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ABSTRACT. In the topological sum of pairwise disjoint topological spaces, we inves-
tigate topological properties of the following generalized closed sets: preclosed sets,
semi-closed sets, a-closed sets, g-closed sets, sg-closed sets, gs-closed sets, gp-closed
sets. Moreover, we have a characterization of some generalized compact topological
sum. The results are proved by using a unified concept in the sense of [23] [13] [22]
(eg., [17]) (cf. Section 2 and Section 3 below); we have generalized versions of main
results.

1 Introduction and main results Throughout this paper, let {(X;, 7;)]i € Q} be a
family of topological spaces satisfying X; N X; = 0 for any different 4, j € Q (i.e., it is called
a family of pairwise disjoint topological spaces). Let X := U;cqX; and a family 7 of subsets
on X as follows: 7:={U :U C X, UNX; € 7; for every i € Q}. Sometimes, in this
paper, 7 is denoted by @@,., i and X is denoted by €, ., X;. Then, it is well known that
a pair (X, 7) is a topological space. This space is called the topological sum of topological
spaces {(X;,7;)|i € Q} and it is denoted by @, (Xi, i) or @,cq Xi (eg., [27, p.66] [14,
p.74, 2.2] [16, p.5, p.44]; in [14, p.74, 2.2], this space (X, 7) is called the sum of spaces
{(Xi, m)li € Q}).

The purpose of the present paper is to investigate some generalized closures and kernels
in the topological sum (cf. Theorem 1.2, Theorem 1.3) and more on generalized closed sets
in the topological sum (cf. Lemma 1.5, Theorem 1.6, Theorem 3.5). The main results are
proved, in Sections 2 and 3, by a generalized point of views in the light of [13, Sections
4 and 5] [23, Section 2] [22] (eg., [17, Chapters 4, 6, 7]). We first recall the following
definitions and properties on a topological space and Definition 1.1 below on some kernels
of a subset of a topological space. For a subset A of a topological space (Y, o), the closure
of A and the interior of A are denoted by CI(A) and Int(A), respectively. A subset S
of a topological spaces (Y, o) is called semi-open [18] (resp. preopen [24], a-open [28]) if
S C Cl(Int(S)) (resp. S C Int(CI(S)),S C Int(Cl(Int(S))) ) holds. Moreover, a subset F
is said to be semi-closed (resp. preclosed, a-closed) if the complement Y \ F is semi-open
(resp. preopen, a-open). The family of all semi-open sets (resp. preopen sets, a-open sets)
of (Y, o) is denoted by SO(Y, o) (resp. PO(Y,0),0% (or a(Y,0))). It is well known that
SO(Y,0) N PO(Y,0) = o“ [29, Lemma 3.1] holds and the family ¢ is a topology of Y[28]
(eg., [31]) and o C o™ holds for any topological space (Y,o). The families SO(Y, o) and
PO(Y, o) are not topologies of Y in general. The arbitrary union of semi-open sets (resp.
preopen sets) is semi-open (resp. preopen). The intersection of all semi-closed sets (resp.
preclosed sets, a-closed sets) containing a set A of (Y, o) is called the semi-closure (resp.
preclosure, a-closure) of the set A and denoted by sCI(A) (resp. pCl(A), aCl(A)). It is
well known that a subset F is semi-closed (resp. preclosed, a-closed ) in (Y, o) if and only
if sCI(F) = F (resp. pCIl(F) = F,aCl(F) = F) holds in (Y, 0).
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Definition 1.1 Let (Y, 0) be a topological space and A a subset of (Y, 0).
(i) (eg., [26] [21]) Ker(A):=({VIACV and V €0 }.
(ii) [12] [6] sKer(A) :==({V|ACV and V € SO(Y,0) }.
(iii) [7] pKer(A) :=({V|ACV and V € PO(Y,0) }.
AIn [21] (resp. [6], [7]), Ker(A) (resp. sKer(A), pKer(A)) is denoted by A* (resp. A%:,
Ahr).

For a subset A of @, o (Xi, ), it is well known that CI(A) = J,c.q CI(AN X;) and
Int(A) = U;eq Int(ANX;).

Theorem 1.2 For a subset A of @, (X, i), the following properties hold:
(i) sCl(A) = U;cq sCUHANX;); (ii) pCU(A) = ;cq PCIUANX;),
(iii) aCl(A) = U;cq aCl(AN X;).

