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STRONG CONVERGENCE THEOREMS FOR THREE-STEP
ITERATIONS WITH ERRORS UNDER A MODIFIED SENTER AND
DOTSON’S CONDITION
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ABSTRACT. Let C be a closed convex subset of a Banach space. In this paper, we
construct a three-step iteration process {z,} with errors for three nonlinear mappings
S, T,U: C — Cgivenby: 21 € C, zn = &)l xn+Bl U Tn+v wn, yn = &) zn+8,T" 20+
VhVns Tntl = an®n + BrnS"Yn + Ynun, for all n > 1 and prove a strong convergence
theorem under a modified Senter and Dotson’s condition (A). This improves Xu and
Noor’s result in 2002. Further, we generalize a Khan and Fukhar-ud-dim’s result in
2005.

1. INTRODUCTION

Let C be a closed convex subset of a Banach space and let T be a mapping of C into
itself. Then T is said to be asymptotically nonexpansive [3] if there exists a sequence {k,}
of positive numbers with lim %, = 1 such that

n—oo
[T"% = Ty < kn llz — yl|

for all z,y € C' and n € N, where IN denotes the set of all positive integers. In particular,
if k, =1 for all n € N, T is said to be nonexpansive. The weaker definition (cf. Kirk [8])
requires that

lim ;o0 sup([|T"z — Tyl — |l — y||) <0
yeC

for each = € C, and that TV is continuous for some N € N. T is said to be asymptotically
nonezpansive in the intermediate sense [1] provided T is uniformly continuous and
lim oo sup (772 = Tyl — [z — yl|) < 0.
z,yeC
On the other hand, a mapping T': C — C with a fixed point is said to satisfy condition (A)
[11] if there is a nondecreasing function f: [0, 00) — [0, 00) with f(0) = 0 and f(r) > 0 for
r > 0 such that
|z = Txl| = f(d(z, F))
for all x € C, where F is the set of all fixed points of T' and d(z, F') = Hel}cf |z — z||. We

modify this condition for three mappings S,T,U: C — C as follows. Three mappings
S, T,U: C — C with a common fixed point is said to satisfy condition (A’) if there is a
nondecreasing function f: [0,00) — [0,00) with f(0) =0 and f(r) > 0 for > 0 such that

|z = Szl + |z = Tz| + [lo = Uz| = f(d(=, F))
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for all x € C, where F' is the set of all common fixed points of S, T,U.

Recently, for a mapping T': C — C, Xu and Noor [15] constructed a three-step iteration
process in C' and motivated by their work, we [2] construct a three-step iteration process
{zy} with errors for two nonlinear mappings S,T: C' — C given by:

xr1 € C,

Zn = ATy 4 BT Ty + Yo Wy,

Yn = AT + B1S™2n + Y n,

Tnt1 = nTy + OnT"Yn + Yntln, forallm >1,

where {a,}, {Bn}, {}, {a}, {85}, {74}, {2}, {8}, {7/} are sequences in [0, 1] such
that

(1.1)

(1.2) Qn + Bn+ Y =l + B, + v =+ B+~ =1foralln € N,
o0 o0 o0

(1.3) S <00, Y <ooand Y ) < oo
n=1 n=1 n=1

and {up}, {vn}, {w,} are bounded sequences in C. This scheme is named as Noor’s iteration
with errors. We proved weak and strong theorems in [7] when o/ = 1in (1.1). The following
result was proved in [2].

Theorem 1.1 ([2]). Let C' be a bounded closed convex subset of a uniformly convex Ba-
nach space satisfying Opial’s condition. Let S,T: C — C be asymptotically nonexpansive
mappings in the intermediate sense such that S and T have a common fized point. Put

rn = sup (||S"z = S"y[| - |lz—yl) vV sup ([[T"x —T"y| - [lz —yl) VO
z,yeC z,yeC

and suppose that Y rn, < oco. Let {xn},{yn}, {2n} be generated by (1.1), where the se-

n=1
quences {Bn} and {8} satisfy the additional restrictions: 0 < liminf 3, < limsupf, <1
n—oo

n—oo

and 0 < liminf 8], < limsup 3, < 1. Then {zn},{yn}, {zn} converge weakly to the same

common fized point of S and T.

On the other hand, for convergence theorems under the condition (A), see [11] and [14]
for example. Khan and Fukhar-ud-din [5] modified the condition (A) and they proved
a convergence theorem (see Corollary 3.4) for two mappings S,7: C — C under such
condition.

