jw” = s || + |n, — 27[1)

6/ !’
20—+ —)=c¢€.
<(4—|—4) €

This implies that T;2* = z*. Hence z* € F(T;) for all ¢ € J and so z* € F. This completes
the proof. O

We recall that a mapping T : C — C is called semi-compact(or hemicompact) if any
sequence {z,} in C satisfying ||z, — T2, | — 0 as n — oo has a convergent subsequence.

Theorem 2.3. Let X be a uniformly convex Banach space and let C' be a nonempty closed
convex subset of X. Let {T; : i € J} be N nonexpansive self-mappings of C with F =
NN, F(T;) # 0. Suppose that one of the mappings in {T; : i € J} is semi-compact. Let
{an} and {B,} be real sequences in [0,1] such that am, + By is in [0,1] for alln > 1 and
0 < liminf, o @, < limsup,,_ (@, + Bn) < 1. From an arbitrary xo € C, define the
sequence {xn} by (1.2). Then {x,} converges strongly to a common fized point of the
mappings {T; :1 € J}.

Proof. Suppose that T;, is semi-compact for some iy € J. By Lemma 2.1 (ii), we have
limy, oo || — Tiyzn|| = 0. So there exists a subsequence {x;} of {x,} such that z,, —
xz* € C as j — oo. Now Lemma 2.1 (ii) guarantees that lim; .. ||2n; — T2y, || = 0 for all
l € J and so ||[z* — Tiz*|| = 0 for all I € J. This implies that 2* € F. By Lemma 2.1 (i),
lim,, o0 ||z — 2*|| exists and then

lim ||z, —2"|| = lim [jz,, —2"|| =0.
This completes the proof. O

For (3, = 0, the iterative scheme (1.2) reduces to that of (1.1) and the following results
are directly obtained by Theorem 2.2 and Theorem 2.3, respectively.

Theorem 2.4. (Theorem 3.2, [4]) Let X be a uniformly convexr Banach space and let C' be
a nonempty closed convex subset of X. Let {T; : i € J} be N nonexpansive self-mappings
of C with F = NN, F(T;) # @. Suppose that {T; : i € J} satisfies condition (B). Let
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{an} C [6,1 = 0] for some 6 € (0,1). From an arbitrary xo € C, define the sequence {x,}
by

Ty = &1 + (1 — ap)Thxn, Yn =1
Then {x,} converges strongly to a common fized point of the mappings {T; : i € J}.

Theorem 2.5. (Theorem 3.3, [4]) Let X be a uniformly convex Banach space and let C' be
a nonempty closed convex subset of X. Let {T; : i € J} be N nonexpansive self-mappings
of C with F = NI\ F(T;) # @. Suppose that one of the mappings in {T; : i € J} is semi-
compact. Let {a,} C [0,1 — 8] for some 6 € (0,1). From an arbitrary o € C, define the
sequence {x,} by

T = &1 + (1 —ap)Thz,, Yn =1
Then {xn} converges strongly to a common fized point of the mappings {T; : i € J}.

In the next results, we prove the weak convergence of the sequence {z,} defined by (1.2)
in a uniformly convex Banach space satisfying Opial’s condition.

Lemma 2.6. Let X be a uniformly convex Banach space which satisfies Opial’s condition
and let C be a nonempty closed convex subset of X. Let {T; : i € J} be N nonexpansive self-
mappings of C with F = NN F(T;) # 0. Let {a,,} and {B,} be real sequences in [0,1] such
that o, + By is in [0,1] for alln > 1 and 0 < liminf, o o, < limsup,, . (@, + Bn) < 1.
From an arbitrary xo € C, define the sequence {x,} by (1.2). Then {x,} converges weakly
to a common fized point of {T; : i € J}.

Proof. Tt follows from Lemma 2.1(ii) that lim, .o ||z, — Tjx,|| = 0 for all 1 € J. Since X
is uniformly convex and {z,} is bounded, we may assume that z, — x* weakly as n — oo,
without loss of generality. By Lemma 1.5, we have a* € F(T;) for all ¢ € J. Hence z* € F'.
Suppose that there exist subsequences {xy, } and {z,,} of {z,} converge weakly to y* and
z*, respectively. By Lemma 1.5, y*, 2* € F. By Lemma 2.1 (i), we have lim,, . ||zn — ¥*||
and lim, oo ||z, — 2*|| exist. It follows from Lemma 1.3 that y* = z*. Therefore {z,}
converges weakly to a common fixed point z* in F. O

Finally, we will prove weak convergence of the sequence {z,} defined by (1.2) in a
uniformly convex Banach space X whose its dual X* has the Kadec-Klee property.

