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ABSTRACT. For Gauss-Markov processes the asymptotic behaviors of the first pas-
sage time probability density functions through certain time-varying boundaries are
determined. Computational results for Wiener, Ornstein-Uhlenbeck and Brownian
bridge processes show that for certain large boundaries and for large times excellent
asymptotic approximations hold for such densities.

1 Introduction and mathematical background First-passage time (FPT) probabil-
ity density functions (pdf’s) through generally time-dependent boundaries play a relevant
role in a variety of problems in biology, physics and engineering (see, for instance, [16] and
related references). Since closed form results for diffusion and Gauss-Markov processes are
scarce, efforts have been made to devise numerical algorithms and simulation techniques
for their evaluation (cf. [1]-[4],[8], [9], [11], [15], [17], [19]) and for the analysis of their
asymptotic behaviors as boundaries or time grow large (cf. [5], [6], [7], [12]-[14], [18]).

The present contribution, focusing on Gauss-Markov processes, is the natural extension
of previous investigations on the asymptotic behavior of FPT pdf’s in the presence of
single asymptotically constant boundaries or of single asymptotically periodic boundaries
carried out for one-dimensional diffusion processes admitting steady state densities ([7],
[13], [14], [18]) and for a class of stationary Gaussian processes ([5], [6]). Some preliminary
investigations for Gauss-Markov processes [12] have shown that for the estimated FPT
pdf’s through certain large boundaries for large times excellent asymptotic approximations
hold. The validity of such unexpected computational results is confirmed in this paper by
theoretical considerations.

We shall briefly recall some basic notation of Gauss-Markov processes that will be used
throughout this paper.

Let {Z(t),t € T}, where T is a continuous parameter set, be a real continuous Gauss-
Markov process. It can be represented as:

(1.1) Z(t) = m(t) + hao(t) W[r(t)],
where

(i) {W(t),t > 0} denotes the standard Wiener process such that P{W(0) = 0} = 1,
E[W(t)] =0 and E[W(s) W(t)] = min(s, t);

(i) m(t) .= E[Z(t)] is continuous in T}

(#1i) the covariance c(s,t) := E{[Z(s) — m(s)][Z(¢t) — m(t)]} is continuous in T x T, with
c(s,t) = hi(s) ha(t) (s <1);
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(iv) {Z(t)} is nonsingular except possibly at the end points of T, i.e. if T = [a,b], {Z(t)}
has a nonsingular normal distribution except possibly at ¢ = a or ¢ = b, where Z(t)
could be equal to m(t) with probability one.

(v) r(t) = h1(t)/ha(t) is a monotonically increasing function and hi(t) he(t) > 0 because of
the assumed nonsingularity of the process on the interior of 7.

The transition pdf fz(x,t|y, 7) of a Gauss-Markov process is a normal density characterized
by mean and variance:

ELZ(0) | 2(7) = o] = m(t) + 125 [y~ m(7)].
(1.2)
VarlZ2(0)] 2() =] = halt) [ ) = 123 ()],

where t,7 € T,7 < t. It satisfies the Fokker-Planck equation and the associated initial
condition

X T 2
ST T) - D Ao 1) Fo )] 5 g [A2(8) £,y )
(1.3)

lim f(z,tly,7) = 0(z —y),

with A;(z,t) and As(t) given by

>

5(t
ha(t)’

the prime denoting derivative with respect to the argument.

Let {X(t),t > 0} be the non-stationary Ornstein-Uhlenbeck (OU) process with zero
mean and covariance function E[X (s)X ()] = 02 (e?* — e P%) e P!/(23) with s < ¢ and
B > 0. Then (cf., for instance, [10]),

(1.4) Ay (z,t) = m/(t) + [z — m(t)] Az(t) = h3 () r'(2),

(1.5) X(t) = e Pt W[% (eW - 1)} (t > 0).

The infinitesimal moments (1.4) of the non-stationary OU process X (¢) are given by
Ay(z) = —Bx, Ay = o2 (zeR, >0, 0>0).

Due to (1.1) and (1.5), any Gauss-Markov process can be represented in terms of a non-
stationary OU process as follows:

(L6) Z(t) = m(t) + k() X[p(t)]  (teT),
where we have set:

243 1 2p3
(1.7) K =ha)\[1+ 2370, et =55 ln(l +5 r(t)).
Note that, by virtue of (v), from (1.7) ¢(t) : T — [0, +00) is a continuous and monotonically
increasing function and k(t) is a continuous non-vanishing function in the interior of 7'.
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We shall now focus our attention on the random variable

(1.8) Tzztir>1£{t:Z(t)>S(t)}, Z(t)y=2z<S8(r), 7,teT,

that represents the FPT of Z(t) from Z(7) = z to the supposed continuous boundary S(%).
Making use of (1.1), the FPT pdf g , of Z(t) can be obtained from the FPT pdf g, of the
Wiener process W (t) as:

(1.9)  g,[5(t),t]27] ;:%P(Tz <1) :d:i—f)gw {w%(z;(ﬂ,r(t) | %Tg_()ﬂ,r(ﬂ}

for 2 < S(7). By virtue of (1.6), gz can be also expressed in terms of the FPT pdf g, of
the non-stationary OU process X (t) as follows:

(1.10) g,[S®).t]z 7] = dfiff) Ix [S(t)th)m(t)

()| w0, < S,

As proved in [4], if S(t),m(t), h1(t), ha(t) are C}(T) functions, the FPT pdf of the
Gauss-Markov process Z(t) satisfies the following nonsingular second-kind Volterra integral
equation

t

gz[S(t)7t|ZaT] = _2\IJZ[S(t)7t|ZaT]+2/ gz[S(C)7C | ZaT]\IJZ[S(t)at | S(C)vd d(

(1.11) [z < S(7)],
where
St —m/(t)  S(t) —m(t) hi(t)ha(9) — h5(t) hi(I)
w501 20) = { TGP - S G
z—m(9) hb(t)hi(t) — ha(t) Wi (t)
(1.12) _ 5 hf(t) OB hi(ﬁ)} fZ[S(t),t | z,9].

In Section 2 we shall focus on the asymptotics of the FPT pdf for the non-stationary
OU process X (¢) through a continuous and bounded boundary n(¢#) that is asymptotically
constant or asymptotically periodic. In Section 3, making use of the transformation (1.6), we
shall show that the asymptotic results of the FPT pdf for the non-stationary OU process
through the boundary n(¥) can be used in order to obtain quantitative information on
the FPT pdf of a Gauss-Markov process Z(t) through the transformed boundary S(t) =
m(t) + k(t)n[e(t)]. In Section 4, by making use of the non-singular integral equation
(1.11), a numerical algorithm with variable step-size will be proposed. Finally, extensive
computations will be performed for special Gauss-Markov processes with the aim to pinpoint
the goodness of the asymptotic behaviors of FPT densities.