Theorem 1.3 For a subset A of @, (X, i), the following properties hold:
(i) Ker(A) =U;cq Ker(AN X;); (i) sKer(A) = J;cq sKer(AN X5),
(iii) pKer(A) = U;cqpKer(AN X;); (iv) aKer(A) = U;cq aKer(AN X;).

After preparing some generalizations (cf. Lemma 2.1, Lemma 2.4, Theorem 2.5, Theo-
rem 2.6), the proofs of Theorem 1.2 and Theorem 1.3 are given in the end of Section 2.

We need the following definitions and characterizations on some generalized closed sets
in a topological space.

Definition 1.4 Let (Y, 0) be a topological space and A a subset of (Y, o).

(i) The set A is said to be g-closed [19] (resp. gs-closed [2],gp-closed [30]) in (Y,0), if
Cl(A) C U (resp. sCI(A) Cc U,pCl(A) C U) whenever A C U and U is open in (Y, 0).

(ii) The set A is said to be sg-closed [3], if sCl(A) C U whenever A C U and U is
semi-open in (Y, o).

Complements of g-closed (resp. gs-closed, gp-closed, sg-closed) sets are called g-open
(resp. gs-open, gp-open, sg-open).

It is well known that, for a subset A of a topological space (Y, ),
(la) A is g-closed in (Y, o) if and only if CI(A) C Ker(A),
(1b) [12, Lemma 1.1 (i)] A is sg-closed in (Y, o) if and only if sCI(A) C sKer(A).

Lemma 1.5 Let (Y,0) be a topological space and A a subset of (Y,0). Then, we have the
following properties:

(i) A is gs-closed in (Y, o) if and only if sCl(A) C Ker(A),

(ii) A is gp-closed in (Y, o) if and only if pCl(A) C Ker(A).

Theorem 1.6 Let A be a subset of @, (Xi, 7). Then the following properties hold:

(i) A is g-closed in @, (Xi, ) if and only if AN X; is g-closed in (X;,7;) for every
1€,

(ii) A is gs-closed in P
1 €8,

(iii) A is gp-closed in @, o (Xi, ) if and only if AN X; is gp-closed in (X;, ;) for every
1€,

(iv) A is sg-closed in @, o (Xi,7:) if and only if ANX; is sg-closed in (X;,7;) for every
i€ Q.

sca(Xi, i) if and only if AN X; is gs-closed in (X;, ;) for every
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The proofs of Lemma 1.5 and Theorem 1.6 are stated in Section 3 after preparing gen-
eralizations (cf. Lemma 3.2, Theorem 3.3). As corollary, we have a characterization of a
gs-compact [9, Definition 5.3] (resp. gp-compact [1, Definition 7], go-compact [4, Definition
6], sg-compact [5] [9] [10]) topological sum (cf. Theorem 3.5, Definition 3.4 and Proof of
Theorem 1.7).

Theorem 1.7 Let {(X;,7;)|i € Q} be a family of pairwise disjoint non-empty topological
spaces. For the topological sum (X, 7) := @,;cq(Xi, ), we have the following properties:

(X, T) is gs-compact (resp. gp-compact, go-compact, sg-compact ([11, Proposition 2.11]))
if and only if each topological space (X;, ;) is gs-compact (resp. gp-compact, g-compact, sg-
compact) and Q) is finite, where i € Q.

Throughout this paper, all topological spaces lack any separation axioms unless explicitely
stated.

2 Generalizations and proofs of Theorems 1.2 and 1.3 Let P(Y) be the power set
of a nonempty set Y and £y a non-empty subfamily of the power set P(Y) of ¥ satisfying
a property that § € &y and YV € &y (say (A)g, ) . Sometimes, &y is abbreviated by €. We
will use the following notation (2a), (2b), (2b’) due to [23],[13],[22] (eg., [17]): for a subset
B of Y and a family &y satisfying (A)g, ,

(2a) Ey-Cl(B) :==({F|BC Fand Y \ F € &y},

(2b) Ey-Ker(B) :=({U|B C U and U € &y},

(2b’) Ey-Int(B) := | J{U|U Cc B and U € &y }.

(2¢) For a non-empty subfamily &y, let & = {F|Y \ F € &}. Then, (&%) = &y
holds. Note that the proof is obtained without assuming the property (A)g, .

Lemma 2.1 Let (Y,0) be a topological space and Ey be a subfamily of P(Y) satisfying
property (A, , i.e., 0 € Ey and Y € Ey.

