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ABSTRACT. A description of the sequence of interspike intervals and of the subsequent
firing times for single neurons is performed by means of an instantaneous return pro-
cess in the presence of refractoriness. Every interspike interval consists of an absolute
refractory period of fixed duration followed by a period of relative refractoriness whose
duration is described by the first-passage time of the modeling diffusion process through
a generally time-dependent threshold. In the cases of Wiener and Ornstein-Uhlenbeck
processes, the interspike probability density functions and some of its statistical fea-
tures are explicitly obtained for special monotonically non-increasing thresholds.

1 Introduction Stochastic models for neuronal firing in the presence of refractoriness
have been the object of various investigations. The first attempt to study the effect of
refractoriness in a point process is made in [22] and in [25] in which the authors consider
the role played by the dead time in determining the distribution of the output when the input
obeys a given distribution. Successively, an instantaneous return process, constructed on a
diffusion, has been considered aiming to a quantitative description of neuron’s membrane
potential behavior. Within such a context, the presence of refractoriness has been included
in two different ways. The first way assumes that the firing threshold acts as an elastic
barrier that is partially transparent, i.e. such that its behavior is intermediate between
total absorption and total reflection (cf. [3], [4], [5], [20]). Alternatively, the return process
paradigm for the description of the time course of the membrane potential is analyzed by
assuming that the neuronal refractoriness period is a random variable with a pre-assigned
probability density (cf. [1], [10], [11], [15], [23]). Recently, in [2] and [16], the Wiener
neuronal model in the presence of constant and of exponentially distributed refractoriness
has been considered, and expressions for output distributions and for interspike interval
densities have been obtained in closed form.

Customarily, the firing threshold has been viewed in the literature as a constant which
may not be appropriate, especially for rapidly firing cells (cf. [7], [13], [14], [26]). Indeed,
when a neuron releases an action potential, it becomes temporarily incapable of responding
to further input signals. In fact, for a period of time, of the order of one or two milliseconds,
the neuron is unable to respond to any stimuli (absolute refractory period). After that, for
several successive milliseconds its sensitivity to the incoming stimuli is normally reduced,
in some cases increasing successively. This type of after-firing behavior (after potentials)
may last up to about 100 msec. In the present context we focus our attention on a constant
absolute refractory period followed by a period of relative refractoriness that we model as
a random variable. Hence, after a spike release, we assume that the neuron is unable to
fire again during the absolute refractory period, while the firing threshold is assumed to
decrease progressively as the inhibitory effect of the previous spike fades away.
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In Section 2 we provide a description of the sequence of interspike intervals {I,,n =
0,1,...} by assuming that I is described by the first-passage time of the modeling diffu-
sion process through a monotonically non-increasing threshold S(t), whereas the interspike
interval I,, (n = 1,2,...) is characterized by the existence of two periods, R,, and F,: the
first represents the period of absolute refractoriness of fixed length; the second denotes the
subsequent relative refractoriness whose duration is described by the first-passage time of
the modeling diffusion process through the threshold S(¢) translated in the time. In Sec-
tion 3 and 4 the interspike probability density functions are determined for the Wiener and
Ornstein-Uhlenbeck processes and for particular thresholds.

2 Interspike distribution Let us denote by {X (¢),¢ > 0} a regular, time-homogeneous
diffusion process defined over an interval I = (r1,72) and characterized by drift and infinites-
imal variance A; (z) and As(x), respectively, that we assume to satisfy Feller conditions [12].

As is well-known, the first passage time (FPT) of X (¢) to the continuous boundary S(t)
starting at X (7) = 7 is defined as follows:

(2.1) nglf{t:X(t) > S(t)}, X(1)=n<S(7).
Then,
(2.2) glS(),t|n,1] = %P(T < 1), n < S(1)

is the FPT probability density function (pdf) of X (¢) through the boundary S(t) conditional
upon X (1) = n. In the neuronal modeling context the boundary S(t) represents the neuron
firing threshold, the FPT through S(¢) the firing time and ¢[S(¢t),t¢ | n, 7] the firing time
pdf. In the sequel we shall assume that P(T < +o0) = 1 for all 7 > 0, so that the neuron’s
firing is a sure event.