2 Non-stationary OU process In this section we study the asymptotic behavior of the
FPT pdf g [n(99),9 | y,Jo] for the non-stationary OU process X (¢J) through a continuous
and bounded boundary 7(+). From (1.11) and (1.12) it follows that g . is solution of the
Volterra integral equation

9
9 (9),9 |y, 0o]=—=2Vx[n(9),d | y7190]+2/19 9 x 1(€); ¢ [y, do] Wx [n(d), ¥ | n(C), (] d¢

(2.1) ly < n(do)],
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where

1 (dn(9 n(9) [1 + =28 (0=00)] — 24 =B (¥=D0)
i [1(9), 9y, Vo] = 5 { d<19 ) _ gl - e_w(]ﬁ_%) b (@), 91y, vo)
22) (¥ > o > 0),

the transition pdf of X (¢) being given by

B 3 Blz—ye P (ﬂﬂm]?
fx(z,9 |y, d0) = \/770'2 (1 _6_2[3(19_190)) exp{—a2 (1 — 6_25(19_190))

(2.3) (x,y e R, 9 >y >0).
Denote by

9
(2.4) G [9(9),0 | y,90] == / g, ()| y,0) du,  y < ndo),

[0}

the FPT distribution function of X (¢). Since the first passage through a constant boundary
for a non-stationary OU process is a sure event, it follows that also the first passage of X (¢#)
through a continuous and bounded boundary 7(1) is a sure event, i.e.

+oo
(2.5 [ sl yodu=1. y<no)
Yo

Resorting to the results obtained in [7] for a class of one-dimensional diffusion processes,
we now focus our analysis on the non-stationary OU process by considering separately two
cases: (i) n(1¥) is an asymptotically constant boundary and (ii) n(¥) is an asymptotically
periodic boundary.

2.1 Asymptotically constant boundary We consider the FPT problem for the non-
stationary OU process through the asymptotically constant boundary

(2.6) ) =S +o), [SERD>0],
where o(9) € C*[0, +00) is a bounded function independent of S and such that
(2.7) 19251_100 0(¥)=0 and 19251_1 o(v) =0.

The function ¥ x[n(9),? | y, o], given in (2.2), approaches a constant value as ¢ increases.
Indeed, taking the limit ¥ — +oo in (2.2) and making use of (2.6) and (2.7), for all ¥y, v
(¥ > 99 > 0) there holds:

2
(2.8) R(S)=-2 lm Uxly(0),d 5,00 =05~y {25}y <o)

We note that R(S) > 0 for all S > 0 and

(2.9) Ghim R(S) =

Proposition 2.1 For the non-stationary OU process X (9), let n(¥) = S + o(¥) be an
asymptotically constant boundary, with S € R and with o(9) € C*[0,+00) a bounded func-
tion independent of S such that (2.7) hold. Then,

1 ¥ ¥
@10 Jdin, g 9x (7E ) 7E)
for ¥ >0 and ¥y > 0, with R(S) defined in (2.8).

+ 190), + o ‘ Y, 190} =e ", y < n(d),
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Proof. Changing ¥ in ¥ + ¥y in (2.1), for the non-stationary OU process X (¢) one has

(0 +30),9 + o | y, V0] = =2 ¥x[n(d + o),J + Jo | y,Jo]
I+
(211) 42 [9 9 100 € 1 90) Wx[n(® + 90,9+ 9 | (Ol dCs y < (o).

0

If R(S) > 0, changing ¢ in ¥/ R(S) and making use of the change of variable { = u/R(S)+9g
n (2.11), for 99 > 0 and ¥ > 0 we obtain:

R(15)gX [U(Rf5)+ﬁ0) R?S)—H% v, o) = % x[n (% ). %”0 v, o]
v u
“f {% 7 [1( g + ) gy + W“}
(2.12) x{ (2 x[n( ?s +10), Rfs)+ﬁ0’n(m+ﬂo),m+ﬂo}}du,

with y < n(Jo). By virtue of (2.2), making use of (2.8) and (2.9), one has

S£+m R(ZS) Uy {U(%%—ﬁo), %-Fﬁo’y,ﬁo} = -1,

for ¥9 > 0,9 > 0, and

2 ) ) u u
lim —— ¥ ——+), ==+ ‘ —— 4+ ), ==+ %] =-1
P RS X [”(R(S) +1o) R(5) T ”(R(S) +100) R(S) o
for 99 > 0, 0 < u < ¥. Hence, taking the limit as S — +oo in (2.12), one finally obtains
(2.10). o

Corollary 2.1 Under the assumptions of Proposition 2.1, for S — +o0o and for large times
one has:

(2.13) 9x N0), 9 |y, do] = R(S) e MH=0) -y < (),
with 0 < ¥9 < ¥ < 400, where R(S) is given in (2.8).

Proof. By virtue of (2.10), for S — 400 one obtains:

o [1(g5 + 90): gy + 0o 0] = RiS) e,

so that by changing 9/R(S) 4+ J¢ in ¥ one is immediately led to (2.13). mi

Corollary 2.1 expresses the asymptotic exponential trend of the FPT density of the
non-stationary OU process as the asymptotically constant boundary moves away from the
starting point.

The right-hand side of (2.13) has the following functional form:

(2.14) v (0 00) =Ae 27 (0 <9y < ¥ < +o0),
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with A > 0. We now denote by g [77(191@),1919 | y7190] the estimated FPT pdf and by

C:'X [n(9%), % | y, 0] the estimated FPT distribution function at times ¥ = g + kp
(k=1,2,...,N), where p > 0 is the time discretization step. We then use the method of
least squares to fit the computed FPT distribution function G « M(0k), Ik | y, 9o with the
exponential distribution function:

9
(215) T (9]d) ::/ vy (u|0) du=1—e =% (0 <9y < < +oo).
Jo

To this aim, we evaluate the minimum with respect to A of the function:

N

Z{ln[l T (9 | 90)] —In[L =G\ (n(9%), Y% | y.Y0)] }2

k=1 N i
Z{ (W — o) + I[1 — & (n(9x), s | y,ﬂo)]} ,
k=1

which is equivalent to solving the equation

N N
> (@ = d0) {1 = G y [n0e), 0 |y, 9] |+ A D (0 — o) =0,
k=1 k=1

with respect to A\. Hence, the least squares estimate of A can be determined as (cf., for
instance, [5]):
S (0 = 90) {1 = G (D), 9 |, 90] |
Zgzl (19%C - 190)2
6 3200y k n{1 = GxIn(do + kp), o+ kp | v, 9]}

(2.16) = - NN+ )N+ 1)p ’

>)

with 9y =99+ kp (k=1,2,...,N), where p > 0 is the time discretization step.