Then, the following properties hold:

(i) D e andY € &

(i) &y -Ker(B) = E-Cl(B) and Ey-Cl(B) = &y -Ker(B) for a subset B of Y,

(iii) (eg., [22, Lemma 2.2], [32, Lemma 3.1]) Y \ (§y-Cl(B)) = Ey-Int(Y \ B) for a
subset B of Y,

(iv) (cf.[32, Lemma 3.2], [15, Lemma 2.7]) The following properties are equivalent:

(1) U{Axklk € K} € &y holds, whenever Ay, € Ey for each k € K, where K is any index
set. Namely, Ey is closed under an arbitrary union, (sometimes, we say that Ey satisfies
property (B)e,, ¢f. Definition 2.3 below );

(2) N{Fili € K} € & holds, whenever F; € £ for each i € KC, where K is any index
set. Namely, £y is closed under an arbitrary intersection;

(3) If & -CU(F) = F for a subset F' of Y, then Y \ F € &y .

Proof. (i) TIts proof is obvious from definitions. (ii) The first part is proved by using
a property that U € &y if and only if Y\ U € &5, where U C Y, and (2a) (2b) above.
For the second part, £-Ci(B) = (£°)°-Cl(B) = £°-Ker(B) by the first one and (i); hence
E-Cl(B) = &°-Ker(B) holds. (iv) The equivalence of (1) and (3) was proved firstly by
[32, Lemma 3.2]; the below proof is an alternative one by using the concept of kernels of
subsets.

(1)=(2) Let F;,i € K, be subsets of Y such that F; € & for every ¢ € K. Then,
Y\ F; € & and so, by (1), U{Y \ Fili € K} € & . Thus, we have that N{F;|i € K} =
Y\U{Y\F|i € K} € £ and so ({F;|i € K} € E. (2)=-(3) Assume that Ey-CI(F) = F.
We recall that Ey-CI(F) is the intersection of all subsets G of Y such that F' C G and
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Y\G €&y, ie, Ge&. Thus, by (2) and the assumption, it is shown that F' € £ and so
Y\Feé&. (3)=(1) Let U,i € K, be subsets of Y such that U; € &y for every i € K.
Let V := | H{Uili € K}. Let x € E&-CUY \ V); by (ii) above, z € £G-Ker(Y \ V). Then,
we have that Y\ U; € £, Y \V C Y\ U, for every i € K and so z € Y \ U, for every i € K.
Thus we have that x € ({Y \ U;li € K} =Y \ U{Ui|i € K} =Y \ V. Therefore, we obtain
that Ey-Cl(Y\ V) CY\Vandso Y\ V =&-CI(Y \V). By 3), Y\ (Y \V) € & and
soVe&y. O

Remark 2.2 Let &y be a subfamily of P(Y'). Then, &y is called:

(1) a generalized topology (in the sense of Lougojan [20]) if § € &y, Y € & and &y is
closed under an arbitrary union,

(2) a supratopology [25] if Y € &y and &y is closed under an arbitrary union,

(3) a generalized topology (in the sense of Csdszdr [8]) if ) € £y and Ey is closed under
an arbitrary union,

(4) a minimal structure [32] on Y if ) € &y and Y € &y (in [32], &y is denoted by my ).

Throughout this section, let (X, 7) := @,. (X, 7:) be the topological sum of pairwise
disjoint topological spaces {(X;, 7;)[i € Q}. Let X := @, X; and 7 := P, 7.

Definition 2.3 Let & be a non-empty subfamily of P(X;) for each i € Q and £ a non-
empty subfamily of P(X) := P(,., Xi). The following properties on subfamilies £ and
&i(i € ), which are stated below, are called properties (A)g, (A)e,, (B)e, (B)g, and (S)e ¢, ,
respectively:

(A)g: D e & and X € &;

(A)g,: 0 €& and X; € &; for every i € Q;

(B)g: the union of any family of subsets belonging to £ belongs to &, i.e., [J{Aklk €
K} € € whenever Ay € & for each k € K, where K is any index set;

(B)g,: the union of any family of subsets belonging to &; belongs to &; i.e., | J{Bx|k €
K;} € & whenever By € &; for each k € K;, where K; is any index set;

(S)e.e,: for any subset B of @, o(Xi,7:), B € € if and only if BN X; € &; for every
i€ Q.