Theorem 2.7. Let X be a uniformly convex Banach space and let C' be a nonempty closed
convex subset of X. Let {T; : i € J} be N nonexpansive self-mappings of C with F =
NNLF(T;) # 0. Let {a,} and {B,} be real sequences in [0, 1] such that o, + By is in [0,1]
for alln > 1. From an arbitrary xo € C, define the sequence {x,} by (1.2). Then for all
y*,z* € F, the limit lim,, o ||txy + (1 — t)y* — 2*| ezists for all ¢t € [0, 1].

Proof. Tt follows from Lemma 2.1 (i) that the sequence {z,} is bounded. Then there exists
R > 0 such that {z,} € BRNC. Let a,(t) = |[tz, + (1 — t)y* — z*||, where t € (0,1).
Then lim, .o a,(0) = |ly* — z*|| and by Lemma 2.1 (i), lim,—co an (1) = limy,— oo |2 — 2*||
exists. So we let lim,, . ||z, — 2*|| = 7 for some positive number r. Let € C. We note
that for all4 =1,2,--- , N, N + 1, the mappings

Szic1 =+ 0 Tix+ (11— — Bi)T

are contractions. It follows from the Banach contraction principle that there exists a unique
fixed point ¥, ;1 of S;;—1 for each i. Hence, we can define G,, : C' — C by

GnT =Yg n, Yz eC, n>0;
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see [11]. Using G,,, we can be written the following compact form:
Gn® = an1% + Bot1 T + (1 — angr = Bpt1) L1 Gra,

where T, = T, (moa n)- By the definition of G,,, it easy to see that |G, w — G, z|| < [Jw — ||
for each w, z € C. This implies that G,, is a nonexpansive mapping for all n > 0. Moreover,
we have

||ann - anrlH - ||an+1xn + ﬂnJrlTnJrlxn + (1 — Ony1 — 6n+1)Tn+1ann — Tp+1 ||
= |1 = ant1 = But 1) Tnt1Gnrn — (1 = ang1 = But1) Tnp1Zn41 ||
< (1 — Opt1 — 6n+1)||ann - xn+1||~
This implies that Gpx, = 41 for all n > 0. Similarly, G,,z* = «* for all 2* € F for
all n > 0. Set Hp = Gpam-1Gnem—2---Gn, n,m > 1 and by m = ||Hpm(tzy, + (1 —
t)y*) — (tHpy,mzn + (1 —t)y*)||, where 0 < ¢ < 1. It is easy to see that H, Ty = Tyt and
Hy mz* = o* for all * € F. It follows from Lemma 1.6 that

< Y Mz = vl = 1 Hpoman — Homy®|)
= 7y 'lzn =¥l = lzntm — ¥*|)-

Hence v(bypm) < |zn — y*|| — |@ntm — y*||. This implies that lim, ,m—oco ¥(bn.m) = 0. By
the property of 7, we obtain that limy, 00 bpn,m = 0. Observe that
tnim®) = [Honpm + (1= " — 2*)
< N Hpm(trn + (1 =1)y") — (tHpmzn + (1 = 1)y")||
+ N Hpm(ton + (L= t)y") — 27|
< b+ [tz + (1 =)y — 27| = bm + an(t).

Consequently,
limsup a,,(t) = lmsupantm(t)
e < liTn sjlop(bmm + an(t))
< Ml — 9"~ Jim e — y* ) + an(t)
and
lim sup a,,(t) < ligriigf an(t).
This implies that lim,, o a,(t) gxi;‘js for all ¢ € [0,1]. This completes the proof. O

Theorem 2.8. Let X be a uniformly convexr Banach space such that its dual X* has the
Kadec-Klee property and let C' be a nonempty closed convex subset of X. Let {T; : i € J}
be N nonexpansive self-mappings of C with F = NI, F(T;) # 0. Let {ay,} and {B,} be real
sequences in [0,1] such that o, + By is in [0,1] for all n > 1 and 0 < liminf, o o <
limsup,, oo (an + Brn) < 1. From an arbitrary o € C, define the sequence {x,} by (1.2).
Then {x,} converges weakly to some common fized point of {T; : i € J}.

Proof. Tt follows from Lemma 2.1 (i) that the sequence {z,} is bounded. Then there exists
a subsequence {x,, } of {z,} converging weakly to a point z* € C. By Lemma 2.1 (ii), we
have limg_— oo ||Zn, — T1%n, || = 0. Now using Lemma 1.5, we have (I — T})z* = 0, that is
Tiz* = z* for all |l € J. Thus z* € F. Next we prove that {z,} converges weakly to z*.
Suppose that {z,,} is another subsequence of {z,} converging weakly to some y*. Then
y* € C and 50 2*,y* € wy(2,) N F. By Theorem 2.7, lim,, o ||[tz, + (1 — t)y* — 2*|| exists
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*

for all ¢ € [0,1]. It follows from Lemma 1.4, we have z* = y*. As a result, wy(z,) is a
singleton, and so {z,} converges weakly to some fixed point in F. O
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