Table 1 shows, for some choices of the constant boundary n(d) = S, the values of :\\,
obtained by means of (2.16) with integration step 1072, the values of R(S), obtained via
(2.8), and the relative error e,(S) = {R(S) — X}/R(S) for the non-stationary OU process
with 3 = 1 and 02 = 2 originating in y = 0 at time ¥y = 0. We note that for S > 2.7 the
relative error e,.(S) decreases as the boundary increases.

Figure 1 shows the evaluated FPT density g, (J) = g  (5,90,0) with S = 2.5 and the
exponential density yx (¢ | 0) = A exp(—Ad), with A estimated by means of (2.16), for the
non-stationary OU process with 3 = 1 and ¢ = 2. Use has been made of the numerical
algorithm proposed in [4] with integration step 1072. The goodness of the exponential
approximation increases as the boundary is progressively moved away from the starting
point of the process.

2.2 Asymptotically periodic boundary We shall now focus on the FPT problem of
non-stationary OU process for an asymptotically periodic boundary (2.6), with S € R and
where o(9) € C*[0, +00) is a bounded function independent of S such that

(2.17) Jim o +kQ) =V(¥) and  lim o0 +kQ)= V(9),
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S ) R(S) er(S) | S ) R(S) er(S)
2.1 0081498 0.092366  0.11766 | 3.1 0.0088390 _ 0.010127 _ 0.12718
2.2 0.067961 0.078044 0.12920 | 3.2 0.0066986 0.0076291 0.12197
2.3 0056229 0.065152  0.13696 | 3.3 0.0050220  0.0056845  0.11654
2.4 0046139 0.053747  0.14155 | 3.4  0.0037241  0.0041895  0.11109
2.5 0.037532 0.043821 0.14352 | 3.5 0.0027314 0.0030544 0.10575
2.6 0.030239 0.035316  0.14376 | 3.6 0.0019814  0.0022028  0.10051
2.7 0024125 0.028137  0.14259 | 3.7 0.0014215  0.0015717  0.09557
2.8 0.019060 0.022163 0.14001 | 3.8 0.0010086 0.0011094 0.09086
2.9 0014907 0017262  0.13643 | 3.9 0.00070783 0.00077476  0.08639
3.0 0011539 0.013296 0.13215 | 4.0 0.00049129 0.00053532  0.08225

Table 1: For the non-stationary OU process X () with 3 = 1 and ¢? = 2 originating in y = 0
at time J9 = 0, the values of A and R(S) are shown for various choices of the constant boundary
n() = S.

0.04i 8,(0) 0'01215 £(0)
003 ne)=2.5 00091
002} 0.006 [
0.01F 0.003
% g % 50 100 150 0

Figure 1: For the non-stationary OU process with 8 = 1 and ¢? = 2, g5 (9) = g n(9),9]0,0]
(solid line) is compared with the exponential density vx (¢ | 0) = A exp(—A ) (dotted line), with
A estimated as A = 0.037532 for n(¥) = 2.5 and as A = 0.011539 for n(v¥) = 3.

where V(¥) is a periodic function of period @ > 0 satisfying

(2.18) /OQ V(u) du = 0.

Changing ¢ in ¥ + k Q in (2.2) and taking the limit as & — 400, by virtue of (2.6), (2.17)
and (2.18), one obtains

RV(@W)]:=-2 lim ¥xn(@+kQ),9+kQ |y,

k—>to00
(2.19) _ % {5[5+ V(o) - V(ﬁ)} exp{_ﬁ s +U;/(19)}2}

for all y € R and for all ¥y, (¥ > ¥9 > 0). For all ¥ > 0 the function R[V(¥)] defined in
(2.19) is periodic with period Q. Furthermore, there exists an S* € R such that R[V ()] > 0
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for all S > S* and

(2.20) Glim RV()] =o.

Lemma 2.1 For all S > S* let
1 Q
(2.21) a=aS):= a / R[V (9)] dV,
0

with R[V (9)] defined in (2.19). Then, there exists a non-negative monotonically increasing
function x(9) which is a solution of

x(9)
(2.22) /O RV(W)] du=ad, ¥9>0

such that

(2.23)  x(0)=0, ﬁginoo X)) =400, x(W+EkQ)=x()+EkQ (k=0,1,...).

Proof. Since R[V(9)] > 0 for all S > S*, from (2.21) it follows @ > 0, and from (2.22)
one has x(0) = 0 and x(¢) > 0 for all ¥ > 0. Let h(«}) be any primitive function of R[V (¥)].
From (2.22) we have h[x(?)] = h(0) + a¥. Since R[V (J)] > 0, V¥ > 0, x(¢) possesses an
inverse, and hence x () = h=1[h(0) + a¥]. Furthermore, since a > 0, from (2.22) one has:

dx(9) _ a
dv R{V[x(¥)]}

(2.24) > 0,

for all S > S*. Therefore, x(¢) is a monotonically increasing function for all ¥ > 0.
Furthermore, since R[V (V)] is a positive function for S > S*, the second of (2.23) holds.
We now remark that from (2.21) and (2.22) one has:

x(9+k Q) x(9+k Q) x(9)
/ RV (u)] du = / RV (u)] du — / RV(u)] du=akQ
x(?) 0 0
Q kQ
(2.25) = / RV (u)] du = RV (u)] du,
0 0

where the last equality follows since R[V (¢)] is a periodic function with period Q. Relation
(2.25) finally implies the last of (2.23). O

Lemma 2.2 For all S > S* and for all ¥ > 0 one has:

M x(2)>o
d ) 1
) Ly(2) = |
ZCA NGy
(idi) Erfmx(g = +o00,

—X(@)} = +00 (0 < 9o < 09).
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Proof. Since x(?)) is a non-negative function for all S > S* and a > 0, condition (%)
follows from Lemma 2.1, whereas from (2.24) one immediately obtains (ii). Making use of
(2.20), from (2.21) we have:

. 1 ?
(2.26) Sgrfooa =0 SEIEOO ; RV (9)]d¥ =0,

that, due to the second of (2.23), implies (%i). Finally, making use of the Lagrange mean-
value theorem one has:

(2.27) X(g)_x(%):ﬁ;ﬁox(g):% (0 <o < <),

where the last identity follows from (4). We note that, due to (2.20), there holds:

lim R{V[ (g)”: lim R[V(9)] = 0,

S—+oco Y—+o00

so that (iv) follows after taking the limit as S — 400 in (2.27). mi

Proposition 2.2 For the non-stationary OU process X (9), let n(¥) = S + o(9) be an
asymptotically periodic boundary, with S € R and with o(9) € C*[0,+00) a bounded function
independent of S such that (2.17) and (2.18) hold. Then, for 9 > 0 and 99 > 0 one has

e i (D] 0 6D+ WD+l <
with « defined in (2.21) and x(9) in (2.22).