Throughout the present paper, we use the above abbreviated notation.

1€Q

In particular, for the topologies 7;(i € ) and the sum topology 7 := @, q 7, it is obvious
that (A)r, (A)z, (B)r, (B)r, and (S)r- (i € Q) hold. Indeed, (S)-, is obtained by the
definition of the topological sum.

We need the following lemma.

Lemma 2.4 Let £ and ¢ be two non-empty subfamilies of P(X) and &; and Ef two non-
empty subfamilies of P(X;) for each i € Q. Then, the following properties hold (cf. Defini-
tion 2.3):

(i) (A)e (resp. (A)g,) holds if and only if (A)ee(resp. (A)ge) holds.

(ii) (S)e.e, holds if and only if (S)gc ge holds.

Proof. (i) The proof of Necessity is obvious. Sufficiency is proved using the property of
Necessity and (2c) above. (ii) (Necessity) Let E be a subset of X := @, ., X;. Assume
that E € £°. Then, X \ E € £ and, by the assumption of Necessity for the set X \ E, it is
shown that (X \ E) N X; € & for every i € . Thus we have that EN X; € & for every
i € Q, because X; \ (X; NE) = (X \E)NX; €& holds for every i € 2. Namely, if E € £°,
then ENX; € & for every i € Q. Conversely, suppose that E' C P, q X; and ENX; € &
for every ¢ € Q. Then, we have that X; N (X \ E) = X; \ (ENX;) € & for every i € Q. By
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the assumption of Necessity for the set E of €, , Xj, it is shown that X \ £/ € £ and so
E € &°. Namely, if ENX; € & for every i € 2, then E € £°. We have that (S)ge ge holds.
(Sufficiency) Suppose that (S)ee ge holds. Using Necessity above for the subfamilies £
and &, (S)(ge)e,(ee)e holds. By (2c) above, it is shown that (S)e,e; holds. O

Theorem 2.5 Let X 1= @, q Xi and 7 := @,cq7i- Let E(i € Q) and € be subfamilies
of P(X;) and P(X), respectively, satisfying the properties (A)g, (A)g, (cf. Definition 2.3).
We denote the following properties by (1), (2), (3) and (4), respectively:

(1) (S)e,e, holds (cf. Definition 2.5);

(2) (B)g and (B)g, hold for every i € Q (cf. Definition 2.3, Lemma 2.1(iv));

(3) £-CU(A) = U,cq Ei-CI(AN X;) holds for any subset A of X;

(4) E-Ker(A) = U;cq Ei-Ker(AN X;) holds for any subset A of X.

Then, we have the following implications:

0 (1) = @),

(i) (2) and (3) = (1),

(i) (1) = (4).

Proof. (i) We first show that (J;c, E-CI(AN X;) C E-CI(A). Let  be a point of X such
that « ¢ £-CI(A). There exists a subset F' of X such that X\ F € £,2 ¢ Fand AC F. By
using the assumption (1), it is noted that X;\ (FNX;) = (X \ F)NX,; € & for every i € Q.
Then, for every i € O, X; \ (FNX;) €&,o ¢ FNX; and (X; \ (FNX;)N(ANX;) =0.
Thus, for every i € 2, there exist subsets F' N X; such that z € FN X;, AnNX;, C FNXj;
and X; \ (F N X;) € &. Namely, we have that x & U;cq&;-Cl(AN X;).

Conversely, we assume that x & (J;cq &-CI(AN X;) and 2 € X; for some j € 2. There
exists a subset F; of X; such that « € F;, X; \ F; € £; and AN X; C F;. Put F; := X; for
every i € Q with i # j and F := (J,c Fi. Then, AC F and (X \ F)NX; = X;\ Fj or 0
according to i = j or i # j and so (X \ F)N X, € &; for every i € . Using the assumption
(1):(S)¢.¢, for the set (X \ F)NX;, we have X\ F' € £. Thus, we have that t ¢ F, X\ F € £
and A C F and so x € £-CI(A). Therefore, we show that £-CI(A) C J,cq E-CI(AN X5).

