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REGULARITY AND EXHAUSTIVITY
FOR FINITELY ADDITIVE FUNCTIONS.
THE DIEUDONNE’ S CONVERGENCE THEOREM
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ABSTRACT. In this note we state an extension of a Cafiero’s criterion and some Dieudonné
convergence type theorems for semigroup-valued finitely additive functions by means of the
relationships between regularity and exhaustivity.

1. Introduction

A classical theorem of Dieudonné [20] states that a sequence of regular measures on
a compact metrizable space, which converges on open sets, converges on all Borel sets;
moreover the measures are uniformly regular.

As observed in [1], the development within the so-called area “Topology and Measure”
led, in the eighties, to investigate possible extensions of Dieudonné’s result in more general
setting, respect to the algebraic-topological structure of the domain of the measures as well
as respect to the range and the properties of them.

Of the huge range of literature concerning the generalizations of the previous theorem,
here we confine our attention to some contributions related to finitely additive regular
functions, e.g. [23], [30], [1], [6], [3], [5], [12], [29].

In the seminal paper [12] C. Constantinescu introduced an algebraic notion of regularity
apart from topological assumptions (see also [5]) which suggested a new approach to the
problem, characterized by a close examination of the relationship between exhaustivity and
regularity, e.g. [33], [13], [9], [32], [26], [27], [25].

Recently, some authors have been concerned again with Dieudonné convergence type
theorems as well as with the concept of regularity in different context (see, for example,
(18], [7], [28], [4], [11], [2], [10], [19]), even connecting these convergence results with a
uniform exhaustivity criterion due to F. Cafiero [8].

In this note, starting from the contributions in [9], [27] and [19], we deal with the study
of the relationship between regularity and exhaustivity. Subsequently, once established an
extended version of Cafiero’s criterion, we obtain a Dieudonné ’s theorem for a sequence of
uniform semigroup-valued finitely additive regular functions defined on an algebra of sets.
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2. Basic Definitions and Auxiliary Results

Let X be a non-empty set and let A be an algebra of subsets of X. Let F and G be,
respectively, a join semilattice and a meet semilattice of subsets of X, both contained in A
(viz, non-empty families of elements of A closed, respectively, under finite unions and finite
intersections), such that F* := {X \ F| F € F} CG.

Moreover, let S = (S,4,0, U) be a complete Hausdorff uniform abelian semigroup, i.e.
(S, +,0) is a commutative semigroup with neutral element 0, [S, U] is a Hausdorff uniform
space and the function (z,y) — =+ y is an associative, uniformly continuous mapping from
[S xS, U x U] into [S, U].

We just recall that in this case the uniformity U can be generated by a family P of
semi-invariant continuous [0, 1]-valued pseudo-metrics on S (where a pseudo-metric p on &
is semi-invariant if p(z + z,y + z) < p(z,y) for every x,y,z € S). We refer the reader to
[31], [21], [34], [35] and [36] for more details.

In the following we denote as U[0] the set of the uniform neighbourhoods of the neutral
element 0 € S of the form U = {s € S|(s,0) € U*}, where U* € U.

A set function p : A — S is called inner F-regular (briefly F-regular) in H, H C A, if for
every A € H and for every U € U|0] there exists F' € F such that F C A and u(Y) € U, for
any Y € Ay\p, where Ay p is the trace of Aon A\ Fie App:={Y € A: Y CA\F}.

First we show

Proposition 2.1. If u: A — S is F-regular in A, then for every A € A and for every

U € U[0] there exists G € F* such that

(2.1) ACG, wY)e U VY € Ag\a-

Proof. Let A € A and U € U[0]. Since p is F-regular, there exists F' € F such that
FCX\A, wY)e U VY € Ax\a)\F-

It follows that G := X \ F' belongs to F* and satisfies (2.1). g

Because of the lack of duality between F and G, the converse of the previous proposi-
tion does not hold in general. But we do have the following result which gives a useful
characterization of finitely additive F-regular set functions.

Proposition 2.2. Let u: A — S be a finitely additive function. Then p is F-regular in A
if and only if for every A € A and for every U € U[0] there exist F' € F and G € F* such
that

(2.2) FCACG, pY)e U VY € Axnr.

Proof. Let A € Aand U € U[0] be given and consider V € U[0] such that V+V CU. If
u is F-regular, also for Proposition 2.1, there exist F' € F and G € G such that

(23) FCACG, pY)e V. VY € Agr, pY)e V. VY € Aqa

Since any Y € Ag\p can be express as disjoint union Y = Y’ UY", with Y' € Ag\a
and Y € A\p, (2.2) follows from the finitely additivity of 4. The other implication is
trivial.