Let {Z(t),t > 0} be a return process in the presence of refractoriness. The process Z(¢)
consists of recurrent cycles Fo, R1, F1, Ra, Fo, ..., where every period R; (j =1,2,...) of
absolute refractoriness is characterized by fixed length { and where Fy, F1,... denote the
periods of relative refractoriness. Starting at 7 at time zero, a firing takes place when X ()
attains the threshold So(t) = S(¢) for the first time, with n € (71, S0(0)); then, an absolute
refractory period occurs, after which Z(t) is instantaneously reset to 7. In general, the j-th
subsequent evolution of the process goes on as described by X (¢), until the threshold S;(¢),
that coincides with the threshold S(t) translated in the time, is again reached. A new firing
then occurs, followed by the absolute refractory period, and so on.

We now provide a description of the sequence of interspike intervals Iy, I, ..., where
Iy = Fy and where I, = Ri+F), (k=1,2,...). Here Fy, F1, ... denote the random variables
describing the durations of the relative refractory periods Fo, Fi,..., whereas R, R, . ..
denote the durations of the absolute refractory periods R1,R2,.... To this purpose, let ©;
(j = 0,1,...) be the random variable describing the (j 4+ 1)-th firing time of the neuron.
The following relations hold:

J J
(2.3) O =Il=F, ©=FR+Y (Re+F)=Y I (j=12,..).
k=1 k=0

In the sequel we shall assume that the firing thresholds are defined as follows:
St—0;—1—¢), t>0;_1+¢

(2.4)  So(t) = S(), S;(t) = (j=1,2,...),
400, otherwise
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where 60,01, ..., representing the successive firing times of the neuron, denote the values

assumed by random variables Qg, ©1, ..., respectively. Figure 1 shows the recurrent cycles
of the process Z(t).
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Figure 1: An hypothetical sample path of Z(¢). The instants 6o, 61,... represent the firing times

and ( is the duration of the absolute refractory periods. The instantaneous reset value has been
denoted by 7.

We note that Fy, correspondent to the first-passage time of the modeling diffusion pro-

cess X (t) through a monotonically non-increasing threshold S(t) = Sy(¢), is characterized
by pdf

(2'5) g[SO(t)vt | 7770] = g[S(t),t | 7770]7 SO(O) = S(O) >,

whereas F}j, correspondent to the first-passage time of the modeling diffusion process X (¢)

through a monotonically non-increasing threshold S;(¢) given in (2.4), is characterized by
pdf

0, t < 9j71 +C
(26) g[Sj(t)vt | 7770j—1 + C] =

9ISt =01 = Ot [, 051 +¢, >0+,
for j =1,2,..., where 6;_; is the time in which the j-th spike has had place.
We denote by yo(t | 0) the pdf of Iy, and by I';(¢ | #;-1) and ~;(t | 6;-1) the conditional
distribution function and the conditional pdf of I; given ©;_1 = 6;_; for j = 1,2,...,
respectively. From (2.3) and (2.5) it follows that I is characterized by pdf:

(2.7) Y0(t 10) :=g[S(®),¢[n,0],  S(0)>n.
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Figure 2: Starting at time 6,_1, the duration of interspike interval is less than t.

Furthermore, recalling that I; = ( + F}, one has (cf. Figure 2):

Li]0j—1) =Pl <t[Oj_1=0j_1)=P(F; <t—(|0;_1=0;_1)

0, t<¢
(2.8) = 0 1+t (j=1,2...).

[ s int+qdr t>¢

0j-1+¢
Hence, making use of (2.6), for j = 1,2,... one obtains:
0 t<(
dr;(t]0;-1) ’

(2.9) (] 0-1) = JT“ =

glS(t =)t +0;-1]n,0;-1+(], t>C.

The determination of the conditional pdf of interspike interval I; (j = 1,2,...) is in
general unfeasible due to the memory effects present in the evolution of the process Z(t).
Hence, in the case of varying thresholds, analytical solutions are not available except in few
cases. For this reason, in the sequel we shall consider special diffusion processes X (t) and
suitable varying thresholds, such that the FPT pdf (2.2) satisfies the following property:

for all ¢ > ¢ and 6 > 0. Under assumption (2.10), from (2.9) one obtains:

0, t<¢
(11) (] 0;) = G=12..)
g[S(t_C)vt_C|7770]7 t><

Eq. (2.11) shows that 7;(¢ | 6;_1) is independent of the time #;_1, so that I; is independent of
©¢ = Iy and, in general, I; is independent of ©,_1 = Iy+I1+...+1;—1 (j = 2,3,...). Hence,
if (2.10) holds, the interspike intervals Iy, I;,... are independently distributed random
variables, with I, I, ... also identically distributed.

