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AsstracT. For an ARMA adequacy test, Box and Pierce (1970) proposed a portman-
teau test Tgp. However, because the accuracy of Tgp by y2-approximation is not good,
various modifications of Tgp have been introduced by many authors. Taniguchi and
Amano (2008) proposed an important portmanteau test Ty r of natural Whittle type
which is aways asymptotically y? distributed under the null hypothesis that ARMA
model isadequate. This paper compares Ty r With another famous portmanteau tests
Ljung-Box’sT g, Li-McLeod' sT_ y and Monti’s Ty and provesits accuracy by sim-
ulation. Empirical powers of those portmanteau tests are also compared numerically.

1. Introduction One of the most important stages of building amodel in time series
isto verify the adequacy of afitted model. In particular, sample residual autocorrelations
areusually used. For ARMA adequacy test, Box and Pierce (1970) proposed atest statistic
Tgp Which is the squared sum of m sample autocorrelations of the estimated residual pro-
cessof ARMA(p,q). Under the null hypothesisthat the ARMA (p,q) model isadequate, it is
suggested that Tgp is approximately distributed as X%’\—p—q' However, Davies et a. (1977)
claimed that the /\/rzn—p—q -gpproximation is not adequate and Ljung and Box (1978) and
Li-McLeod (1981) proposed test statistics T, g and T asamaodification of Tgp. Recently
Monti (1994) proposed a portmanteau test Ty using the residual partial autocorrelations.
Various modified versions of Tgp (see Li (2004)) have been proposed. Under the null hy-
pothesis that ARMA(p,q) is adequate, these test statistics are much closer to chi-square
distribution than Tgp.

Thetest statistic Tgp and modifications of Tgp are called the portmanteau test and have
been widely used. Taniguchi and Amano (2008) proved that Tgp does not converge to
X%‘\—p—q distribution for fixed m and for ARMA adequacy test, proposed a portmanteau test
of natural Whittle type Twir and showed that Ty r is dways asymptotically chi-square
distributed. This paper compares Ty r With another famous portmanteau test statistics
Tgp, Tug and Tyn and we observe that Ty r behaves well numerically.

This paper is organized as follows. Section 2 describes the construction of Ty r and
its asymptatics. In Section 3, we compare the means and variances of Ty r With those of
other portmanteau tests Tgp, T g and Tyn by simulation. Then the empirical significance
levels and the empirical powers under contiguous alternatives are compared numerically.
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2. Asymptoticsof Twir A stationary process { X} is assumed to satisfy
p q
Zajxt_,- :Z,Bjut_j, (o0=Po=1 ap#0, Bq#0), 2D
=0 j=0

where {u;} is an m-dependent sequence with autocovariance {6 j} (620 = 1, 62 _j = 6-j) and
the innovation process of {u;} isidentically distributed with mean 0, variance aﬁ and fourth-
order cumulant «4. Let a(2) = EJP:O ajz and B(2) = Z?ZOﬂjzj, and they are assumed to
satisfy @(z) # 0and3(z) # 0onD = {ze C : |7 < 1} and the equations «(z) = 0 and 3(2) =
0 have no common roots. We define 61 = (011, ,01p+q)’ = (@1, - ,ap,B1, -+ ,Bq),
02 = (621, ,62m)" and 6 = (07, 6,)", then the spectral density of {Xi} is

|28 B2 g2 [ y
fg(/l) = f(9 0 )(/l) = J_— . Hz’je_”/l
1,02 |ijzoa,je|1/1|2 21 j;m

For the construction of a portmanteau test, Let )?n = (Xg,-++,X,) be an observed
stretch from (1), and write the periodogram as
n 2
D %€, del-ma]. (2:2)
t=1

|n(/l) = %

By use of Whittle likelihood
In(4)

l T
(101 = 5= [ log ) + 1l 23
estimators for (07, 6,) are given by
61 = agmax D(f(g,0). In).  (B1.62) = arg max D(f(g,.0,). In). (2-4)
01 (61,02)

where 0 in (4) is the m-dimensional zero vector. As an adequacy test for ARMA(p,q)
model, a portmanteau test of natural Whittle likelihood type
Twir = zn[D(f(él,éz)a In) - D(f(f}l,o)a In)] (2'5)
was proposed in Taniguchi and Amano (2008).
The following lemmas are due to Taniguchi and Amano (2008).