(ii) Let B a subset of X such that B € £. Then, X \ B € £° and so £%-Ker(X \ B) =
X\B. By Lemma 2.1(i)(ii) and (2c) above for Y := X, it is shown that £-CI(X\B) = X\B
Using the assumption (3), we have that, for an element j € Q, X; (X \B) = X; (U;cq &
Cl((X\B)NnX;)) and so X; \ (BNX; ) E;i-ClU(X; \ (BﬂX )) Hence, by (B)g for every
i € Q (cf. Lemma 2.1(iv) (1)<(3)), it is shown that BnX, =X\ (X;\(BNX;)) €é,.
Namely, we have that if B € £ then BN X; € &; for every i € .

Conversely, suppose that for a subset B of @, o Xi, BN X; € & holds for every i €
Q. Then, using (3) we have that £-CU(X \ B) = U;cq &E-CUXs N (X \ B)) = Ujeq &i-
Cl(X;\ (BNX;)) = Usea(Xi\ (BNX;)) = X\ B and so £-CI(X \ B) = X'\ B. Hence, using
(B)e (cf. Lemma 2.1(iv) (1)<(3) for Y = X and &y = &), we have that B = X\ (X\B) € £.
Namely, we prove that if BN X; € & holds for every i € €2, then B € £.

(iii) Tt follows from assumptions and Lemma 2.4 that (A)ec, (A)ge and (S)ge ge hold.
By using (i) above for the set A and the subfamilies £¢, &7, it is obtained that £°- Cl (A) =

U;cq E8-Cl(AN X;). Therefore, using Lemma 2.1(ii), we have that E&-Ker(A) = U, q &

i€Q i IS
Ker(ANnX;). O

In the end of this section, we give the proofs of main results, i.e., Theorems 1.2 and 1.3,
by generalized points of views in the light of [13, Sections 4 and 5] [23, Section 2] [22] (eg.,
[17]). We need the following theorem (Theorem 2.6 below) : let (X, 1) := @, (Xi, ) be
the topological sum of the pairwise disjoint topological spaces {(X;,7;)|i € }. We denote
X :=@,cqXiand 7 := P, 7i. We recall the following well known properties in (X, 7):



290 H. Jin; H. MAKI AND F. TAMARI

(2d) (S)r,, holds, i.e., for a subset U of (X, 7),U € 7 if and only if UN X, € 7; for every
i € Q (by definition of the topology 7);

(2e) for a subset A of (X, 7),Cl(A) = U;cq CU(AN X;) holds;

(2f) for a subset A of (X,7),Int(A) = U;cq Int(AN X;) holds.

Theorem 2.6 For an ordered pair (€,&;) of € and &;, where i € Q,
let (£,&) = (S0(X,1),50(X;, 1)), (PO(X,7), PO(X;,m:)) or (%, (1;)%). Then, for each
(€,&) above (i € Q), the following property (S)e e, holds:

(S)ee; : for any subset U of (X, 1) := @,;cq(Xi, ), U € € if and only if UNX; € &
for every i € Q1.

Proof. We need the following properties (1), (¥2) and (*3): for a subset A of (X,7) :=
@ieQ(Xia Ti)7

(#1) Cl(Int(A)) = U ecq Cl(Int(AN X;)) holds;

(¥2) Int(CUA)) = U ecq Int(CI(AN X)) holds;

(*3) Int(Cl(Int(A))) = U cq Int(CL(Int(AN X;))) holds.

Indeed, by (2e) and (2f) above, it is shown that Cl(Int(A)) =Cl({J;cq Int (AN X;)) =
Ujea(CUX; M(U;eq Int(ANX5)))) =U;cq(CLUINL(ANX;))), Int(CU(A)) =Int(U,;cq CUAN
XN =UseaInt(X; NUseq C1 (ANX)) =Ujeq (Int(CI(ANX;))) and Int(Cl(Tni(4)))
=Ujeq Int(CUInt(A)NX; )=U;cq Int( Cl(Int(AN X;))) hold (cf. (x1)).

Case 1. £ =S5S0(X,7),& = SO(X;,7), where i € Q: We prove that U € SO(X, 1) if
and only if U N X; € SO(X;, ;) for every i € Q.

Indeed, we suppose that U € SO(X, 7). It follows from the assumption and (x1) that
Ujeq Cl(Int(U N X;)) D U holds in (X, 7). Then, for an element i € €2, we have that
XiNUjeq ClInt(U N X;))) D X; NU holds in (X;,7;). Thus, we show that Cl(Int(U N
X)) D X;NU holds in (X;,7;). Namely, U N X, is semi-open in (X;,7;) for every ¢ € Q.
Conversely, suppose that UNX; € SO(X;, 7;) for every i € Q. By using (x1), Cl(Int(U)) =
Ujeq ClUINt(UN X;)) D U;eqUNX; = U hold. Hence, this conclude that U € SO(X, 7).