In the following we require F and G to satisfy the following “separation property”:
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(P) for every F € F and G € G such that F C G, there exist F € G and H € F such that
FCFECHCAQG.

In this context, every finitely additive F-regular set function has the following further
property.
Proposition 2.3. Let u: A — S be a finitely additive F-regular function. If (P) holds,

then for every U, V € U[0], F € F and G € G such that V4+V C U and F C G, there exist
FE,FE> € G and Hy € F such that

FCE,CHyCE CQG,
(24) /L(Y) e U VY € AEl\Fa

Proof. Let U,V,F and G be as in the statement. Since p is F-regular, according to
Proposition 2.1, there exists F4 € G such that

FCE, p(Y)e U VY € Ap\r.

Being G (Nf)-closed, we may assume without less of generality that E; C G.
Moreover, by the separation property (P), there exist E' € G and H’' € F such that

FCE CH CFE, CQG.

So, arguing as above, but with V and E’ in place of U and G, respectively, one can establish
the existence of Fy € G, with F C E5 C E’, such that u(Y) € V for every set Y belonging
to Ag,\ p. This completes the proof.

3. Sequences in rar(A,S)

From now on, we employ the notation rax(A,S) to denote the set of all finitely additive
F-regular functions from A into S.

Moreover, let us recall that, if H C A, a function p from A to § is said to be H-exhaustive
(briefly exhaustive if H = A) if limy, p1(Dy) = 0 whenever (Dy)ren is a sequence of pairwise
disjoint sets from H. Then, a sequence (g, )nen of function from A to S is uniformly H-
exhaustive if limy, p,, (Dg) = 0, uniformly with respect to n € N, for any disjoint sequence
(Dk)keN in H.

In this section we deal with the relationships between the uniform H-exhaustivity -when
H is F, G and A- and the uniform F-regularity of sequences in rarz(A,S).

Lemma 3.1. Let (un)nen be a sequence of rar(A,S). Assume that F and G satisty (P).
If (n)nen is uniformly G-exhaustive, then (up)nen is uniformly F-regular in F, i.e. for
every U € U[0] and every F € F there exists G € G such that

FCQG, pn(Y) € U VY € Aqp, V1 €N,

Proof. Let U € U[0] and F € F be given. Let W and V,,, n € N, be closed symmetric
elements of U[0] such that

n+k
W+WcCU, Vi+ViCW, > Vi CV, VneNVkeN
1=n—+1
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Since py is F-regular in F', according to Proposition 2.1, there exists F4 € G such that
F C By, m(Y)e Wi VY € Agp\F-
Suppose to have already selected Fs, .-, E, € G and Hs,--- , H, € F such that

3.1) {F§E¢+1§H¢+1§Ei Vie{l,---,n—1},
' for every i € {1,--- ,n}: w;i(¥Y)ye v; VY € Agap, Vie{l,--- i}

By the F-regularity of i1, , fin41, there exist E,--- , E}, | € G such that
(3.2) Vie{l,--- ,n+1}: FQE;», wi(Y)e Vo VYEAE.;\F.
On the other hand, using (P), one can determine E” € G and H” € F such that
FCE'"CH"CE,.

Then, putting
Epyy = (m;j} E§) NE",  Hppi = H"

(note that the first one pertains to G since it is a meet semilattice), one obtains that

(33) { = +1 = +1

uj(Y)E Vit1 VYGAE,,L+1\F, VjE{l,--- ,Tl+1}.

Thus it is possible to construct, by induction, two decreasing sequences of sets (F;)ien
and (H;)ien in G and in F, respectively, such that

FCE, CH. CE  VieN,
(3.4) { = =

wiY)e v; VY € Agap, VieN, Vjie{l,---,i}.
Now let us show that
(o)  there exists i, € N such that: un(Y)e W VY € Gg, \r, YneN
Suppose () to be wrong; then for every k € N there exist Yz € Gg,\p and ng € N such
that g, (Yz) ¢ U.