Under assumption (2.10), we denote by I a random variable distributed as I, I, ... and
by v(t) = v;(t | 8;-1) its pdf. Hence, making use of (2.5) and (2.11), the first two moments
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of the interspike intervals I, I5, ... follow:
+oo “+o0
E= [ = [ talse -0 n ol
0

+oo
=A (u+ ) gS(u),u | 7, 0] dt = ¢ + E(Oy),
(2.12)

+oo +oo
E(I?) ::/O t2(t) dt:/c t2g[S(t —¢),t — ¢ | n,0] dt

+oo
=A (u+ Q)2 glS(u),u | 0,0] dt = 2 +2¢ E(Oy) + E(O2),

where © is the FPT of X (¢) through the continuous boundary So(t) = S(t) starting at
X (0) = n. The variance of the interspike intervals Iy, I, ... is then Var(I) = Var(0y).

If (2.10) holds, let h;(t) be the pdf of the random variable ©; describing the (j + 1)-th
firing time of the neuron, and let H;(X) be its Laplace transform (j = 0,1,...). We note
that ho(t) = yo(t | 0). Furthermore, since Iy, I1,... are independently distributed random
variables, recalling (2.3), (2.5) and (2.11), for A > 0 one has:

= /0+°° e hy) di = /Om e Mot ] 0) di - Uom e (1) dtr

_ /0+°° e M g[S(t),t | n,0] dt - U:OO e ISt — Ot — ¢ | 0.0 dt}

J

) 400 Jj+1 ) 400 Jj+1
(213) = e—ix¢ U =M glS(8),t | ,0] dt} N U e ao(t | 0) dt}
0 0
for j =0,1,... Taking the inverse Laplace transform of (2.13) one is led to
0, t<j¢
(2.14) h;(t) = (j=0,1,...),

ot =3 O]9, ¢> ¢

where exponent (j+ 1) indicates (j+ 1)-fold convolution. In particular, if (2.10) holds, from
(2.3) and (2.12), or equivalently from (2.13), one obtains the means and the variances of
the subsequent firing times of the neuron in terms of the mean and of the variance of ©g:

E(©;) = E(©0) +j E(I) = j(+ (j +1) E(6)
(2.15) (Gj=1,2,...).
Var(©;) = Var(©g) + j Var(I) = (j + 1) Var(©o)
In order to embody some physiological features of real neurons, several alternative mod-
els have been proposed in the literature (cf, for instance, [21], [24] and references therein).
In the next two Sections we shall investigate the properties of the interspike intervals and of

the subsequent firing times for the Wiener and Ornstein-Uhlenbeck neuronal models with
refractoriness for particular choices of time-depending thresholds.

3 Wiener model In this Section we shall assume that the membrane potential of the
neuron is modeled by a Wiener process {X (¢),¢ > 0}, defined in R, with drift and infinites-
imal variance

(3.1) A = p, Ay =02  (WER, 0>0).
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Preliminarily, we shall disclose some properties of the FPT of X (¢) through a linear bound-
ary and subsequently consider a return process Z(t) with refractoriness based on the Wiener
process and linear firing thresholds.

3.1 FPT for the Wiener process through a linear boundary Let T be the FPT
of the Wiener process, defined in (3.1), through the threshold S(t) = At + B starting at
X (1) =n < S(7r). The pdf of T is given by (ctf., for instance, [6] and [18]):

g[S(t).t | n,7] = g[At+ Bt |n,7] =

AT+ B —n { [At-l-B—U—N(t_THQ}
o227 (t—1)3 R 202(t—7)

(3.2) [S(r) = AT+ B>1).