Proof. If S > S* changing ¥ in x(d/a) and ¢ = x(u/a) + 99 in (2.11) for ¥g > 0 and
¥ > 0 we obtain:

R
Wzﬂ RIS wo) () +aln
IO [ D] e fa(2) - ) (2) ]
o wx[ L)oo 5 3 )]

with y < (). By virtue of (2.2), making use of (2.19), (2.20), Lemma 2.1 and Lemma 2.2,

one has
i 2 [(2)) . B2) - )42 ol =
for ¥9 > 0,9 > 0, and
Jim 2 (D] n(5) o0 x(5) 00 [(x(5) +90) 1 () +0] =

for 99 > 0, 0 < u < ¥, so that taking the limit as S — +oo in (2.29), one finally obtains
(2.28). O
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Corollary 2.2 Under the assumptions of Proposition 2.2, for large times as S — 400 one
has:

9

(2:30) 9. [0(9),9 | . 90] = RIV (9~ d0)] exp{~ [

RIV(u—9o) du},  y<n(do),
Jo

with 0 < Y99 < ¥ < 400 and R[V(9)] given in (2.19). Furthermore, (2.30) can be also
written as:

(2.31) gy [(9),9 | y,90] =& (0 —Vg)e 700y < (),

where § . (9) is a periodic function of period Q given by

9
(2.32) € (9) = RV(9)] exp{a - /O RIV (w)] du},

with o defined in (2.21).

Proof. By virtue of (2.28), recalling (2.22) and (i) of Lemma 2.2, as § — +o00 one obtains:

0 [1((5) +20) x(5) + 90 ] = [x(2)] e
(2.33) - R{V[X(Z)]} exp{—/OX( ) R[V ()] du}, y < 1(d0),

with 0 < 9 < ¥ < +o00. Hence, changing x(9/a) + ¥y into ¥ in (2.33), one is led to (2.30).
Furthermore, since R[V (9)] is a periodic function of period @, due to (2.21) and (2.22), one
has:

I+k Q
€4 (0 +kQ) = RIV( + £ Q)] exp{a (9 + kQ) —/O RIV (w)] du}

= R[V ()] exp{aﬁ +k /OQ R[V(u)] du — /019+’fQ RV (u)] du}

Itk Q

= R[V ()] exp{aﬁ +k /

RV (u)] du} = € ¢ (9).
kEQ

so that &, () is a periodic function of period Q. Hence, (2.31) and (2.32) immediately
follow from (2.30). i

Corollary 2.2 shows that FPT pdf exhibits a non-homogeneous exponential behavior
when the asymptotically periodic boundary moves away from the starting point of the
non-stationary OU process.

The right-hand side of (2.31) has the following functional form:

v

(2.34) v, (W] Vo) = R*(J — Vo) exp{—/ﬂ R*(u — v) du}, (0 <9y <V < 400),

o]

where R*(1J) is a periodic function of period . Note that (2.34) can also be re-written as

(2:35) Vx (0 90) = € (9 = o) ™ 77 (0 <o < ¥ < +00),
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where
Q
(2.36) o = é /0 R*(u) du
and
9
(2.37) 53{ (¥9) = R*(9) exp{a* 9 — R*(u — v) du}.
Yo

By virtue of (2.34), it follows that the non-homogeneous exponential distribution is

9

9
(2.38) [ (9] 70) ::/19 ¥ x (u | Do) duzl—exp{—

R*(u — ) du},
Jo
with 0 < 99 < ¥ < +o00. Note that for 9 =99+ kQ (k=1,2,...) one has:

Jo+k Q kQ

I‘X(190+I€Q|190):1—exp{—/ R*(u — o) du}zl—exp{—
Yo
Q *
:1—exp{—k/ R*(u) du} =1—e*h@
0

with o defined in (2.36). Hence, recalling (2.16), the least squares estimate of a* is:

R*(u) du}

0

6 1Lk {1~ Gxln(do + £ Q). 9+ £ Q| v.%0]}

(2.39) a= MM+1)EM+1)Q ’

where the period @@ > 0 is the time discretization step and where Gx is the computed
FPT distribution function. With such a value of @, the function § . ( — o) can be finally
evaluated via (2.31) as:

(240) gX (19 - 190) = ea (8=0) QX [77(19)719 | Y, 190}7

where g, is the computed FPT pdf. Massive computations have shown that the func-
tion (2.40) exhibits a periodic behavior having the same period @ of V(). Hence, the
computed FPT pdf g is susceptible of a non-homogeneous exponential approximation for
asymptotically periodic boundaries, as far as these are not too close to the initial position of
the non-stationary OU process. This is clearly indicated in Figure 2 in which the function
G () = g« [n(?),9]0,0] is plotted for a non-stationary OU process with § = 1, 02 =2
and periodic boundary n(d) = 3 4 0.2 sin(279/5). We have used the numerical algorithm
proposed in [4] with the integration step taken as 1072. The FPT pdf g X(Q?) exhibits

damped oscillations having the same period @ = 5 as the boundary. The function & + (9) s
finally obtained via (2.40), with the value & = 0.01229 estimated via (2.39). This function
is actually periodic to a very high degree of accuracy.

In Figure 3 is instead considered the boundary n(d) = 3 4+ 0.1 sin(279/0.2). On the
left the FPT pdf g (9) = g  [n(¥),7(0,0] (solid line) is compared with the exponential
density « exp(—a¥) (dotted line) with « estimated as & = 0.011950, whereas on the right
the function & + () is plotted.
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Figure 2: Non-stationary OU process with 3 = 1 and ¢?> = 2 and boundary n(9) = 3 +
0.2 sin(279/5). On the left the FPT pdf g, (9) = g y [7(¥), 9]0, 0] (solid line) is compared with
the exponential density a exp(—a ) (dotted line), with « estimated as @ = 0.012337. On the right
the function & « (¥) computed via (2.40) is plotted.