Case 2. £ = PO(X,71),& = PO(X;,7;), where ¢ € Q: We prove that U € PO(X, 1) if
and only if U N X; € PO(X;, ;) for every i € Q.

Indeed, suppose that U € PO(X, 7). It follows from the assumption and (*2) that U C
Ujeq Int(CL(UNX;)) holds in (X, 7). Then, we have that X; U C X; ((U;cq Int(CLUN
X;))) = Int(Cl(U N X;)) holds in (X;,7;), where ¢ € Q. Thus, we show that U N X, is
preopen in (X;, 7;) for every i € Q. Conversely, suppose that UN X; € PO(X;, ;) for every
i € Q. By using (x2), Int(Cl(U)) = U;jcq Int(CUU N X)) D U;eqU N X; = U hold.
Hence, this conclude that U € PO(X, 7).

Case 3. & = 7%.& = (1;)®, where ¢ € Q: We prove that U € 7% if and only if
UNnX; € (r)™ for every i € Q.

Indeed, suppose that U € 7. Using (x3), we have that U C (J;cq Int (Cl(Int(UNX;)))
holds in (X, 7). Then, we have that X; NU C X;() (U;eq Int (CU(Int((U N X;))))=
Int(Cl(Int(U N X;))) holds in (X;, 7;), where ¢ € Q. Namely, U N X; is a-open in (X;, 7;)
for every ¢ € Q. Conversely, suppose that U N X; € (1;)® for every i € Q. By using (3),
Int(Cl(Int(U))) = Ujeq Int(CU(Int(U N X;))) D UjeqU N X; = U hold. Hence, this
conclude that U € 7*. O

Proof of Theorem 1.2 and Theorem 1.3 (ii)(iii)(iv). We recall the following
notation: X := @, o X; and 7 := P, 7i- In Theorem 2.5, assume that & = SO(X;, ;)
(resp. PO(X;,7i), (7)) for every i € Q and &€ = SO(X,7) (resp. PO(X,7),7%). We
note that (A)e and (A)g, hold for the families £,&;(i € Q) above; for a subset A of X,
SO(X,7)-Cl(A) = sCl(A) (resp. PO(X,7)-Cl(A) = pCIl(A), 7*-Cl(A) = aCl(X)). Then,
using Theorem 2.6, we have property (S)gg, for an odered pair of the families (£,&;) =
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(SO(X,71),S0(X;, 7)) (resp. (PO(X,7),PO(X;,7:)), (7%, (1:)%)). Using Theorem 2.5 (i),
we have that Theorem 1.2 (i) (resp. (ii), (iii)). Moreover, using Theorem 2.5 (iii), we have
that Theorem 1.3 (ii) (resp. (iii), (iv)). O

Proof of Theorem 1.3 (i). In Theorem 2.5, let & = 7; for every i € Q and & =
7. Since the property (S)r.-, is valid (cf. (2d) above), Theorem 1.3 (i) is obtained (cf.
Theorem 2.5(iii)). O

3 Generalizations and proofs of Lemma 1.5, Theorems 1.6 and 1.7 In [23, Defi-
nition 2.10], the notion of (Ey, £ )-g.closed sets is defined in general.

Definition 3.1 [23, Definition 2.10] Let & and & be two families of subsets of a topo-
logical space (Y, o) satisfying the properties (A)g and (A)g/, respectively, i.e., 0,V € Ey
and ()Y € &. For an ordered pair (§y,&}), a subset A of (Y,0) is said to be (Ey,EL)-
g.closed in (Y,0), if £,-Cl(A) C U whenever A C U and U € &y. The complement of a
(Ey, & )-g.closed set is said to be (Ey, &y )-g.open in (Y, 0).

Lemma 3.2 Let &y and 5;/ be two families of subsets of a topological space (Y, o) satisfying
the properties (A)g and (A)g/, respectively, i.e., 0,Y € Ey and §,Y € 5;,. For a subset A
of (Y, o), the following properties are equivalent:

(1) Ais (Ev, &4 )-g.closed in (Y,0);

(2) &,-Cl(A) C Ey-Ker(A) holds;

B){UIAC U, U € &} C{V|&,-CI(A) C V} holds.