Since
Mnk(yk) :Mnk(yk\HiJrl)+Mnk(ykai+1) Vi eN,

and Yy, N H;1 belongs to Ag,\p, from (3.4) it follows that

P Y\ Hix1) &€ V1 VkeN, Vi>nyg.
Hence, by induction, it is possible to construct two sequences of natural numbers (ng, )ien
and (i, )ien, the second of them increasing, and a sequence (Y%, )ien of elements of G such
that for every [ € N it results that

Yi, © Eikl \F7 Hny, (Ykz \Hikl+1) ¢ Vi,

but this contradicts the uniform G-exhaustivity of (u,)nen. Therefore («) holds.
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Now let Y € Ag, \r. For every fixed n € N, by Proposition 2.1, there exists G,, € G such
that
Y C G,, un(T) e W VT € Ag,\v»

and, without less of generality, we may assume that G,, C F;_ \ F.
Thus, denoted by p a continuous semi-invariant pseudometric on S generating U, since

P (1n(Gn), 1in(Y)) = 0 (4n(Gn \ Y) + pn(Y), i (Y)) < p (n(Gn \ Y),0),

it results that (u,(Gp), un(Y)) € W* as well as, from (a), that (u,(G,),0) € W*.
Hence (pun(Y),0) € W* o W* C U™, i.e.

un(Y)G U VYE.AE%\F, Vn €N,
which completes the proof.

Lemma 3.2. Let (py)nen be a sequence of rar(A,S). Assume that F and G satisfy
(P). If (in)nen Is uniformly G-exhaustive, then for every U € U[0], F € F, and G € G
containing F', there exist E € G and H € F such that

FCFECHCQG, un(Y)e U VY € Agp\p, Vn €N
Proof. By Lemma 3.1, there exists G, € G such that
F C@,, Mn(Y)E U VYEAGO\F, Vn €N,

and we can assume that G, C G. Then the assertion easily follows from the separation
property (P). o

Lemma 3.3. Let (un)nen be a sequence of rar(A,S). Assume that F and G satisty (P).
If (4n )nen Is uniformly G-exhaustive, then (pn)nen is also uniformly F-exhaustive.

Proof. Suppose the contrary. Then we may assume, by passing to a subsequence if
necessary, that there exist U € U[0] and a disjoint sequence (Cf)ren of sets in F such that

(3.5) u(Cr) ¢ U VkeN.

Let V € U[0] and (V;,)nen be a sequence of symmetric members of U[0] such that

n+k
V+V+VCU, D ViCVaCV  VneNVkeN
i=n-+1

Let F,, := U}p_,C, n € N; then (F,,)nen is an increasing sequence of sets in F.
From Lemmas 3.1 and 3.2, there exist £y € G and Hy € F such that

F, CE CHy, pe(Y)e Wi VY € Ag\r,, YRk €N,
In a same way it can be claimed that there exist F5 € G and Hs € F such that
F, UH, C By C Hy, up(Y) e Vo VY € Ap,\(mumy), VE €N
Since

HQ\FQ - (Hg\(FQUHl)) U (Hl\Fg) - (Hg\(FQUHl)) U (Hl\Fl),
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any Y € Ap,\p, can be written as disjoint union Y = Y; U Y, with Y1 € Ag,\p, and
Y € AHQ\(FQUHl)'
It yields that
,uk(Y)E Vi+Va VYEAHQ\Fz, VkeN.

Suppose now to have already determined Fq,--- ,E, € G and Hy,--- , H, € F such that
for every i € {1,--- ,n} it holds

F;UH;, , CE;, pe(Y)€ >V, VY €Ayp, YEEN,

where Hy := (). Then, from Lemmas 3.1 and 3.2 again, there exist E, 11 € G and H,41 € F
such that

FoiiUH, C E,y1 C Hpqa, uk(Y) € Vot VY € .AHnJrl\(FnJrlUHn), VkeN.

Since
Hn+1 \ Fn+1 g (Hn+1 \ (Fn+1 U Hn)) U (Hn \ Fn);

it follows that

(V)€ YV, VY €Ap, \p.,. YEEN.

Thus, by induction, there exist two sequences (Ey,)nen and (Hy,)nen of sets in G and in F,
respectively, such that for every n € N it holds

NE

F,CE,CH,CFEp, w(Y) € Vp VY € Ag\r,, Vk €N,

p=1

Hence for every n € N, since
CnJrl g EnJrl \ FTL = (En+1 \ H’ﬂ) U (Hn \ Fn)’
there exists Y,, € Ag, , \g, such that

n

pe(Csr) € me(Yn) + >V, VEEN,

p=1
and, in particular,
(3.6) pnt1(Cry1) € pn1(Yn) + ZVZD Vn eN.
p=1
Now let E/, belong to G such that
Y, C quw .Un+1(E;L\Yn) € Vat;

without less of generality we suppose that E/, C E, 1\ H,.
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Then, from (3.6), it results

pn1(Cns) € pmin(BR) + 3 Vo C pmaa(By) + V4V ¥neN.

p=1

Since (En+41 \ Hp)nen is a pairwise disjoint sequence in G, by the uniform G-exhaustivity
of (n)nen, there exists v € N such that for n > v one has

we(EL) € Vo VEkeEN,

therefore
pnt1(Cpny1) € V4V +V C U Vn > v,

which contradicts (3.5). g
We are now able to state the main result of this section.