Remark 3.1 For the Wiener process (3.1), for AT+ B > n and A > 0 one has:

“+oo -
(/ M=) g[8(t). ¢ | 7] dt

AT+ B — AT+ B —
(3.3) = exp{i2 i (n—A) - ——m— i Vi — A2+ 202)\}.
o g
Then,
~ oo ~
P(F<+o0)i= [ gl(0)t |n.7)de
1, AT+ B>n p>A

(3.4) =

exp{_2(A—u)(AT+B—77)

5 } , otherwise.
g

Proof. From (3.2), for A > 0 one has:

oo . AT+ B - (A—p) (AT +B—n)
A (t—T) _ AT+ Ul _ H Ul
[ a5 it = S e 2 }

o
+o0 2 2
—3/2 ) _(AT+B—n)
(3.5) ></0 z exp{ [)\ + 552 } z} exp{ 5575 } dz.
Since (cf. [9], page 146, no. 28)
+o0 T

(3.6) / 2732 ez em/(42) gy — 9 \/jev‘“’ (>0, p=>0),

0 a

choosing p = A + (A — u)?/(20?%) and a = 2 (A1 + B —n)?/o?, (3.3) immediately follows
from (3.5). Furthermore, by setting A = 0 in (3.3), one obtains (3.4). mi

Remark 3.2 For the Wiener process (3.1), for AT+ B >n and p > A one has:

) +oo L — n)i+1/2
B = [ = P8t o] ae = 2O
- oV2m (n— A)i—1/2

(A—u)(AT+B—n)} (AT+B—n)(u—A))

o2 o2

(3.7) x exp{— KH/?( (G=1,2,...),
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where K, (z) denotes the modified Bessel function of the third kind. Then,

- T — =~ T - T —n)o?
(3.8) E(T) _ %, E(T2) _ (A N-I—_BA 77)2 4 (A (:_BA)ZZ)

for AT+ B >n and p > A.

Proof. If P(T < +oc) = 1, making use of (3.2) for j = 1,2.... one has:

iy AT+ B—n (A—p)(AT+B—n)
7y — _
E(T7) = 5o exp{ = }
+oo 2 2
§—3/2 (A= _(At+B-n)
(3.9) ></0 z exp{ o2 } exp{ BTV } dz.
Recalling that (cf. [9], page 146, no. 29):
o0 v/2
(3.10) / 2V lePzema/2) gy —2( ) K,(y/ap) (>0, p>0)
0 4p

after setting p = (A — p)?/(202), a =2 (A7 + B —1n)?/0? and v = j — 1/2, from (3.9) one
obtains (3.7). Furthermore, since (cf. [17], page 967 no. 8.468)

o7 n—H“ .
Koj1)2(2 \/22 Zr' =1 (22) (n=0,1,...),

one has:
[T _, Y 1
Kl/Q(Z)— Z@ s Kg/Q(Z)— 22:6 (1+z),
so that from (3.7) with j = 1, 2, relations (3.8) follow. O

3.2 Interspike intervals for the Wiener model For the Wiener model of single
neuron activity, we consider a return process Z(t) in the presence of refractoriness, with
functions (2.4) chosen as follows:

So(t) = S(t) = at+b

(3.11)
a(t—0;_1—C¢)+b, t>6;_1+¢
Sj(t): (j:172"")7
400, otherwise
with 6g, 61, ... representing the successive firing times. We assume a < 0, so that the

thresholds (3.11) are non-increasing functions (decreasing if @ < 0 and constant if a = 0).
Recalling (2.7), by virtue of (3.2) with A =a, B =b and 7 = 0, we note that Iy = ©¢
is characterized by pdf:

_ 2
b—n ox {_(at—Fb n—ut) },
ovV2mid 202t

From (3.4) and (3.12) there follows that P(©¢ < +00) =1 if and only if b > n and p > a.

(3.12)  o(t [ 0) = g[S(t),t [ n,0] = b>1n.
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Figure 3: For the Wiener model with & = 0.5mV /msec and ¢ = 1 mV?/msec, 7o(t) is plotted for
n=—-70mV, b= —-60mV, and a = 0,—0.5, -1 mV /msec.

Figure 3 shows the FPT pdf v, (t) = g[S(t),t | n,0] for the Wiener model (3.1) with
p = 0.5mV /msec and 62 = 1 mV?/msec through the threshold S(t) = (at—60) mV starting
from n = —70mV with a = 0,—-0.5, —1 mV /msec.