In this paper, we construct a three-step iteration process {x,} with errors for three
nonlinear mappings S,T,U: C' — C given by:

x1 € C,

Zn = pn + BrU Ty + ¥ wn,

Yn = O/nxn + 6;Tnzn =+ 'V;zvna

Tptl = QnTn + BnS™Yn + Ynun, forallnm >1,

where {an}, {Bn}, {7}, {an}, {8}, {n} {en} {87} {n} are sequences in [0,1] satis-
fying (1.2) and {u,}, {vn}, {wn} are bounded sequences in C. We prove a stong conver-
gence theorem for this iteration under the modified condition (A’) in the section 2. Fur-
ther, we study a three-step iteration process {z,} with errors for three nonlinear mappings

(1.4)
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S, T,U: C — C given by:

r1 € C,

Zn = O/Tixn + 6;{an + ’Yﬁwm

Yn = O/nxn =+ ﬁ;LTZn + ’Y;L'Una

Tptl = QnTn + BnSYn + Yy, forallm > 1,

where {an}, {6n}, {7}, {&l}, {BL}, {v.}, {ar}, {82}, {7/} are sequences in [0, 1] satis-
fying (1.2) and {un}, {vn}, {w,} are bounded sequences in C' in the section 3. We proved
weak and strong theorems in [6] when o)) =1 and S =T in (1.5) and weak and strong the-

orems in [9] when o/ = 1in (1.5). We prove a strong convergence theorem for the iteration
(1.5) under the modified condition (A’) which improves Khan and Fukhar-ud-din’s result.

(1.5)

2. MAIN RESULTS

Recall that a Banach space X is said to be uniformly convex if the modulus of convexity
dx =0x(e) (0 < e <2) of X defined by

. T+
ox(e) =int {1 - L2 [y e, fall < 1l <1, o w2

satisfies the inequality dx () > 0 for every ¢ € (0,2]. Now, we state some lemmas used in
the following.

Lemma 2.1 ([14]). Let {a,} and {b,} be two sequences of nonnegative real numbers such
that Y~ b, < oo and
n=1

An+41 S (7% + bn

foralln € N. Then lim a, ezists.

Lemma 2.2 ([12]). Let X be a uniformly convexr Banach space, let 0 < b < t, < ¢ <1
for all n € N, and let {x,} and {y,} be sequences of X such that lim , . ||z,|| < a,
lm oo [[Yn]] < @ and im oo [[tn@n + (1 — t)ynl| = a for some a > 0. Then, it holds
that nlingo |xn — ynll = 0.

In this paper, the iterations defined by (1.4) and (1.5) are always assumed that {a,},
{Bn}s {n} {1, {8}, {7} are real sequences in [0, 1] satisfying (1.2) and (1.3) and {u,},
{vn}, {wn} are bounded sequences in C. Denote by F(T'), the set of fixed points of a
mapping 7.

Lemma 2.3. Let C be a convex subset of a Banach space and let S,T,U: C — C be
mappings satisfying F(S)NF(T)NF(U) # 0. Put

rn = sup ([|5"z = S5"y| = llz —yll) v sup (|T"z—T"y|| - [lz —yl)
z,yeC z,yeC

VvV osup ([[U"z = U"y| = [lz —yl[) VO
z,yeC

[e.e]
and suppose that Y 1, < co. Let {x,} generated by the (1.4). Then lim ||z, — p|| exists
n=1 n—oo

forallpe F(S)NF(T)NF(U).
Proof. Take p in F'(S)N F(T)N F(U) and set

M = sup [Ju, —pl| V sup [lv, —p|| V sup ||w, —pl| .
nelN neN neN
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Since
(2.1) 20 = pll < o 20 = pll + B U™ @5 — pll + 75 [[wn — pll
< ap [Jzn = pll + By (|20 — pll +70) + 9 M
< an = pll + 7+, M,
we have
(2.2) lyn — pll < o llzn = pll + 85, 1T 20 — pll + 7, v = Dl
< a |Jzn = pll + B, (|2 = pll +70) + 7, M
< ”xn _pH +2r, + (’71/1/ + 'Yflz)M
and so
(2.3) [2n+1 = pll < anllzn = pll + B 15" yn — Pl + ¥ [[un — pll
< ap ||1'n - P” + ﬁn (”yn - P|| + rn) + 'YnM
< H$n - p” +3r, + (’YZ + 7:1 + PYn)M'
The conclusion follows from Lemma 2.1. O

Lemma 2.4. Let C be a closed convex subset of a uniformly convexr Banach space and
S, T,U: C — C be asymptotically nonexpansive mappings in the intermediate sense such

that F(S)NF(T)NF(U) # 0. Let r,, be as in Lemma 2.3 and suppose that > r, < oo.
n=1
Let {z,} be generated by (1.4).
(1) If there exists 6 such that 0 < < B,,0.,00 <1—-§ <1 for alln € N, then

(2.4) lim ||z, — Sz,|| = lm ||z, — Tz,| = lim ||z, — Uz,| = 0.

(2) If U = S and there exists § such that 0 <6 < 8,0, <1—-§ <1 for alln € N, then
(2.4) holds.