, Fiu F
Lemma2.1. WiteF = 7 [ 5 log fo(4) 77 log fy(1)dA = ( For For

is positive definite. If ARMA(p,q) model is adequate, then for any fixed m = dimé,, it holds
that

. Suppose that F

Twir — x5, indistribution asn — . (2:6)

Lemma2.2. Under Ag') 10y = %h, where hisa fixed m-dimensional vector, the following
holds

Twir = x4(WF21h)  indistribution asn — oo (2:7)

where Fz1 = Fa — F21FiF12, and x4(W F221h) is a noncentral chi-square random
variable with m degrees of freedom and noncentrality parameter h’'Fp.1h.
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3. Numerical study In this section, we give a comparison of the test statistic Twir
with another portmanteau tests

m 2
Tig=n(n+2) Z - (31)
Tin = m(m+ 1) Z 2 (32)
and
m 2
Twn = n(n + 2) Z (33

by simulation. Here, fix and 7k are the kth sample autocorrelations and sample partial au-
tocorrelations of the estimated residual process of ARMA (p,q) model, respectively. Under
the null hypothesis that ARMA(p,q) is adequate, these portmanteau tests T, g, T v and
Twn are supposed to be approximated by X?n_p_q-distri bution.

In Example 3.1, the empirical means and variances of Ty r for m = 1 are compared
with those of T\ g, Tym and Tiyn for m = 2 under null hypothesis. In Example 3.2, we
compare the significance levels of Ty r for m = 1 with those of Ty g, T_m and Ty for
m = 2, 20 under null hypothesis. Then we can observe that the test statistic Ty r is more
accuratethan Ty g, Tum and Tyn. In Example 3.3, local powers of thetest Ty rform=1
are compared with those of Ty g, Tym and Tiyn for m = 10, 20 under local alternative and
we can see that our test Tyyr is more powerful than Ty g, Tym and Tyn.

Example 3.1. Let {X;} bethe AR(1) process
Xp +aXe1 = U (3-9)

where u’s are independent and identically distributed as N(O, 1). For (4), we compare the
empirical means and variances of Ty r for m = 1 with those of T. g, T_m and Ty for
m = 2, respectively. The parameter values are chosen as 0.85 < a < 0.99. The empirical
means and variances are calculated based on length of observations n = 200 and 1000
times simulation.

In Figure 1, the empirical means of Ty rform= 1and T g, Tym and Tyyn for m= 2
(0.85 < @ < 0.99) are plotted.

In Figure 2, the empirical variances of Tyr for m = 1 and T\ g, T m and Ty for
m = 2(0.85 < & < 0.99) are plotted.

From Figure 1, the empirical means of Ty g for m = 1 are closer to 1 than those of
Tig, Tme and Ty for m = 2. From Figure 2, the empirical variances of Ty r form=1
are closer to 2 than those of T g, TmL and Tyn for m = 2. Dueto Lemma 2.1, Ty R for
m = 1 is approximated by)(f-distribution and Ty g, TmL and Ty for m = 2 is supposed to
be approximated by y2-distribution. Hence Figures 1 and 2 imply Tw.r is more accurate
than another portmanteau tests Ty g, Tme and Tyn.
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Figure 1: The means of Twir, Tig, Tum and Ty in Example 3.1 (0.85 < o < 0.99)
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Figure 2: The variances of TwRr, Tig, Tum and Ty in Example 3.1 (0.85 < a < 0.99)
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Example 3.2. For (4), we compare the empirical significance levels of Ty g for m = 1
with those of Ty g, Tum and Tyn for m = 2, 20, respectively. The parameter values are
chosen as 0.85 < o < 0.99. The empirical significance levels are calculated based on
length of observations n = 200 and 1000 times simulations.

In Figure 3, the fractions of times that Tywr for m = 1 and T g, Tym and Ty for
m = 2 (0.85 < a < 0.99) exceed the critical values of X%-distribution for nomial level 5%
are plotted.