3 Asymptotic behavior of Gauss-Markov processes In this section we prove that
our results on the asymptotic behavior of the FPT pdf for the non-stationary OU process
X (9) through a continuous bounded boundary 7(1}), asymptotically constant or asymptot-
ically periodic, can be used in order to obtain quantitative information on the FPT pdf of
a Gauss-Markov process Z(t) through the transformed boundary

(3.1) S(t)=m(t) +kt)n[e()]  (teT),
with k(¢) and ¢(t) defined in (1.7). By virtue of (3.1), from (1.10) one obtains:

32 g,lsantla = B0 fule] w0 2w} <8

for 7 <'t, 7,t € T. Denoting by G , [S t),t | z,T] the FPT distribution function of the
Gauss-Markov process Z(t), from (3.1) and (3.2) one has

GZ[S(t),ﬂz,T] ::/ gZ[S(u),u|z,T] du

= [ 2 (a0 e D i} g
33 = [ oy {nwa] T o)} du=a {nfen)], 0] T, o)
' R A T x P PO el

where G . (n(9),9 | y, V0], defined in (2.4), is the FPT distribution function of the non-
stationary OU process X (). If n(d) (¢ > 0) is a continuous and bounded boundary for
X (¢) and if ¢(t) : T — [0, 400) is such that

(3.4) ,Mim, p(t) = +o0,
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Figure 3: Same as in Figure 2 with n(9) = 3 + 0.1 sin(27 ¢/0.2) and & = 0.011950. Integration
step is 5 - 1073,

by virtue of (2.5) one has:

I R Ty IR UCRTE SR O P

so that the first passage of the Gauss-Markov process Z(t) through the boundary (3.1) is a
sure event.

Theorem 3.1 Let n(¥) = S + o(¥) be an asymptotically constant boundary, with S € R
and o(9) € C[0,+00) a bounded function independent of S such that (2.7) hold, and let
Z(t) be a Gauss-Markov process, with m(t), hi(t), ha(t) € CY(T) independent of S. Denote
by S(t) = m(t)+k(t)n[e(t)] (t € T, S € R) a boundary, with k(t) and p(t) defined in (1.7).
Then, under the assumption (3.4), for 99 > 0 and ¥ > 0 one has:

A LY LY .
L i (R(S) +10)a, {S{‘p (R(S) o)) (R(S) +00) |20 00)
(3.6) =e Y, z < Sl ()]
Proof. Setting p(t) = 9/R(S)+ I and ¢(7) = g in (3.2), for ¥y > 0 and ¥ > 0 one has:

{%@‘1(% + 190)] 9, {S[Wl(% - ﬂo)},w‘l(% + 190) ‘zw‘l(ﬂo)}

1 9 9
(3.7) = 75 O [n(mwo),mwo\y,ﬂo}, y < (o),
where we have set:
oz m[e™(Yo)]
(3.8) Y= W :

Taking the limit as S — 400 in (3.7) and making use of (2.10), Eq. (3.6) immediately
follows. o
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Corollary 3.1 Under the assumption of Theorem 3.1, for S — +o0o there holds:

dp(t
(3.9) 9, [S(t),t | 2, 7'] ~ R(S) %e‘R(S) [“”(t)_‘p(”], z < S(1),
with T < t, 7,t € T and R(S) given in (2.8).

Proof. By virtue of (3.6), for S — 400 one obtains:
d 9

0, {s[w (% +10)] ! (% i) Wu%)} = [ (s + ) o,

Hence, setting ¢ = ¢! [J/R(S) + U] and 7 = ¢~ (Jp), one is immediately led to (3.9). O

Corollary 3.1 expresses the asymptotic trend of the FPT density of the Gauss-Markov
process Z(t) through the boundary S(t) = m(t) + k(t) n[¢(t)], where n(9) = S+ o(¥) is an
asymptotically constant boundary for the non-stationary OU process X (¢#).

The right-hand side of (3.9) has the following functional form:

dp(t
(3.10) v, (] 7) = A %e_ﬂ“’(t)_“"(")] (r,teT,r<t).
Recalling (2.16), the least squares estimate of A can be obtained as:

z—m [~ (90)] 7190} }

ko1 (90)]

YN (9 — ) 1n{1 ~ Gy [n(ﬁk),ﬁk
Zszl(ﬁk - 190)2
6 Zgzl k ln{l — Gx {77(190 +kp),d+kp

N(N+1)2N+1)p

with 9y = Jo+kp (k=1,2,...,N), where p > 0 is the time discretization step, and where
Gx is the computed FPT distribution function of the non-stationary OU process.

/)::

z—m [~ (90)) ’190} }

ko1 (90)]

(3.11) =—

Theorem 3.2 Let n(9¥) = S+ o(9) be an asymptotically periodic boundary, with S € R and
0(9) € CY0,+o0) a bounded function independent of S such that (2.17) and (2.18) hold,
and let Z(t) be a Gauss-Markov process, with m(t), hy(t), ha(t) € CY(T) independent of S.
Denote by S(t) = m(t) + k(t)n[e(t)] (t € T,S € R) a boundary, with k(t) and ¢(t) given
in (1.7). Then, under the assumption (3.4), for 99 > 0 and ¥ > 0 one has:

i {5 ) ool () o] () )
(3.12) =e Y, z < S[cp_l(ﬁo)}.

Proof. Setting ¢(t) = x(9/a) + 99 and ¢(7) = Yg in (3.2), for 99 > 0 and J > 0 one
obtains:

)

{2 0o sl () )] () + )00}
@ =[] b o) el v

where y is given in (3.8). Taking the limit as S — 400 in (3.13) and making use of (2.28),
Eq. (3.12) immediately follows. O
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Corollary 3.2 Under the assumption of Theorem 3.2, for S — +o0o there holds:

7, 18001 2.7] = B{Viet) - o)} G exo{ - [ " R{vE- ]} au),

()

(3.14) z < S(7),
with 7 < t, 7,t € T and R[V(9)] given in (2.19). Furthermore, (8.14) can be also written

as:

315) g, (5.t 5 7~ e o) — o] e < (),

with o given in (2.21) and where &, (¥), defined in (2.32), is a periodic function of period
Q.

Proof. By virtue of (3.12), recalling (2.33), for S — +00 one has:
o () e ) e 00} = [ R

= a)1- X(9/a)
::{dxé;bo¢_lﬂx(g)*”%}} [QX%%LQ} 1exp{—1£ fﬂVTuﬂdu}
(3.16) z < Sp ' (¥o)].

with 0 < ¥y < ¥ < +o00. Hence, setting ¢t = <p’1{x(19/a) + 190} and 7 = ¢ !(¥) in
(3.16), one obtains (3.14). Finally, by virtue of Corollary 2.2, (3.15) immediately follows
from (3.14). O

Corollary 3.2 expresses the asymptotic trend of the FPT density of the Gauss-Markov
process Z(t) through the boundary S(t) = m(t) + k(t) n[p(t)], where n(¥) is an asymptot-
ically periodic boundary for the non-stationary OU process X (¢).