Proof. We prove the only case (1). Take p in F(S)NF(T)NF(U) and set r = lim |z, — p||
which exists by Lemma 2.3. By (2.2), we have lim,, . |yn — p|| < 7. By
15"y — P+ Yn(un — 2| < lyn — Il + 70 + Yo [[tn — 22|
and the boundedness of {u,, — z,}, we have
mn—>o<> ||Snyn _p+7n(un - xn)” <r
Similarly, we have lim ,, oo || — P + Y0 (Un, — 2,)|| < 7. Further, since
Tn1 =P = an(Tn = p) + Bn(S"yn = p) + n(un — p)
= ﬂn(Snyn —-p+ 'Yn(un —D = Zn +p))
+ (1 - ﬁn)(xn —p+ P)/n(un —DP—Zn +p))
= 6n(Snyn —-p+ 'Yn(un - xn)) + (1 - 6n)(xn —p+ ’Yn(un - xn))
and lim ||z,4+1 — p|| = r, we have
Jin [180(S"yn — P+ Y un = @a)) + (1= Ba) (@0 = p + 70 (un — 20))[| = 7-
Therefore, by Lemma 2.2, we obtain

(2.5) lim [|S™y, — z,|| = 0.
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Since
[#n = pll < [[#n = Syl + 15" yn — pll
< lzn = S"ynll + llyn = pll + 72,
we have 7 < lim ;o0 ||Yn — pl| <im0 ||y — p|| < 7 and so
Jim[lyn —pl| =7
Using this and
Tn —p) + B (T" 20 — p) + 7, (v — D)
T"z2n = p+Yp(vn — P — Tn +p))
+ (1= B)(@n = p+ v (va —p = 20 +p))
= Bp(T" 20 = p + (v = 20)) + (1 = B)(xn — p+ 7 (00 — 24)),
we have
B 18, (T2 = p 4 30— 20)) + (1= B (@ — p 7 (vn — 2a))]| = .
On the other hand, by similar way with the argument above, we have
Tim oo 1T 20 — p 45 (v — 20)|| <7
and
lim oo [0 — P+ (v — 20) || <7
Therefore, by Lemma 2.2, we obtain
(2.6) lim || 7"z, — z,| = 0.
n—oo
Since
[#n —S"zn || < 1S" 20 — S™ynll + 15" yn — zn |
<zn = yull + 70 + 15" yn — znl|
< Bpllen =T 2nll + o, 1o — 2|l + 10 + 18" yn — 24l
using (2.5) and (2.6), we have
(2.7) lim ||z, — S"z,|| = 0.
n—oo
Since
[2n = pll < [lzn =Tzl + 17720 — pll
< len =Tzl + [l2n — pll + 70,
we have 7 < lim ,, oo |20 — p|| < lim oo |20 — p|| < 7 by (2.1) and so
T [z —p] =7
Thus, by the similar calculation above, we have
W (|0 20— p L (w0 — 2)) (1= B (@ — p 9w — )| =7
On the other hand, by similar way with the argument above, we have
lim o0 (U0 —p+ v (wn — x0)|| <7
and

mnﬂoo ||l'n —p+’}4{(wn - x’ﬂ)H <7
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Therefore, by Lemma 2.2, we obtain
(2.8) lim ||[U"z, — z,|| = 0.
n—oo
Since
[2n =T an || < T @0 — T 20| + [|T" 20 — 2|
< By lln = Uznll + 35 lwn = @all + 10 + 1T 20 — 20| 5
using (2.6) and (2.8), we have

T}LII;O lzn, — T2y | = 0.
Since
2 = zns1ll < llzn — S"2n|| + 15720 — Tnia ]
< (I +an) lzn = S0l + Ba (|2n — ynll + 1)
+ Vn ||Snxn - un”
< 2||lzp = S"@pll + B 1T 20 — nll + 9, [0 — @all + 70
+ 9 [|15" 20 — unl|,
we have

lim ||x, — Zpt1]] =0
n—oo
by virtue of the boundedness of {S"z,,}. Since
|zn = Szn|| < ||2n — T || + Hxnﬂ - S"+1xn+1H + HS"Han — S"+1an
+ ||S”+1xn - anH
S 2 ||xn - xn+1|| + Tn+1 + Hxn+1 - Sn+1xn+1||
|5, — S|
we have
lim ||z, — Sz,|| =0
n—oo
by virtue of the uniform continuity of S. Similarly, we obtain
lim ||z, — Tz,|| = lim ||z, — Uz,| =0.
n—oo n—o0
To prove the case (2), we may use (2.7) in stead of (2.8) and so the proof is complete. [

The proof of Lemma 2.4 is simpler than Lemma 5 of [2]. Now, we state our main result
of this section.