Proof. (1)=(2) Let « ¢ Ey-Ker(A). There exists a subset U € £y such that A C U and
x & U. Thus, by (1), &,-Cl(A) C U and x & &-CIl(A). Hence, we prove that (2), i.e.,
E-Cl(A) C Ey-Ker(A). (2)=(3) We set K := {VI|E,-Cl(A) C V} and J := {UJA C
U,U € &y }. We claim that J C K holds. Let W € J, i.e., W € &y and A C W. Namely,
Ev-Ker(A) C W. By (2), &,--Cl(A) C W, ie., W € K. This conclude that J C K holds.
(3)=(1) Let W be a subset such that A C W and W € &y, i.e., W € J (cf. notations
in the proof of (2)=(3) above). By (3), W € K. Namely, &;,-CI(A) C W and hence A is
(Ey, & )-g.closed in (Y,0). O

Let (X,7) := @,cq(Xi,7i) be the topological sum and, for each i € Q, & and &/
non-empty subfamilies of P(X;) and two non-empty subfamilies £ and £’ of P(X), where
X =@;cqXiand 7:=P, o7

Theorem 3.3 Suppose that families £;,E[(i € Q), & and &' satisfy the properties (A)e, (A)g,,
(Aer, (A)er, (S)ee; and (S)gr gr. For a subset A of the topological sum (X, 7) = @,;cq(Xi, Ti),
the following properties hold:

(i) A= E-CI(A) holds in (X,T) if and only if ANX,; = &-CI(ANX;) for every i € L.

(i) A is (€,&")-g.closed in (X, T) if and only if ANX; is (&;,EL)-g.closed in (X;,7;) for
every i € Q.

(ili) A is (€,&")-g.open in (X,7) if and only if AN X, is (&;,E)-g.open in (X;,7;) for
every i € Q.

Proof. (i) (Necessity) By Theorem 2.5 (i), it is shown that AN X; = E-CI(A) N X,; = &;-
Cl(AN X;) holds for every i € Q, because {(X;,7;)|i € Q} is a family of pairwise disjoint
topological spaces. (Sufficiency) By Theorem 2.5 (i), it is also obtained that £-CI(A) =
Uieg&—Cl(A n XZ) = UiGQA n Xi =AN (UieQXi) = ANX = A and hence A = 5—01(14)
(ii) (Necessity) Since A is an (&, &’)-g.closed set, £'-CI(A) C E-Ker(A) by Lemma 3.2.
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Using Theorem 2.5 (i)(iii), we have that £-Cl(AN X;) = (Ujea&-CL(AN X;)) N X; = (€'-
Cl(A))NX; C (E-Ker(A))NX; = (Uiea&i-Ker(ANX;))NX; = £;-Ker(ANX;). Therefore,
by Lemma 3.2, AN X; is (€;,&})-g.closed for each j € Q. (Sufficiency) It follows from
assumptions that &-CI(AN X;) C &-Ker(A N X;) holds for every i € Q. Then, using
Theorem 2.5 (i) (iii), we have £ -CI(A) = U;jcq&l-CI(AN X;) C Uijca&i-Ker(AN X;) = &-
Ker(A). Therefore, by Lemma 3.2, A is (£,&)-g.closed. (iii) We note that, for a subset
Bof X,(X\B)NX;, =X, \ (BNX;) holds in (X;,7;) for every i € Q. Then, the set A is
(€,&")-g.open if and only if (X \ A)NX; is (&, E))-g.closed for every i € Q (cf. (ii) above); it
holds if and only if X;\ (ANX;) is (&, &))-g.closed in (X;,7;), L.e., AN X is (&, E])-g.open
in (X;, 7). Therefore, we have the required equivalence. O

Proof of Lemma 1.5 (i) (resp. (ii)). In Lemma 3.2, assume that £ = o and £’ =
SO(Y, o) (resp. PO(Y,0)). Then, a subset A of Y is gs-closed (resp. gp-closed) in (Y, o) if
and only if A is (o, SO(Y, 0))-g.closed (resp. (o, PO(Y, c))-g.closed) in (Y, c). By Lemma 3.2
for € =0 and & = SO(Y,0) (vesp. PO(Y,0)), Lemma 1.5 (i) (resp. (ii)) is obtained. O

Proof of Theorem 1.6 (i) (resp. (ii), (iii)). In Theorem 3.3 (ii), assume that & = 7
and & = 7; (resp. SO(X;, 1), PO(X;,3)) for every i € Q. Using Theorem 3.3 (ii) for £ =7
and & = 7; (resp. SO(X;, 7;), PO(X;,7;)), we obtain Theorem 1.6 (i) (resp. (ii), (iii)).