The right-hand side of (3.14) has the following functional form:

w(t)
a1 010 = R0 - o] G ew{ - [ R ) anf,

with 7 < ¢, 7,t € T and where R*(¥) is a periodic function of period ). We note that
(3.17) can also be written as

dp(t .
318) v, (1) =€y [p() —or) DD o) oy e
where o* is defined in (2.36) and % (1) is given in (2.37). Recalling (2.39), the least squares
estimate of a* is:

m e (90)] ’190}}

6 Ziwﬂ k 1n{1 ~Gx (Yo +kQ), V0 + kQ z_k[wfl(ﬂo)}
M(M+1)2M+1)Q |

(3.19) a=-—

where the period Q > 0 is the time discretization step and where Gy is the computed
FPT distribution function of the non-stationary OU process. With such a value of @, the
function £ [¢(t) — ¢(7)] can be finally evaluated via (3.15) as:

de(t)

(3.20) £ lolt) — p(r)] = [Z00) " cale-et g [5(1),¢] 7,7

where g, is the computed FPT pdf.
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4 Estimations of FPT pdf’s for Gauss-Markov processes A computationally sim-
ple, speedy and accurate method based on the repeated Simpson rule has been proposed in
[4] to construct FPT pdf of Gauss-Markov processes Z(t) through time-dependent bound-
aries. Following [4] and denoting by g, [S(tk),tk | 2, 7] the numerical evaluation of the FPT
pdf g, [S(tk),tx | 2,7] at times t, = 7+ kp (k= 1,2,...,N), where p > 0 is the time
discretization step, one has:

gZ [S(tl),tl | Z,T] = —2\IJZ [S(tl),tl | Z,T]

(4.1)
gZ [S(tk),tk | Z,T] = —Q\I’Z [S(tk),tk | Z,T]
k—1
+2p Z Wi, [SW),t5 | 2,7 U, [S(te) tr | S(t;). 5] (k=2,3,...),

with 7 < ¢ (tg,7 € T) and where the weights wy, ; are specified as follows:

wgmgj_l—% Gj=12,...,m; n=12,...)
wgmgj—% G=12,....,n—1;,n=2,3,...)

(4.2) Won 41,25 1—% (j=1,2, 1, n=2,3 )
w2n+1,2j—§ (j=1,2, n—2;n=3,4 )
W2n+1,2(n 1)—? (n=2,3,...)

Wantl2n-1 = Wontl2m = 3 (n=1,2,...).

An alternative numerical procedure to obtain the FPT pdf g Z[ (t),t | z,7] for the Gauss-
Markov process Z(t) through the boundary S(t) = (t)n[e(t)] is based on (3.2).
Indeed, g, can be computed as:

43) 3,800 157 = 50| 3 fnloe) v e} 2 <s)

t=tg

for 7 <ty =tog+kp (7,tx € T), where gy denotes the numerical evaluation of the FPT
pdf g, for the non-stationary OU process X (t).

In order to compute (4.3), we have designed a numerical algorithm with variable step-size
to evaluate the FPT pdf g . {n[¢(t)], ¢(t) | y,¢(7)} for the non-stationary OU process X (t)

through the boundary n[¢(t)]. Let ¢(t) : T — [0, +00) be a continuous and monotonically
increasing function. Setting ¥ = ¢(t) and Y9 = ¢(7) in (2.1) one has:

95 {nle@®)], o) [y, 0(1)} = =2¥x{nlp®)],o(t) | y,o(r)}

w(t)
+2/ 0. 0(0.¢ |10} Uxc{nlo@] o) | 0(0).CY dC, < nlp(r)],

(r

where W x [n(t),t|y, 7] is given in (2.2), or equivalently:

95 {nle@®)], @) [y, 0(1)} = =2¥x{nlp®)],o(t) | y,o(r)}

(4.4) +2/ gX{n[w(U)],w(U)Iym(T)}dfl( Ux {nlp®)], o) | nle(w)],e(u)} du,
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with y < n[e(7)]. Hence, for tx, = 7+ kp (k = 1,2,...), where p > 0 is the time
discretization step, one is led to the following iterative algorithm:

G5 {nlet)],o(tr) |y, ()} = =2V x{nle(t)],o(t1) | y,o(T)},
(4.5)

3 Anlee)], o) [y, o(r)} = =2 W x{nlp(tr)], o(tx) | y,0(7)}

k—1
do(u
2p Yy, 2
j=1

x {nle(t)], o(t;) |y, (1)}

‘u:t

d
xUx {nle(te)l o(te) [ et e(t)} (k=2,3,...),

where Uy is given in (2.2) and where the weights wy, ; are defined in (4.2).

The goodness of asymptotic approximations (3.9) and (3.14) has been confirmed by
the numerical computations. Indeed, making use of (4.3) and (4.5), we shall show that
the asymptotic results on the FPT pdf for the non-stationary OU process X (t) through a
constant or a periodic boundary 7() can be implemented in order to obtain information on

the FPT pdf for particular Gauss-Markov processes in the presence of special time-varying
boundaries S(t) = m(t) + k(t) n[e(t)].

4.1 Wiener process Let Z(t) be the Wiener process in the time domain 7' = [0, 4+00),
such that

(4.6) Z(t)=put +W(Ww?t) (peR,w>0).
Recalling (1.1) one has:
m(t) = pt, hi(t) = w?t, ho(t) =1, r(t) = wt.

Then, Z(t) can be represented in terms of a non-stationary OU process X (t) by means of
(1.6) with

(4.7) k(t):\/1+i—§w2t, @(t):%ln(l—ki—ngt) (t >0).

Case a) Setting 8 =1 and 02 = 2 in (4.7) and n(9) = S in (3.1) one obtains:

(4.8) St)=pt+SV14+w2t  (t>0),

so that, recalling (3.9), the FPT pdf of the Wiener process (4.6) through the boundary (4.8)
for large S and large times exhibits the following asymptotic behavior:

(8)/2
R(S)w? (1+w?7)"
(4.9) gz[ut+S\/1+w2t,t|z,T}: 5 (1+w2t)1+R(S)/2 0<7T<t<+00),

with R(S) given in (2.8). The right-hand side of (4.9) has the following functional form:

Aw? (1 + w? T))\/Q

(4.10) V(7)) = ;
z 2 (1+w2t)1+>‘/2

with 0 <7 <t < 4c0.
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Figure 4: For the Wiener process with 4 = 0 and w® = 0.5, §,(t) = §,(SvVI+0.5¢,¢ | 0,0)
(solid line) is compared with the asymptotic density v, (¢ | 0) (dotted line) given in (4.10) for the
same choices of A and S as in Fig.1.

For the Wiener process with 1 = 0 and w? = 0.5, Fig. 4 shows the evaluated FPT
density g, (t) = §,(SV1+0.5¢,¢t | 0,0) with S = 2.5 and S = 3 and the asymptotic
density yz(t | 0), given in (4.10), with A estimated by means of (3.11). The integration step
in (4.3) and (4.5) has been taken as 0.1.