Theorem 2.5. Let C be a closed convex subset of a uniformly convexr Banach space X . Let
S, T,U: C — C be asymptotically nonexpansive mappings in the intermediate sense such
that F(S)NF(T)NF(U) # 0 and satisfy the condition (A’). Set F = F(S)NF(T)NF(U).
Put

rn = sup (|S"z = S"y[| - |lz—yl) vV sup ([[T"x —T"y| - [lz —yl) VO
z,yeC z,yeC

and suppose that > rn, < co. Let {xn},{yn}, {2n} be generated by (1.4).

n=1
(1) If there exists 6 such that 0 < § < Bn,0L,00 < 1—-06 < 1 for alln € N, then
{zn}, {yn}, {2n} converge to the same point of F.
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(2) If U = S and there exists § such that 0 <6 < 8,0, <1-§ <1 for alln € N, then
{zn}, {yn}, {2} converge to the same point of F.

Proof. Let r = lim ||z, — p|| which exists for a fixed p € F' by Lemma 2.3. If r = 0, the

conclusion is clear. So, we assume r > 0. By the condition (A’), we have
|20 — Swn| + |20 — Top| + |20 — Uznl| > f(d(zn, F)) > 0.
So, using Lemma 2.4, we obtain lim d(z,, F') = 0. Then, there exist a subsequence {xn]}

of {z,} and a sequence {s,} in F such that ||z,, — sn|| < 277. Using (2.3), we have
Isi+1 = sill < Isi+1 = @y || + [|n, 0 — 55|

] njy1—1
<270 o, — s+ 3 GBre+ OF + %+ ) M)
k

=,
, o oMyl
<27UFD 4973 1 SN Bry + (v + Ve + ) M),
k:nj

where M = sup ||un, — p|| V sup ||v, —p|| V sup ||w, — p||. So, we can easily see that {s,}
nelN nelN neN
is a Cauchy sequence in F'. Therefore, there exits s in I such that s, — s and so x,,, — s.

Further, we obtain x,, — s. o

3. FURTHER RESULTS

In this section, we discuss about the convergence of the sequence {x,,} generated by (1.5).
By similar ways with Lemma 2.3, Lemma 2.4 and Theorem 2.5, we can prove the following
Lemma 3.1, Lemma 3.2 and Theorem 3.3, respectively.

Lemma 3.1. Let C be a convex subset of a Banach space and let S, T,U: C — C be
nonezpansive mappings satisfying F(S) N F(T)NF(U) # 0. Then for the sequence {x,}
generated by (1.5), lim ||x, — p| ezists for allp € F(S)NF(T)N FU).

Lemma 3.2. Let C be a closed convex subset of a uniformly convexr Banach space and
S, T,U: C — C be nonexpansive mappings such that F(S)NF(T)NFU) # 0. Let {x,} be
generated by (1.5).

(1) If there exists § such that 0 < & < B,,0.,,01 <1—46 <1 for alln € N, then
(3.1) lim ||z, — Sz,| = lim ||z, — Tz,|| = lim ||z, — Uxz,| = 0.

(2) If U = S and there exists § such that 0 <0 < 3,8, <1—-§ <1 foralln € N, then
(3.1) holds.

Theorem 3.3. Let C' be a closed convex subset of a uniformly conver Banach space. Let
S,T,U: C — C be nonexpansive mappings such that F(S)NF(T)NF(U) # 0 and satisfy
the condition (A’). Let {xn},{yn}, {zn} be generated by (1.5).

(1) If there exists 6 such that 0 < 0 < Bpn, 05,00 < 1—=06 <1 for alln € N, then
{Zn}, {yn}, {zn} converge to the same point of F(S)NF(T)NF(U).

(2) If U = S and there exists 0 such that 0 <0 < B,,0, <1—0 <1 foralln € N, then
{Zn}, {yn}, {zn} converge to the same point of F(S)NF(T)NF(U).

As a direct consequence, taking U = S and o/ = 1 for all n € N in Theorem 3.3, we
have the following result which is obtained in [5].
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Corollary 3.4. Let C be a closed convex subset of a uniformly convexr Banach space. Let
S,T: C — C be nonexpansive mappings such that F(S) N F(T) # 0. Assume that there
exists a nondecreasing function f: [0,00) — [0, 00) with f(0) =0 and f(r) > 0 for allr >0
such that

1
5 (lz = Sz| + llo = Tz|)) = f(d(z, F))
for all x € C, where F = F(S)NF(T). Let {x,} be generated by

r1 € C,
Yn = a;xn + ﬁ;LTZn + 'Y;Lvna
Tpt1l = QnTn + BpSYn + Ynln, for alln > 1,

If there exists § such that 0 < § < B,,8, <1—0 <1 for alln € N, we have {x,} converges
to the same point of F.
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