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ABSTRACT. In the discussion of the equivalence between Furuta inequality and Ando-
Hiai inequality, the key is the inequality that if A > B > 0, then
A" 4 - BP LI for p,r>1.
p+r
Here fo is the a-geometric mean in the sense of Kubo-Ando. In this note, we assume
that A=" ﬁp_j;r BP < I for some p,r > 1 instead of A > B > 0. Then we show that

A7 B BP < AT f5qe BY for 0<5<pn<p,

and for each t € [0,7]
A" fs4r BP <A sy BP for —t<5<p.

p+r p+t
As an application, we discuss recent development of grand Furuta inequality due to
Furuta himself.

1. Introduction. A real-valued continuous function on [0,00) is called operator
monotone if it is order-preserving, i.e.,
A>B>0 = f(A4)> f(B).

The Lowner-Heinz inequality says that the function ¢ is operator monotone for a € [0, 1],
cf. [18] and [12]. It induces the a-geometric operator mean defined for « € [0, 1] as

Aty B=A2(A"2BA 2)%A>
if A >0, i.e., A is invertible, by the Kubo-Ando theory [17]. Incidentally, we use fjs for
s € [0, 1] instead of f5 because it is not an operator mean.

Now, one of the most interesting operator inequalities related to the a-geometric mean
is the Ando-Hiai inequality [1], say (AH). So we cite it first:

Ando-Hiai inequality. For A, B > 0,
(1) Aty B<1 = A" t, B"<1 forr>1.

By the way, one of the motivation of the Ando-Hiai inequality might be the Furuta
inequality, see [2], [7], [9], [10], [14], [15] and [19]:

Furuta inequality. If A > B > 0, then for each r >0

ptr

(A2BPA%)e < A%
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holds for p > 0 and q > 1 satisfying (L+71)g >p+r.
Recently, we discussed in [7] the equivalence between the Ando-Hiai inequality and the
Furuta inequality, whose key is that if A > B > 0, then
AT ﬁp—ir B <I for p,r>1.
It is a ”usual order” version of the chaotic Furuta inequality [3]:
log A > log B if and only if

AT S B? <TI for p,r>0.
To clarify the difference between the usual order and the chaotic order, i.e., log A > log B,

we point out that the essense of the Furuta inequality is as follows:
(FI) If A> B >0, then

(2) A*TH%TBpgA for p>1andr>0.

2. Recent development of grand Furuta inequality. For reader’s convenience, we
cite the grand Furuta inequality (GFI). It was established by Furuta [11] and interpolates
Ando-Hiai and Furuta inequalities.

(GFI) If A> B >0 andt€|0,1], then

[A%(A*%BPA*%)SA%]ﬁ < ALt
holds for r >t and p,s > 1.

We note that (GFI) for t =1, r = s (resp. t =0, s =1) is just (AH) (resp. (FI)).
For fixed A >0, B>0,t < [0, 1] and p > 1, we define an operator function F(\, i) by

3) F\ p)=Af 11 (AiéBpAfé)“

(P—t)pn+X

1—
for)\zt—landuzm.

As another simultaneous extension of (FI) and (AH), we presented the following inequal-
ity in [8] recently.
Theorem A. IfA> B >0 and A >0, then F(r,s) < F(0,1), i.e.,

AT e (A" BP) < A' i BP

(p—t)s+r

holds for r >t and s > 1.

If we take ¢ = 0 and s = 1 in Theorem A, then we have the satellite form of (FT), due to
Kamei [14], cf. Kamei-Nakamura [16]:
(SF) IflogA >logB for A, B >0, then

(4) A_Tﬁi;Bpr for p>1andr >0,
ptr
which means that Theorem A interpolates (AH) with (SF) instead of (FI). Motivated by

Theorem A, Furuta [13] showed the following inequality including both (GFI) and Theorem
A very recently.

Theorem 1. (Furuta) Let F(X\, p) be as in above for fited A >0, B >0, t € [0, 1]
andp>1. If A> B >0, then

() F(r, w) > F(r, 1) > F(r, s) > F(r, )
holds forr >t, w € [:}%’é, 1] and s’ > s> 1, and

(ii) F(q, s) > F(t, s) > F(r, s) > F(r', s)
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holds for g € [t —1,t], s> 1 and v’ >r > t.

We would like to mention that Theorem 1 is surprising from the viewpoint of Tanahashi’s
work [20] on the best possibility of (GFT).

3. Operator inequalities of Ando-Hiai type. In this section, we propose operator
inequalities of Ando-Hiai type. We will point out that Theorem 1 is reduced to our Ando-
Hiai type theorem mentioned in the below.

For the sake of convenience, we cite a useful lemma which we will use frequently in the
below.

Lemma 2. For X, Y >0 and a, b€ [0,1],
(i) transposition: X §, Y =Y #1_, X,
(ii) multiplicativity: X fap Y = X o (X £ V).

Now we prepare the following lemma:

Lemma 3. If A=" B?P < I for somep, v > 0, then

7
(i) A" §50r BP < B° for0 <6 <p,
p+r
(ii) A~ ﬂ% BP < AN for —r < A <0.
Proof. We can prove them by the use of Lemma 2. For (i), we note that

A7 fs4r BP =BV o AT" =B s (BY {2 A7)

p+r

Since BP ﬁ# ATT=A"" ﬁp—L BP < I by the assumption, we have

A" 45er BP<BP#,5 I =14s B? = B°.
p+r P P
Similarly, if —r < X\ < 0, then we have

A7 farr BP = A7 fa4r (A7 ﬂ% BPY)Y <A "y I=TH-2 AT :A>‘,
p+r ™ pt+r r -
which shows (ii).
We here state our main theorem:

Theorem 4. Suppose that A™" ]j#T BP < I for some p, r > 0. Then (i) for each
6 € [0,p]
A7 four B <A™ foue BY for pe [5,p)],
phr e
(ii) for each t € [0, 7]
A" s, BP < A7 $500 BP for § € [—t,p].

pFr Pt

Proof. The former (i) follows from Lemma 2 (ii) and Lemma 3 (i) that
A7 " Bs4r BP = A7 540 (A7 futr BP) <A77 f50r BM.
p+r ptr p+r ptr
The latter (ii) is obtained by Lemma 2 (ii) as follows:
A" 540 BP=BP 5 A7" =BP p5 (BP fpse A7)
p+r p+r p+t p+r
= Bfps (A7 o BY) < B fps AT = A" {5y B
pFr Pt

pEt p+t
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4. Lemma related to a generalized Ando-Hiai inequality. In this section,
we prepare two lemmas in order to apply Theorem 4 to Theorem 1. The first one is a
generalized Ando-Hiai inequality itself, see [5] and [6].

Lemma 5. If Af#, B <1 for some A, B> 0 and a € [0, 1], then

(i) A"f_er  B<I for r=>1,
(i) A ﬁﬁ B°<I for s>1,
(ii) Afar  B*<I for rs>1

As prologue of a proof of Theorem 1, we put
(5) By= (A #BYA%)r
for fixed A >0, B>0,t €0, 1] and p > 1. Then we remark that the operator function

F(X, p) is expressed as
FO\, p)=A> 4 1 BPTIH

(p—t)n+Xx

and we have the following lemma connecting Theorem 1 with Theorem 4.

Lemma 6. Notation as in above. If A > B > 0, then

(i) ATt . BYT'<T for >t
(i) By g ATT< AT for qelt—1,1).
(p—t)s+t

Proof. Since A > B > 0 and t € [0, 1], Lowner-Heinz inequality ensures that A* > B,
so that

©) A7t 4, BFTP = AT B'ATE < I
P
Applying (i) in Lemma 5 for 7y = 7 and a = -, we have

A" BVt = (AT e BYTT <L

p—t+tr T—atar]

On the other hand, since it has been proved that (A? fj; BP) Gt < B < Ain [2; Theorem
2], we have
ATte o BPTYUS — Amh(Aty, BR)Toem AR < AV

(p—t)s+t

Therefore it follows from Lemma 2 that

B;P*t)s ﬁ(p—t)erq A—t _ A—t ﬁt——q B;P*t)s
(p—t)s+t (p—t)s+t
= AT, (AT BT
< AT, AT =AY

which proves (ii).

Now we give a proof of Theorem 1, in which Theorem 4 is the main tool and Lemma 6
is the starting point of a proof.
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Proof of Theorem 1. (i) By Lemma 6 (i), we know that A™" §__-_ B < I. So we
take  =1—1t, py =p—t and p = (p — t)w in Theorem 4. Since 0 < § < pu < p; by the
assumption, it implies that

Flrow)=A"f# 10, BP9 > A7y, ... BP' = F(r1).
(p—t)w+r p—t+r

Successively we take 6 = 1—t, py = (p—t)sand u =p—t. Then we have 0 < § < pu < p;
by p, s > 1 and so the second inequality of (i) is obtained by Theorem 4 (i).

Finally we take § =1 —+¢, p = (p—t)s and p; = (p —t)s’. Then 0 < § < pu < p; by
s’ > s> 1 and so the final inequality of (i) holds.

(ii) The first inequality follows from Lemma 2 and Lemma 6 (ii). As a matter of fact,
we have
—t ﬂ (p t)s

(=D FE; By

= B;p t)s Bp—tys—14¢ At

(p—t)s+t

F(t,s)

= ngit)s Ij(p—t)s—1+t (ngit)s ﬁ(p—t)s-%—q A_t)

(p—t)s+q (p—t)s+t

< B(p t)s Ij(p o1+t A7

(p—t)s+q

= ATy BPTYC=F(gs).

(p—t)s+q

Next we prove the second inequality by applying Theorem 4 (ii). For this, we have to
obtain the inequality

AT ﬁ (P t)s S I.

—t)s+r t)s+r
Fortunately it is implied by applying Lemma 5 (ii) to Lemma 6 (i) and

(1—(10354-04 = (p—tr)s-H"
for a = pre — —- We here put p; = (p — t)s for convenience. Then it is rephrased as

—-r ﬁ Bpl < I.
Hence it follows from Theorem 4 (ii) that

Tﬁ5+r Bp1<A tﬂa+t

pr1+t

and putting § = 1 — ¢,

F(r,s) = ﬁl b B <A™ tﬁ Bpl—F(t,s).
Finally we apply Lemma 5 (iii) for oo = ==, r1 = TT >1and s > 1 to Lemma 6 (i).
Then
r’ (p—t)s _ —7r\7r1 (p—t)s <
A7 ﬁ (p— t)3+7 Bl ( ) Ij(1 a)b+0¢'r‘1 Bl <1

Therefore it follows from Theorem 4 (ii) for § = 0 that

F('s)=A"" 4 BF <ATE . BIT = F(rs),

=t s+r" (p—t)s+r t>a+r
which completes the proof.
Remark 7. From our viewpoint, we review Theorem A by proving it. As a matter of

fact, Lemma 6 (i) is extended by Lemma 5 (iii) as follows:
Notation as in Lemma 6. If A > B > 0, then

AT - (p‘t)sgf for r>tands>1.

(p—t)s+r f)="+
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Furthermore Theorem 4 (i) implies that

A" 4sir BP < A" fsi. B
p1+T

PR

for0<é<pu<p=(p—t)s.
Therefore we have Theorem A by taking 6 = 1 — ¢ in above.

1]
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