Case b) Setting 3 =1 and 02 = 2 in (4.7) and n(9) = S + B cos(2m9/Q) + C sin(279/Q)
n (3.1), for ¢ > 0 one has:

(411) S =pt+Vi+e?t{S+B cos[% (1 +w?t)| +C Sin[% (1 +w?)]},

so that, recalling (3.15), the FPT pdf of the Wiener process through the boundary (4.11)
for large S and large times exhibits the following asymptotic behavior:

W2 (1+w?r)*? 1. /1+w?t
(4.12) gZ[S(t)atIZaT]—gmfx [5 ln(1+w27)}’

for 0 <7 <t < +oo, with a given in (2.21) and where & ,, (9), defined in (2.32), is a periodic
function of period Q.

For the Wiener process with 4 = 0 and w? = 0.5, Fig. 5 shows the evaluated FPT
density g ,(t) = g,[S(t),t | 0,0) with S(t) = V14 0.5¢ {3 + 0.1 sin[r In(1 + 0.5¢)/0.2]}
and the estimated function £~X (9) with @ = 0.011950. Integration step in (4.3) and (4.5) is
1072,

4.2 Stationary OU process Let Z(t) be the stationary OU process in the time domain
T = R, such that (cf., for instance, [10]):

(4.13) Z(t) = Bt W(% e”t) (t€R).

Recalling (1.1) one has:
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Figure 5: Wiener process with y = 0, w? = 0.5 and boundary S(t) = v/T + 0.5¢ {3+0.1 sin[r In(1+
0.5t)/0.2]}. On the left the FPT pdf g, (t) = g ,[S(¢),t | 0,0] (solid line) is compared with the
density 0.5a (140.5¢)~17%/2 /2 (dotted line), with « estimated by means of (3.19) as & = 0.011950.
On the right the function £~X (), computed via (3.20), is plotted for ¥ = In(1 + 0.5¢)/2.

The process Z(t) can be represented in terms of a non-stationary OU process X (t) by means
of (1.6) with

(4.14) k(t) = /11 e 2P°, cp(t):%ln(l—kewﬂ) (t €R).

Case a) Setting n(¥) = S in (3.1) one obtains:

(4.15) S(t)=SvV1+e 20t  (teR),

so that, recalling (3.9), the FPT pdf of the stationary OU process (4.13) through the
boundary (4.15) for large S and large times exhibits the following asymptotic behavior:

28t 28\ R(5)/(28)
(4.16) 9, [51/14_672616’15 | 277} ~ R(S)e (1+€ ) ’

(14 c200) TSP

for —oco < 7 <t < 400, with R(S) given in (2.8). The right-hand side of (4.16) has the
following functional form:

B )\eQﬁt(1+eQﬂr)>‘/(25)
— (14_62615)1“/(25)

(4.17) Y, (t]7) (o0 <7 <t < +400).

Fig. 6 shows g, (t) = §,(SV1+e=2%t | 0,0) for the stationary OU process (3 = 1,
0% =2) with § = 2.5 and S = 3 and the asymptotic density v, (¢ | 0) given in (4.17) with
A estimated by means of (3.11). The integration step in (4.3) and (4.5) has been taken as
1072,
Case b) Setting n(¥) = S + B cos(2m¥/Q) + C sin(279/Q) in (3.1), for t € R one has:

(4.18) S(t) = V14 e 26t {S +B COS{% In(1 + emt)} } +C Sin{é In(1 + 6251&)} }7
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Figure 6: The FPT pdf g, (t) = g, (S v1+e=2%,¢]0,0) (solid line) for the stationary OU process
(8 =1, 02 = 2) is compared with the asymptotic density v, (] 0) (dotted line) given in (4.17)
for the same choices of A and S as in Fig.1.

so that, recalling (3.15), the FPT pdf of the stationary OU process through the boundary
(4.18) exhibits for large S and large times the following asymptotic behavior:

e2Pt (1 4 ¢287)*/ P 1 /1420t

(4.19) 9z [S(t)7t | Z?ﬂ = (1+€2[3t)1+a/(2/3) fX {ﬁ ln(m)}

for —oo < 7 <t < 400, with « given in (2.21) and where £ (¥), defined in (2.32), is a
periodic function of period Q.

For the stationary OU process with 3 = 1 and 02 = 2, Fig. 7 shows the evaluated FPT
density g ,(t) = g ,[S(t),t | 0,0) with S(t) = V1 +e=2* {3+ 0.2 sin[r In(1 + €**)/5]} and
the estimated function §~X (9) with @ = 0.012337. Integration step in (4.3) and (4.5) is
1072,

4.3 Brownian bridge We now consider the Brownian bridge with time domain 7' =
[0,1), defined as:

t
(4.20) Z(t) = (1—1) W(l—_t)
In this case, by virtue of (1.1), one has:

t

m(t) =0, ()=t h)=1-t, )=

The Brownian bridge can be represented in terms of a non-stationary OU process X (¢) via
(1.6) with

421) k() =(1—1) 1+i—fli_t,

@(t):ﬁm(ui—f%t) 0<t<1).
9) =

Case a) Setting 8 =1 and 0 = 2 in (4.21) and n( S in (3.1) one obtains:

(4.22) St)=Svi—t (0<t<1),
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Figure 7: Stationary OU process with 3 = 1 and ¢ = 2 and boundary S(t) = VI +e—2¢ {3+
0.2 sin[m In(1+e>*)/5]}. On the left the FPT pdf § , (t) = §,[S(t),t | 0,0] (solid line) is compared
with the density ae?!2%/2(1 4+ 2*)717*/2 (dotted line), with « estimated as & = 0.012337. On
the right the function £~X (9), computed via (3.20), is plotted for ¥ = [In(1 + €>*) — In2]/2.

so that, recalling (3.9), the FPT pdf of the Brownian bridge (4.20) through the boundary
(4.22) for large S and large times exhibits the following asymptotic behavior:

R(S) (1 _ t)71+R(S)/2
2 (1 — 7)R(S)/2

(4.23) 9, S\/l—t,t|z77}:

0<7T<t<]l),

with R(S) given in (2.8). The right-hand side of (4.23) has the following functional form:

o —14A/2
(4.24) ’}/Z(t|7')=%% 0<T<t<l).

Fig. 8 shows the evaluated FPT density g, (t) = g, (S 1 —t,t|0,0) for the Brownian
bridge with S = 2.5 and S = 3 and the density v, (¢ | 0) given in (4.24) with A estimated
by means of (3.11). The integration step in (4.3) and (4.5) has been taken as 1073.

