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ABSTRACT. Using t-norm T, we introduce the notion of t-level subalgebra, and some
related properties are investigated.

1. Introduction. Y. Imaiand Iseki [2, 3] introduced two classes of abstract: BCK-algebras
and BCl-algebras and was extensively investigated by several researchers. L. A. Zander [8]
introduced the notion of fuzzy sets. At present this concept has been applied to many
mathematical branches, such as group, functional analysis, probability theory, topology,
and so on. In 1991, O. G. Xi [5] applied this concept to BCK-algebras, and he introduced
the notion of fuzzy subalgebras(ideals) of the BCK-algebras with respect to minimum. In
this paper, using t-norm 7', we introduce the notion of ¢-level subalgebra, and some related
properties are investigated.

2. Preliminaries. In what follows we use X to denote a BCK-algebra unless otherwise
specified.
A BCK-algebra is an algebra (X, *,0) of type (2,0) satisfying the following axioms

(1) {(wxy)«(@2)}+ (z57) =0,
(2) {z*(zxy)}txy=0,
(3) xxx =0,
(4) zxy=0and y*xxz =0 imply =y,
(5) x0 =0 imply z =0,
for all x, y € X. A partial ordering < on X can be defined by = < y if and only if xxy = 0.
Let I be a nonempty subset of a BCK-algebra X. Then [ is called a subalgebra of X if
xxy €I, forall z,y el

Definition 2.1 ([7]). By at-norm T, we mean a function T : [0, 1] x [0, 1] — [0, 1] satisfying
the following conditions:

(T1) T(z,1) ==,
(T2) T(z,y) <T(z,z)ify<z
(T3) T(x,y) = T(y, ),

(T4) T(x,T(y, 2)) = T(T(x,y), 2),
for all z, y, z € [0, 1].

For a t-norm T on [0, 1], denote by Ar the set of element « € [0, 1] such that T'(«, ) = «,
ie, Ap:={a€[0,1]| T(a,a) = a}.
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Proposition 2.2. Every t-norm T has a useful property:
T(a, 8) < min(a, 5)
for all o, B € [0,1].

A fuzzy set in X is a function A : X — [0,1]. A fuzzy set A in X is called a fuzzy
subalgebra of X if A(x xy) > min{A(z), A(y)} for all z, y € X.

3. t-LEVEL SUBALGEBRAS OF BCK-ALGEBRAS.

Definition 3.1. A function A : X — [0, 1] is called a T-fuzzy subalgebra of X with respect
to at-norm T (briefly, a T-fuzzy subalgebra of X) if A(zxy) > T(A(x), A(y)) forall z, y € X.

It is easy to show that every fuzzy subalgebra is a T-fuzzy subalgebra of X with T'(«, 5) =
a A for each o, 8 € [0,1].

Definition 3.2. Let T be a t-norm. A fuzzy set A in X is said to satisfy idempotent
property if Im(A) C Ar.

Proposition 3.3. Let T be a t-norm on [0,1]. If A is an idempotent T'-fuzzy subalgebra of
X, then we have A(0) > A(x) for allz € X.

Proof. For every x € X, we have
A(0) = Al +2) = T(A(x), Alx)) = Alz).
This completes the proof. O

Proposition 3.4. Let T be a t-norm on [0,1]. If A is an idempotent T-fuzzy subalgebra of
X, then the set

A ={z e X | A(z) > A(w)}
is a subalgebra of X .

Proof. Let z,y € A“. Then A(x) > A(w) and A(y) > A(w). Since A is an idempotent
T-fuzzy subalgebra of X, it follows that

Az xy) 2 T(A(z), A(y)) = T(A(z), A(w)) = T(A(w), A(w)) = A(w).
Thus, we have A(z *y) > A(w), that is., x * y € A¥. This completes the proof. O

Corollary 3.5. Let T be a t-norm. If A is an idempotent T-fuzzy subalgebra of X, then
the set

Ax ={x € X | A(z) = A(0)}
is a subalgebra of a BCK-algebra X .

Proof. ;From the Proposition 3.3, Ax = {x € X | A(z) = A(0)} = {z € X | A(z) > A(0)},
hence Ax is a subalgebra of X from Proposition 3.4.

Let x; denote the characteristic function of a non-empty subset I of X.

Theorem 3.6. Let I C X. Then I is a subalgebra of a BCK-algebra X if and only if xr
is a T-fuzzy subalgebra of X .
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Proof. Let I be a subalgebra of X. Then it is easy to show that y; is an T-fuzzy subalgebra
of X. In fact, let «, y € I. Then xz xy € I. Hence

xr(@xy)=1=T(xi(z),x:1(y))
Ifexel,y¢ I (orax¢landye ), then we have x7(z) =1 or xs(y) = 0. This means that
xr(z*y) =T (xr(x), x1(y)) = 0.