Theorem 3.4. Let (u,)nen be a sequence of rar(A,S). Assume that F and G satisfy
(P). If (tn)nen is uniformly G-exhaustive, then (fin)nen is uniformly A-exhaustive and
uniformly F-regular.

Proof. Suppose first that (un)nen is not uniformly A-exhaustive. Then there exist U €
U|[0], a disjoint sequence (Ay)ken of sets in A and a sequence of natural numbers (ny)ren
such that

tn, (Ax) ¢ U VkeN.

Let V be a symmetric element of U[0] such that V +V C U; since every pu, belongs to
rag(A,S), for any k € N there exists Fj, € F such that

Fy, C Ay, fn,Y)E V VY € Ag\py-
Hence
/J‘Tbk(Ak) € Nnk(Fk) + V Vk e N,

and so
tn, (Fr) ¢ V VkeN.

This contradicts the uniform F-exhaustivity of (un)nen, that Lemma 3.3 assures.
In order to prove the uniform F-regularity of (tn)nen, let U € U[0] and let (Vy,),enuqoy
be a sequence of symmetric members of U[0] such that

n n+k
Vi €U  VneN, > Vi CV, VneNVkeN
1=0 i1=n+1

Let A € A. Using the F-regularity of the p,, one can determine an increasing sequence
(Fi)ken in F and a decreasing sequence (Gg)gen in G such that for every k € N it holds

(3.7) F, C A C Gy, un(Y) € Vi VYGAGk\Fk, Vne{l, -k}

Since (Gi\ F)ren is a decreasing sequence in G, the above proved uniform A-exhaustivity
of (tn)nen implies that for any Y € A the sequence

(n (Y N (G \ Fk)))ken
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is a Cauchy sequence, uniformly with respect to Y € A and to n € N.
Thus there exists v, € N such that

(Mn(y N(Gp \ Fp)), un(Y N (Gq \Fq))) € V) forevery p,g>v, n€N, Y €A
in particular
(3.8) un(Y N (G, \Fy,)) € Vo + pn(YN(Gg\ Fy)) foreveryqg>v, neN, Y eA

On the other hand, from (3.7) it follows that for any fixed n € N, denoted as ¢ a natural
number bigger than v, and n, it results that

(3.9) (Y N (Gg\ Fy)) € Vg © W1 VY € A
hence, from (3.8) and (3.9), one obtains that
(Y N (G, \F,)) € Vo+Vi C U VY e A VneN,

which ends the proof. 4

4. Cafiero - Dieudonné theorem

Before stating the main results of the paper, let us recall some definitions.

A ring R is said to have the subsequential interpolation property (SIP) if for every
subsequence (R, )ken of any pairwise disjoint sequence (R, )nen of sets in R there exist a
subsequence (Ry, )ien and an element R € R such that

R, CR foreveryleN, and R;NR=0 forany jeN\{ng :1€N}

Moreover a ring R is said to satisfy the sequential completeness property (SCP) whenever
every disjoint sequence (R, )nen in R admits a subsequence (R, )ren whose union is in R
(we refer the reader to [12], [17], [22], and (P2)-(P1) in [36] for more details).

Then, if £ is a meet semilattice in A, we say that £ is a SIP (resp. SCP)-semilattice if
for any pairwise disjoint sequence (L, )nen of sets in £, there exist a subsequence (L, )ken
and a ring with the SIP (resp. SCP) property, containing all the L,, and contained in L.

First we determine an extended version of Cafiero’s criterion ([8]).

Theorem 4.1 (Cafiero-Dieudonné). Let (un)nen be a sequence of G-exhaustive elements
of rar(A,S). Assume that F and G satisfy (P), and G is a SIP-semilattice.
Then (pn)nen is uniformly G-exhaustive if and only if the following condition holds
(x) for every pairwise disjoint sequence (Gy)ren in G and for every U € U[0] there exist
ko, v, € N such that
un(Gr,) € U Vn > v,.

Proof. The necessity of the condition (x) is trivial.