Furthermore, if b > n and p > a, the FPT moments are finite. Making use of (3.8) with
A=a, B="0band 7 =0, there hold:

b—n (b—n)o*
3.13 E(©y) = ——, Var(Qg) = ——~F— -
(3.13) (00) = " (80) = 7
To analyze the interspike intervals I, I5, . . . and the firing times ©1, ©s, ... we first prove

that the FPT pdf of the Wiener process (3.1) through the linear boundary S(t) = at+b
satisfies relation (2.10). To this purpose we note that
glS(t =)t +0 | 0,0 + (] = gla(t = () +b,t+6 [ 9,6 + (]
=gla(t+0)—a(@+¢)+b,t+0|n,0+,

from which, making use of (3.2) with A =a, B=b—a (0 + (), 7 = 0 + ¢ and final time
chosen as t + 6, we have:

- a — —_n — _ 2
g[£‘(t—<),t+6|¢yﬁ+§]:g\/%exp{_[ (t C);ralz(tvlcﬁz(t 9) )

Eg[s(t_<)7t_<|n’0] (b>7l)

for all ¢ > ¢ and 6 > 0. Therefore, (2.10) holds.
By virtue of (2.11), for b > n the pdf of interspike intervals I; (j =1,2,...) is:

0, t<(
(3.14) () = b—n [a(t—C) +b—n—p(t—C)2
e 207 (t=0) Jroo2e

From (3.4) and (3.14) there follows that P(I; < 400) =1 (j=1,2,...) ifand only if b > 7
and p > a.
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Figure 4 shows the interspike pdf (), given by (3.14), for the Wiener model (3.1) with
p = 0.5mV /msec and 02 = 1 mV?/msec in the presence of the linear firing thresholds (3.11)
in the case of n = —70mV, b = —60mV, a = 0, —0.5, —1 mV/msec and { = 1 msec (on the
left) and ¢ = 10 msec (on the right). Figures 3 and 4 indicate that the difference between
~0(t | 0) and ~(t) becomes more evident when the refractory period increases.

RE RE
025 =1 0.25 |
02+ 02+
0.15 ¢ 0.15 +
0.1r 0.1r
0.05r 0.05 +
0 00

Figure 4: For the Wiener model with p = 0.5mV /msec and o® = 1mV?/msec, 7(t) is plotted for
n=—-70mV, b= —-60mV, a =0,—-0.5,—1 mV/msec and ¢ = 1 msec (on the left) and ¢ = 10 msec
(on the right).

Furthermore, if b > 1 and p > a, making use of (3.13) in (2.12), one obtains the mean
and the variance of the interspike intervals:

b— h— 2
(3.15) E(I)=E(6o) +¢ = 2y ¢, Var(I) = Var(Qg) = (b=moa” 77)03 .
—a (k—a)
In order to obtain the pdf of ©1,0s,..., we first determine the Laplace transform of

~0(t | 0). From (3.12), recalling (3.3) with A = a, B =b and 7 = 0, one obtains:

oo oo b— t+b—mn—pt)?
/ G_At"/o(t | 0) dt:/ e—Atin exp{—(a + n H ) }dt
0 0 g

Vorts 202t
(3.16) :exp{(u_a()jg(b_n) - b;"\/(u—a)2+2a2,\} (b>n).

Hence, from (2.13) for A > 0 there follows:

(317) Hg()\) :ef)\jc exp{ (/j,—a,) (ba—zﬁ) (]+1) _ (b—ﬁigj‘Fl) \/(M_a)2+202)‘}

for b > n. Then, taking the inverse Laplace transform of (3.17), for b > n the pdf of the
random variable ©; is obtained:

h;(t) :/0 5(7—j§)g[a(t—7) +b0(j+1),t—71] n(j—|—1)70] dr
0

) t<j¢

glat =5 Q) +b(i+1),t—35¢ | (G +1),0], t>j,
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or equivalently:

0, t<j¢
=9 b-n@+1) la(t—5O)+(b—n)G+1)—p(t—jO |

o2t —jOP eo{- 207 (t— 5 Q) Joot>ic
(3.18) (j=0,1,...;0>n).

We note that ho(t) coincides with yo(t | 0), previous obtained in (3.12). Furthermore, (3.17)
yields P(©; < +o00) =1 (j =0,1,...) if and only if b > 1 and p > a.

Figure 5 shows the pdf h;(t) (j = 0,1,...,5) for the Wiener model (3.1) with p =
0.5mV /msec and 02 = 1 mV?/msec in the presence of the linear firing thresholds (3.11) in
the case of a = —0.5mV/msec, b = —60mV, n = —70mV and ¢ = 1 msec (on the left) and
¢ = 10msec (on the right).

h(1)
0.151 =1 015f ' (=10
j=0
0.1F 01f (| J=1
Jj=2
=3 iy
0.05 0.05[
j=5
0 100 1 % 50 100 1

Figure 5: For the Wiener model with g = 0.5mV/msec and ¢ = 1mV?/msec, h;(t) (j =
0,1,...,5) is plotted for n = —=70mV, b = —60mV, a = —0.5mV /msec and ¢ = 1msec (on the
left) and ¢ = 10 msec (on the right).