Proof of Theorem 1.6 (iv). In Theorem 3.3 (ii), assume that & = SO(X, ) and
& = SO(X;, ;) for every i € Q. Then, we obtain Theorem 1.6 (iv). O

In the end of this section, we investigate a characterization of a kind of a compact
topological sum of topological spaces.

Definition 3.4 Let & and & be two families of subsets of a non-empty topological space
(Y, o) satisfying properties (A)g and (A)g/, respectively, ie., 0,Y € & and 0,Y € &;.
A topological space (Y, 0) is said to be (Ey, & )-g-compact if every cover {V;|j € V} of
Y by (Ey, &4 )-g-open sets of (Y, o), there exists a finite subset Vo of V such that ¥ =
U{V;lj € Vo}. The family {V;|j € V} is an (Ey, &, )-g.open cover of Y and the subfamily
{V;]j € Vo} is called a finite subcover of V. We recall that ) and Y are (Ey, £y )-g.open in
(Y,0).

Let (X, 7) := @, (X, 7i) be the topological sum of pairwise disjoint non-empty topological
spaces { (X, 7;)]i € Q}. We denote X := P, ., Xi = U{Xi|i € Q} and 7 := P, 7.

Theorem 3.5 Let & and E/(i € Q) (resp. £ and &) be families of subsets of a non-
empty topological space (X;,7;)(i € Q) (resp. X = @P,.o(Xi,7)). Suppose that & and
Ei(i € Q),& and &' satisfy the properties (A)g, (A)e,, (A)gr, (A)gr, (S)ee, and (S)gr ¢
Then the following properties are equivalent: ' '
(1) The topological sum (X,7) =: @,;cq(Xi,7) is (€,E)-g-compact, where X; # () for
every i € §;
(2) Each (X;,7;) is (&, EL)-g-compact, where i € Q, and Q is finite.

Proof. (1)=(2) By definition, it is shown that X; is (€, £’)-g.open in (X, 7). Then, a family
V= {X;li € Q} is an (€, E’)-g.open cover of (X, 7). The cover V has a finite subcover and
so Q is finite. To prove the first part of (2), for each i € Q, let Y := {UJ@ lj € vV}
be an (&;,&])-g.open cover of (X;,7;). Namely, X; = U{UJ@U € VW), We put Vj(i) :=
U U (UL Xk € Q. k # i}), where j € V@, and V) == {V;(i)|j € V@}. Then, V},, is an
(€,&")-g.open cover of (X, 7). It follows from (1) that there exists a finite subset V((f) of V(¥
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such that X = (J{V;(i)|j € V(i)} Namely, V{;) has a finite subcover, say {V;(i)|j € V((f)}.
Then, X = H{V;(4)|j € VO)} = (U{U]@U € V((f)}) U (U{Xklk € QK ;é i}) andlso
X; = X nXi= (U5 € VD U (ULXlk € @k # i) n Xi=UU")5 € v}
Therefore, (X;,7;) is (&, &})-g-compact for every i € Q. (2)=(1) Let U := {U;|j € V}
be an (&,&’)-g.open cover of (X, 7). Then, by Theorem 3.3 (iii), for each i € Q,L{(i) =
{U; N X;]j € V}is an (&, E))-g.open cover of (X, 7;). There exists a finite subset V ) of
V such that X; = J{U; N X;|j € V). Thus we have X = ulEQ(U{U NXiljev ”})

Uica(U{U;15 € VOZ)}) UH{U;l5 € UlEQV } The set [J;cq VO is a finite subset of V,
because  is finite. Therefore, (X, 7) is (£, &’)-g-compact. O

Using Theorem 3.5, we have the proof of Theorem 1.7.

Proof of Theorem 1.7. In general, for an ordered pair of two families (£y, &) =
(1,50(Y, 0)) (resp. (0, PO(Y,0)),(0,0),(SO(Y,0),SO(Y,0))), an (Ey, & )-g.compact topo-
logical space (Y, o) is called a gs-compact (resp. gp-compact, go-compact, sg-compact)
space. Then, by Theorem 3.5, Theorem 1.7 is obtained. O
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