Case b) Setting 8 =1 and 02 = 2 in (4.21) and n(¥) = S + B cos(2m9/Q) + C sin(279/Q)
in (3.1), for t € [0,1) one has:

(4.25) S(1) = \/1——75{84— B cos[% In(1 — t)} +C sin[% In(1 — t)]} 0<t<1),

so that, recalling (3.15), the FPT pdf of the Brownian bridge through the boundary (4.25)
for large S and large times exhibits the following asymptotic behavior:

ng [1 1n(1_—7-)} O<7<t<l),

(4.26) 9, [5@),t]27] 2% (1—r)al? 2 \1—t¢

with o given in (2.21) and where & | (J), defined in (2.32), is a periodic function of period

Q.
For the Brownian bridge, Fig. 5 shows the evaluated FPT density g, (t) = g ,[S(t),1 |

0,0) with S(¢) =1 —t {3+0.2 sin[r In(1 —¢)/5]} and the estimated function EX (9) with
@ = 0.011950. Integration step in (4.3) and (4.5) is 1074



178 A. G. NOBILE, E. PIROZZI AND L. M. RICCIARDI

F e tam
31 ¥ | 15 & |
25+ ; 1
S(t)=2.5 (1-)"” | St)=3(1-)"? ‘
2t 1
15F | |
. [ |
‘ |
1 0.5} |
0.5
04 04 05 06

Figure 8: For the Brownian bridge g, (t) = § ,(S+v1 —t,t|0,0) (solid line) is compared with the
asymptotic density v, (¢ | 0) (dotted line) given in (4.24) for the same choices of A and S as in
Fig.1.

4.4 A transformation of the non-stationary OU process Let Z(t) be the following
Gauss-Markov process with time domain 7' = [0, 1), defined as:

(4.27) Z(t) = (1 - t)X(lL_t).

Recalling (1.6) one has

(4.28) KO =1—t,  olt) = % O0<t<1),
so that Z(t) is characterized by
2
mit) =0, ()= 75 (11 o 22} - exp{—%}},

ho(t) = (1— 1) exp{—%}, ) = 55 {exp{—%} 1],

The infinitesimal moments of Z(t) are A;(z,t) = —2 (1 + 8 —1)/(1 —t)? and Ay(t) = o2
(0 <t <1),sothat as 3 — 0 and 02 = 1, Z(t) becomes the Brownian bridge (4.20).
Case a) Setting 3 =1 and 02 = 2 in (4.28) and () = S in (3.1) one obtains:

(4.29) St)=81—-t) (0<t<1),

so that, recalling (3.9), the FPT pdf of the process (4.27) through the boundary (4.29)
exhibits for large S and large times the following asymptotic behavior:

t T
1—-¢t 1-—7

(4.30) gz[su—t),uz,r} ~ (fg))g exp{—R(S)[ ]} O<r<t<l),

with R(S) given in (2.8). The right-hand side of (4.30) has the following functional form:

(431) oy (t|7) = (1_At)2 exp{—)\{%— 1i7}} O<r<t<l).
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Figure 9: Brownian bridge and boundary S(¢) = v/1 — ¢t {3+ 0.1 sin[r In(1 —¢)/0.2]}. On the left
the FPT pdf g, (t) = g ,[S(t),t | 0,0] (solid line) is compared with the density o (1 — t)y~ire/2 /9
(dotted line), with « estimated as & = 0.011950. On the right the function éx (9), computed via
(3.20), is plotted for ¥ = —In(1 — t)/2.

Fig. 10 shows the evaluated FPT density §,(t) = §,[S (1 —t),t | 0,0] for the process
(4.27) with S = 2.5 and S = 3 and the asymptotic density v, (¢ | 0) given in (4.31) for
B =1 and 02 = 2. The integration step in (4.3) and (4.5) has been taken as 10~%.

Case b) Setting 8 =1 and 0 = 2 in (4.28) and n(J) = S + B cos(2m9/Q) + C sin(279/Q)
n (3.1), for ¢ € [0,1) one has:

2 t 2 t
(432) St =(1—1) {S +B cos[aﬂ m] +C sin{aﬁ m}} 0<t<1),
so that, recalling (3.15), the FPT pdf of the process (4.27) through the boundary (4.32)
exhibits for large S and large times the following asymptotic behavior:

1 t T t T
438) 0, (8001 27] ~ g e[ - T e 7 -
for 0 <7 <t <1, with a given in (2.21) and where & , (), defined in (2.32), is a periodic
function of period Q.
For the process (4.27), Fig. 11 shows the evaluated FPT density g, (t) = g ,[S(t),t | 0,0)

with S(t) = (1 —¢){3 +0.2sin[27¢/(5 — 5¢)]} and the estimated function & () with
@ = 0.012337. Integration step in (4.3) and (4.5) is 5-1075.

4.5 Concluding Remarks The aim of this paper has been to obtain quantitative infor-
mation on the asymptotic behaviors of the FPT pdf’s of Gauss-Markov processes through
certain time-varying boundaries. This task has been achieved by proving that the asymp-
totic forms (2.13) and (2.30) of the FPT pdf’s for the non-stationary OU process X (1)
through an asymptotically constant and an asymptotically periodic boundary 7(#), respec-
tively, can be used in order to disclose the asymptotic behaviors (3.9) and (3.14) of the
FPT pdf of a Gauss-Markov process Z(t) = m(t) + k(t) X [p(t)] through the transformed
boundary S(t) = m(t) + k(t) n[e(t)], with k(t) and ¢(¢) specified in (1.7). In particular,
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Figure 10: For the process Z(t) given in (4.27) with 8 = land 0® =2, G, (t) = g, [S (1—¢),¢ | 0,0]
(solid line) is compared with the asymptotic density v, (¢ | 0) (dotted line) given in (4.31) for the
same choices of A and S as in Fig.1.

starting from an asymptotic constant boundary n(d¥) = S for the non-stationary OU pro-
cess with 3 = 1 and 0% = 2, we have considered the boundaries (4.8), (4.15), (4.22) and
(4.29) for Wiener, stationary OU, Brownian bridge and transformed OU processes, respec-
tively, and shown that for large boundaries and for large times the asymptotic results (4.9),
(4.16), (4.23) and (4.30) hold. Furthermore, starting from an asymptotic periodic boundary
n(¥) = S+ B cos(2m9/Q) + C sin(279/Q) for the non-stationary OU process with 8 = 1
and 02 = 2, we have considered the boundaries (4.11), (4.18), (4.25) and (4.32) for Wiener,
stationary OU, Brownian bridge and transformed OU processes, respectively. We have then
proved that for large boundaries and for large times their FPT pdf’s exhibit the asymptotic
behaviors (4.12), (4.19), (4.26) and (4.33). The goodness of the asymptotic approximations
has been confirmed by numerical computations based on the variable step-size algorithm
(4.3) and (4.5).
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