Finally, if b > n and p > a the mean and the variance of the random variable O},
describing the (j + 1)-th firing time of the neuron, follow from (2.15) and (3.13):
b—n

(319) B©)=jc+G+1)2=0  var®,) = (j+1) L0

' ! p—a’ ! (n—a)?
4 Ornstein-Uhlenbeck model A more refined model that includes the spontaneous
exponential decay of the neuron’s membrane potential is the Ornstein-Uhlenbeck (OU)
neuronal model, namely the diffusion process {X (¢t),t > 0}, defined in R, characterized by
drift and infinitesimal variance

(j=0,1,...).

(4.1) Al(x)z—xgg, Ay =0? (0eR, >0, c>0).

Differently from the Wiener model, in the absence of inputs the membrane potential expo-
nentially decays to the resting potential o with a time constant 3. We shall preliminarily
obtain some properties of the FPT of X (¢) through an hyperbolic boundary and subse-
quently we shall consider a return process Z(t) with refractoriness based on the OU process
and hyperbolic firing thresholds.
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4.1 FPT for the OU process through a hyperbolic boundary Let T be the FPT
of the OU process, defined in (4.1), through the threshold S(t) = o+ Ae /% + Be!/?
starting from X (7) = n < S(7). The pdf of T is given by (cf., for instance, [6], [8]):

2 [Q+ AeiT/B + BeT/ﬁ — 77] ef(tiT)/ﬁ
By/r0? B (1— 2=/’

[Ae~t/B 4 Bet/B — (1 - p) e*(tff)/fq2
o2 Jé] (1 —e2 (t—T)/ﬁ)

glS(t),t | n, 7l =glo+Ae P+ Be/P t| 1] =

(4.2) X exp{—

with S(7) = o+ Ae /P + Be™/P > .
Remark 4.1 For the OU process (4.1) one has:

(4.3)

1, o+Ae /B4 Be™/F>n B<O
P(T < +o00) =
otherwise.

4Be™/P Ae~T/B L Be/B —
ep{ 4B e AT Bl )y,
o?f

Proof. From (4.2) one obtains:

~ +OO ~
P(T < +00) :/ o[S(t),t | n, 7] dt

o+Ae /By Be /Py { 2BeT/ﬂ(Ae_T/ﬂ—|—BeT/ﬂ+Q—77)}
= exp{ —

\/mo? 3 0?8
+oo B2e27/8y [Q+Ae—r/ﬂ+367/ﬂ_,ﬂ2
vy [ Teep{ B ol by
(4.4) /0 Y p e P 25y Y

where the last equality follows after the change of variable y = ¢2(*=7)/# _1. Recalling (3.6)

with p = B2e27/8 /(02 3) and a =4 (o+ Ae /P + Be™/P — 7])2/(02 B), (4.3) immediately
follows from (4.4). mi

Remark 4.2 For the OU process (4.1), if S(t) = o+ Ae /P with o+ Ae™ /8 > n, one
has:

+o00 . 22B/2 1 A\B (04 Ae /8 —p)?
=X (t—7) e — — d
/T e glS(t),t | n,7] dt NG F(2+ 2 ) exp{ 202 }
o+Ae /P —q 2)

(45) XD_)\Q(f B

where D, (z) denotes the parabolic cylinder function, and

B(T) = [V (LA ) (S Y],

(4.6)
v o+ Ae /Py o+Ae /P —p
E(TQ) = 252 [ﬁ In2¢; (U—\/ﬁ)_ﬁ%&(T)
o+ Ae /B —77)}

+¢2( o/3
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where we have set:

oo 22 k+1 o0 2n+3 1

s Tumm o0 Sarers

(4.7)

oo on z2n+2 oo o, 2n+4 1

1/’1('2):712:%(n+1) (2n+ 1) 1/’2('2)_2(2n+3)” (n+2) k+1

Proof. If B =0 and ¢+ Ae”7/# > 5, from Remark 4.1 it follows PN(T < 4o00) = 1.
Furthermore, the FPT pdf for the OU process (4.1) through the threshold S(t) = o+ A e /P
starting from X (7) = n < S(7) immediately follows from (4.2):