For the sufficiency, we argue by contradiction. Let us assume, by passing to a subsequence
if necessary, that there exist U, € U[0] and a pairwise disjoint sequence (Gj)ren of sets in
G such that

(4.1) uk(Gr) & U, VkeN.
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Since G is a SIP-semilattice, there exist a subsequence (G, )ieny and a ring R with the
subsequential interpolation property such that R C G and G, € R, for every [ € N. As the
restrictions of the py to R satisfy the hypotheses of Cafiero Theorem (5.2) in [14] (since,
in the Boolean case, (4.3) in [14] holds even for rings, as shown in [17]), then they are
uniformly R-exhaustive and, in particular, one has

lim pg(Gg,) =0 uniformly with respect to k € N,

l—+4oc0

a contradiction of (4.1). g

Remark 4.2. We stress that, whenever the hypotheses of the previous Theorem are
fulfilled, (%) implies also the uniform A-exhaustivity as well as the uniform F-regularity of
the given sequence (i, )nen of G-exhaustive elements of raz(A,S), owing to Theorem 3.4.

Remark 4.3. It is worth noting that, in order to prove the uniform R-exhaustivity of the
restrictions of the py to R, it is possible to apply also Corollary 4.3 in [36], instead of (5.2)
in [14], taking into account the arguments in [36], pp. 272-273.

We point out that by Theorem 4.1 and Remark 4.2, one can fairly easy prove the following
result.

Corollary 4.4. Let (p,)nen be a sequence of G-exhaustive elements of rar(A,S). Assume
that F and G satisfy (P), and G is a SIP-semilattice.
If (un)nen converges pointwise to a G-exhaustive set function in G, i.e.

lim /J‘TL(G) = NO(G)a Geg,

n—-—+o0o

then (fin)nen is uniformly A-exhaustive and uniformly F-regular on the whole A.
Now we can establish the Dieudonné convergence type theorem.

Theorem 4.5 (Dieudonné convergence theorem). Let (u, )nen be a sequence of G-exhaustive
elements of raz(A,S). Assume that F and G satisty (P), and G is a SIP-semilattice.

If (pn)nen converges pointwise to a G-exhaustive set function p, in G, then (n)nen
converges pointwise in A to an exhaustive element of rar(A,S).

Proof. Let us consider A € A and U € U[0] arbitrary fixed. Then let V be a symmetric
element of U[0] such that V+V +V C U.

From an easily deduced uniform version of Proposition 2.1, one can determine the exis-
tence of an element G in G such that

ACQG, un(Y)e V VYEAg\A,VTLEN.

Hence, from the finitely additivity of the u,, for every p,q € N it holds that

(A 10(4) = (1@ 14(@) + (p(A\ G), (AN @) € (1p(G). 11y (G)) 0 VT 0 V™

Therefore the end of the proof follows from the pointwise convergence of (un)neny in G. g

Finally, we show that for group-valued finitely additive regular functions the requirement
in Corollary 4.4 and in Theorem 4.5 that the limit function u, was G-exhaustive can be
eliminated.

The final theorem presented below is, in fact, the “group” version of Theorem 4.5.
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Theorem 4.6 (Dieudonné convergence theorem for group-valued functions). Let (fin)nen
be a sequence of G-exhaustive elements of rar(A,I"), where I' = (T, +,0,7) is an abelian
complete Hausdorfl topological group. Assume that F and G satisfy (P), and G is a SIP-
semilattice.

If () nen converges pointwise in G, i.e.

hr}rl NH(G) = /‘O(G)a Geg,
then
(i) (tn)nen is uniformly A-exhaustive and uniformly F-regular,
(ii) (un)nen converges pointwise in the whole A to an exhaustive element of raz(A,T).

Proof. If u, =0 in G, (i) easily follows from Theorem 4.1 and Remark 4.2.

In the general case, we argue by contradiction. From Theoren 3.4, then we can assume,
by passing to a subsequence if necessary, that there exist a neighbourhood U, of the neutral
element 0 (briefly U, € Z(0)) and a disjoint sequence (G )ren of sets in G such that

(4.2) wr(Gr) ¢ U, VkeN.

Let V be a symmetric element of Z(0) such that V +V C U; since every ux is G-
exhaustive, it is possible to construct a subsequence (g, )ien of (ux)ken such that for every
l € N one has

(4.3) pe (Gy) € Voo Vi =k

Thus, the sequence (pr,,, — i, )ien is a sequence of G-exhaustive elements of raz(A,TI")
which pointwise converges to 0 in G. Hence, from the starting observation of this proof, it
is uniformly A-exhaustive, but, from (4.2) and (4.3), it follows also that for every [ € N

(/’Lkl+1 - /’Lkl)(GkLJrl) ¢ ‘/7

a contradiction. This completes the proof of (i).
Assertion (ii) can be proved as in Theorem 4.5.
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