In Figure 4, the fractions of times that Tywr for m = 1 and T\ g, T m and Ty for
m = 20 (0.85 < & < 0.99) exceed the critical values of 2 and y3,-distribution for nomial
level 5% are plotted.
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Figure 3: The significance levels with nominal size 5% of Ty, Tig (M= 2), TLm (M= 2)
and Tyn (M= 2) in Example 3.2 (0.85 < a < 0.99)

Dueto Lemma 2.1, Tw.r for m = 1 is approximated by X%-distribution and T g, TmL
and Ty for mare supposed to be approximated by Xﬁkl-distri bution. From Figures 3 and
4, itisseen that Ty R iscloser to its asymptotic distribution than T, g, Tm and Tyn.

Example 3.3. Let {X;} bethe AR(1) process
Xi+ aXe-1 = U (35)

where {u} is the MR(l) vvith the mean 0, the variance 1 and the autocovariance function
{ \/_} where H = Fz . 1f Twir for m = 1 exceeds the 95% point of Xl, we reject
the null hypothesis. TWLR for m = 1is calculated with length of observations n = 200. By
use of 1000 times simulation, we give the frequency that the test rejects the hypohtesis. If
the Tg for m exceeds the 95% point of szn—l’ we reject the null hypothesis. T, g for mis
calculated with length of observations n = 200. By use of 1000 times simulations, we give
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Figure 4. The significance levels with nomina size 5% of Twir, Tig (M = 20), Tim
(m=20), Tyn (M= 20) in Example 3.2 (0.85 < a < 0.99)

the frequency that the test rejects the hypohtesis. Also, we give empirical powers of Ty
and Ty for msimilary.

In Figure 5, the empirical powers for a 5%-level test of Ty g for m = 1 and those of
Tig, Tum and Tyn for m= 10 (045 <a< 099) are plotted.

In Figure 6, the empirical powers for a 5%-level test of Ty g for m = 1 and those of
Tig, Tum and Tyn for m= 20 (045 <a< 099) are plotted.

From Figures 5 and 6, our test statistic Ty r ismore powerful than T_ g, Ty m and Tyn.

Simulation results imply that Twr is closer to theoretic y?-distribution than another
famous portmanteau tests T, g, T m and Ty under null hypothesisthat ARMA (p,q) model
is adequate. It isimplied that under contiguous alternative hypothesis, the ability of Ty r
to detect model misspecification is higher than that of another famous portmanteau tests
Tig, Tum and Tun by simulation.
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Figure 5: The empirical powers with level test 5% of Twir, TLg (M = 10), Tym (m = 10),
Tymn (M= 10) in Example 3.3 (0.45 < a < 0.99)
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Figure 6: The empirical powers with level test 5% of Twir, TLg (M = 20), Tym (M = 20),
Tun (M= 20) in Example 3.3 (0.45 < a < 0.99)

387



Acknowledgments

Theauthor would like to express his deepest gratitude to Professor Masanobu Taniguchi

of Waseda University for his instructive guidance and advice. The author would like to
express sincere thanks to the referee for his instructive comments.

(1]

(2]

(3]
[4]

(5]

(6]

(7]

REFERENCES

Box, G. E. P and Pierce, D. A. (1970) Distribution of residual autocorrelations in
autoregressive-integrated moving average time series models. J. Amer. Statist. Assoc. 65, 1509-
1526.

Davies, N., Triggs, C. M. and Newbold, P. (1977) Significance levels of the Box-Pierce port-
manteau statistic in finite samples. Biometrika 64, 517-522.

Li, W. K. (2004) Diagnostic checks in Time Series. New York: Chapman & Hall/CRC.

Li, W. K. and McLeod, A. I. (1981) Distribution of the residual autocorrelations in multivariate
ARMA time series models. J. Roy. Statist. Soc. Ser. B. 43, 231-239.

Ljung, G. M. and Box, G. E. P. (1978) On a measure of lack of fit in time series models.
Biometrika 65, 297-303.

Monti, A. C. (1994) A proposal for aresidual autocorrelation test in linear models. Biometrika.
81, 776-780.

Taniguchi, M. and Amano, T. (2008) Systematic approach for portmanteau tests in view of
Whittle likelihood ratio. http:// www. math. waseda. ac. jp/ taniguchi/ withoutproofPortman-
teauTests. pdf

Tomoyuki AMANO

Department of Applied Mathematics

School of Fundamental Science and Engineering
Waseda University

3-4-1 Okubo Shinjuku-ku

Tokyo 169-8555

Japan

E-mail: tomtochami @aoni.waseda.jp

388