2[0+ AeT/B_ple~(t=7)/8 { [A et/ﬁ_(n_g)eaﬂ/ﬁ]?}
B/ 023 (1—e-2(t=m)/8)° 02 B (1—e 2(=7/F)
(4.8) Eﬁ(O,t—T|Q+A677/ﬁ—n),

glo+Ae P t|n,1] =

where g(0,¢ | xg) denotes the FPT pdf through 0 at time ¢ starting from xg at the initial
time zero for the OU process X (¢) characterized by drift A;(x) = —2/8 and infinitesimal
variance Ay = o2 (8 >0, o > 0). Hence, from (4.8) one has:

+oo +oo
@e) [ TGS nrde= [ PGl ot AT - g du
T 0
with o+ Ae~7/8 — 5 > 0. Since (cf., for instance, [19]):
oo 2W/2 1 \j z2 o [2
e Mt -4 27 0 Ak
/0 900, [ xo) dt VLS F(2+ 2 ) exp{2026}D,M3(a \/;) (zo > 0),

Eq. (4.5) immediately follows from (4.9). Furthermore, making use of (4.8) , for j = 1,2,...
one has:

+oo
E(Tj)z/ (t—1)Yglo+Ae Bt n, 1] dt
T oo - )
(4.10) =/ 21G(0,2 ] 0o+ Ae” /P — ) dZth(0|Q+Ae_T/ﬁ—n),
0

where #;(0 | z9) denotes the j-th moment of FPT for the OU process X’(t) from xg to the
state 0. Finally, recalling the expressions of ;(0 | zq) for j = 1,2 (cf., for instance, [19]),
from (4.10) one immediately obtains (4.6). mi

4.2 Interspike intervals for the OU model For the OU model of single neuron
activity, a return process Z(t) in the presence of refractoriness is considered, where the
functions (2.4) are chosen as:

Sot) = S(t) = o +ae™ P bel’”
(4.11)

8,(t) = Q—l—aexp{—#}_|_bexp{#}7 P> 0, 14 ¢

+o0, otherwise,
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for j =1,2,..., where 6y, 01, ... represent the successive firing times. We assume that b < 0
and a > b, so that the thresholds (4.11) are non-increasing functions.

Recalling (2.7), by virtue of (4.2) with A = a and B = b and 7 = 0, we note that Iy = ©¢
is characterized by pdf:

(4.12)  ~0(t|0) =

2(0+a+b—mn)e /P [ae_t/*ﬂ—kbet/ﬂ—(77—Q)te_t/5]2
5 P\ T 23 (1 — e—2/8)
ﬁ\/ﬁ(ﬂﬂ(l—e*”/ﬁ) o €

with o+ a + b > 1. Due to (4.3) and (4.12), P(Qp < +o0) =1l ifand only if o+a+b > 17
and b <0.

Figure 6 shows the FPT pdf 'yo(t | 0) = g[S(¢),t | n,0] for the OU model (4.1) with
B = bmsec, p = —60mV and 0? = 1mV?/msec through the firing threshold S(t) =
(—60 + ae‘t/5) mV starting from n = —70 mV with ¢ = 0,50,100 mV.

0.06 -
0.04 -

0.02

Figure 6: For the OU model with 8 = 5msec, o = —60mV and ¢ = 1mV?/msec, yo(t | 0) is
plotted for b =0mV, n = —70mV and a = 0,50,100mV.

In order to analyze the interspike intervals I, I5,... and the firing times ©1, 0, ...
we first prove that the FPT pdf of the OU process (4.1) through the hyperbolic boundary
S(t) = 0+ ae P 4+ bet/B satisfies relation (2.10). To this purpose, we note that

9ISt =)t +0|n,0+¢ =glo+ae =0 4 petHIB 119|060+ (]
= glo+ ael+OB =B | po=(O+0/8 ((40)/8 4 4 9|y 0+ (],

from which, making use of (4.2) with A = ae®*9/8 B =p ¢~ (0+0/8 7 = § 4 ¢ and final
time chosen as t + 6, we obtain:

g+a+b— ) —(t=0)/B
8y/ra? 8 (1 (t-0)/8)?

o] [ae= (=078 4 pet=0/B _ (5 — g) e~ (t=0)/8]?
Y o2 3 (1 — e2(t=0)/B)

for all ¢ > ¢ and § > 0. Therefore, (2.10) holds.

glS(t =), t+0[n,0+¢] =
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Making use of (2.11), for ¢ + a + b > 7 the pdf of interspike interval I; (j =1,2,...) is
zero for ¢ < (, whereas for ¢ > ( one has:

2 (g + a _|_ b — 77) ef(tfc)/ﬁ { [a 67(t7<)/5 + be(t7C)/ﬁ — (/r] — Q) ef(t7C)/ﬁ} 2 }
ex -

v(t) = o2 B (1— e 20=0/P)

5 \ro? B (1 - e2=0/8)°
(4.13)

From (4.3) and (4.13) it follows that P(I; < +o00) =1 if and only if p+a+b > nand b < 0.
Figure 7 shows the interspike pdf ~(t), given in (4.13), for the OU model (4.1) with
B = bmsec, o = —60mV and 0? = 1mV?/msec in the presence of the hyperbolic firing
thresholds (4.11) in the case of n = =70mV, b = 0mV, a = 0,50,100 mV and ¢ = 1 msec
(on the left) and ¢ = 10msec (on the right). Figures 6 and 7 show that the difference
between (¢ | 0) and ~(t) becomes more evident as the refractory period increases.

") n1)
0.1 0.1+
0.08 f 0.08 -
0.06 f 0.06 -
0.04 f 0.04 -
0.02 f 0.02 a=100
% t % 10

Figure 7: For the OU model with 8 = 5msec, o = —60mV and 02 = 1 mV?/msec, y(t) is plotted
forn=—=70mV, b =0mV, a = 0,50,100mV and ¢ = 1 msec (on the left) and ( = 10 msec (on the
right).

If b= 0 and o+ a > 7, the FPT moments are finite and, making use of (4.6) with A = a
and 7 = 0, one has:

B160 =3 [ Ve (L2057) - (22250

E(©3) =28 {\/; 1n2¢1(9+%/ﬁ—’7)_\/;¢2(9t% n)+¢2(gijﬁ_n)}

where @1, w2 and 11, ¥y are given in (4.7). Furthermore, if b = 0 and ¢ + a > 7, making
use of (4.14) in (2.12) one obtains the mean and the variance of the interspike intervals:

B = ¢+ B(O0) =+ 5 | VR (L2 (2202,

o\ ov/B
(4.14)
Var(I) = Var(Qg) = 2 3? {ﬁ In2 ¢y, (%)—ﬁ¢2(%)+¢2(%)]

¢ [ (2]
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In order to obtain the pdf of ©¢, 01,... for 8 = 0, we first evaluate the Laplace transform
of v(t | 0). Recalling (4.5) with A = a and 7 =0, from (4.12) for 8 = 0 one obtains:

400 +009 oAt _ —t/8 -t/ _ _ —t/B371?
/ e_)‘t’YO(t | 0) dt:/ c (g ra 77) c 3 exp{— [ae 3 1(77 —92)56 ] } dt
0 0 ﬂ\/ﬂ'azﬂ(l—e_%/ﬂ) o ﬁ( —¢ )

_ zi/;/z o ﬁ) . {%}Dw

2 2
Hence, from (2.13) for A > 0 one has:

) = e [ p(L 4 A8 py (2 [T e lere—nPix )y

(4.15)

(ren 7

T 2 2 B 2020
so that taking the inverse Laplace transform, for j = 0,1,... one is led to
(4.16)
0, t< ¢
hi(t) = l 2 (04a—n)e t7I0/8 exp{_ [ae= (=3 O/B — (n — g) e=(t=iO)/8] 2 H (j+1)
B \/77 023 (1— e 20=39/8)° 023 (1—e2(t=30/5)

t>jC.

Finally, if b = 0 and ¢ + a > 7 the mean and the variance of the random variable ©;,
describing the (j + 1)-th firing time of the neuron (5 = 0,1,...) follow from (2.15) and
(4.14):

BO) =3¢+ G+ 18 VR (S0 ) (22021,

oV oV
(4.17)
wH«%):26204—D[v?ln%m(g%ﬁ%éﬂ)‘¢?%4g%i%%ﬁ)“”(g%i%%ﬁﬂ
2
G+ VR (CE ) (S0
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