Conversely, suppose that y is a T-fuzzy subalgebra of X. Now let , y € I. Then x(z*y) >
T(xr(z),x1(y)) =1, and so xy(x *y) = 1, that is, z x y € I. This proves the theorem. O

Lemma 3.7 ([2]). Let T be a t-norm. Then
T(T(a, ), T(v,0)) = T(T(a,7), T(8,6))
forall a, B, v, § €[0,1].

Proposition 3.8. If A and B are T-fuzzy subalgebras of X, then ANB : X — [0, 1] defined
by

(AN B)(z) = T(A(z), B(x))
for all x € X is a T-fuzzy subalgebra of X.
Proof. Let x, y € X. Then we have

(AN B)(zxy) =T(A(z xy), B(x *y))
> T(T(A(z), A(y)), T(B(z), B(y)))
=T(T(A(x), B(x)), T(A(y), B(y)))
=T((AAB)(x), (AN B)(y))
This completes the proof. O

Definition 3.9. A fuzzy subalgebra A of a BCK-algebra X is said to be normal if A(0) =

Theorem 3.10. Let A be a T-fuzzy subalgebra of a BCK-algebra X and let A° be a fuzzy
set in X defined by A°(x) = A(z) + 1 — A(0) for all x € X. Then A° is a normal T-fuzzy
subalgebra of a BCK-algebra X containing A.

Proof. For x, y € X, we have
A®(zxy) = Az xy) + 1 — A(0)

> T(A(z), Aly)) +1 - A(0)
=T(A(z) +1— A(0), A(y) + 1 — A(0))
=T(A%(x), A% % (y))
Hence A° is a T-fuzzy subalgebra of X. Clearly, A°(0) =1 and A C A°. O

Definition 3.11. Let A be a fuzzy subset of a set X, T a t-norm and « € [0,1]. Then we
define a t-level subset of a fuzzy subset A as

AT = {2 € X | T(A(z),a) > a}.

Theorem 3.12. Let X be a BCK-algebra and A a T-fuzzy subalgebra of X. Then t-level
subset AL is an subalgebra of X where T(A(0), ) > a for a € [0,1].
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Proof. AT = {z € M | T(A(z),a) > a} is clearly nonempty. Let x,y € AL. Then
we have T( (z),0) > a and T(A(y),a) > a. Since A is a T-fuzzy subalgebra of X,
A(z *xy) > T(A(z), A(y)) is satisfied. This means that

T(A(z xy),a) > T(T(A(z), Aly)), o) = T(A(z), T(A(y), o)) = T(A(z),a) > a.
Hence =+ y € AL. Therefore AL is a subalgebra of X. (|

Theorem 3.13. Let X be a BCK-algebra and A a fuzzy subalgebra of X. Then t-level
subset AL is a subalgebra of X where T(A(0),a) > « for a € [0,1].

Proof. AL = {z € X | T(A(x),a) > a} is clearly nonempty. Let x,y € AL. Then we

have T'(A(z),a) > o and T(A(y),a) > a. Since A is a fuzzy subalgebra of X, A(x xy) >

min{A(x), A(y)} is satisfied. This means that T(A(x * y),«) > T(min(A(x), A(y)),a). If

min{A(z), A(y)} = A(x) or min{A(z), A(y)} = A(y), in two cases, we have
T(min{A(x),A(y)},a) > «

since z, y € AL. Therefore, T(A(x * y),a) > a. Thus we get z xy € AL. Hence Al is a
subalgebra of X. O

Theorem 3.14. Let X be a BCK-algebra and A a fuzzy set of X such that AL is a sub-
algebra of X where T(A(x),a) > « for all « € [0,1]. Then A is a T-fuzzy subalgebra of
X.

Proof. Let z, y € X,T(A(z),01) = on and T(A(y),2) = ava. Then z € AL and y € AL,
Let a; < a. Then it follows that T'(A(z), o) < T(A(y), a2) and AL, C AL . So, y € AL

Thus z, y € Agl and since Agl is a subalgebra of X, by hypothesis, x xy € Agl. Therefore
we have

T(A(z xy),a1) = ar = T(A(2),a1) 2 T(A(2), T(A(y), 1)) = T(T(A(z), A(y)), 1)
Thus we get T(A(zxy),a1) > T(T(A(z), A(y)),a1). As a t-norm is monotone with respect

to each variable and symmetric, we have A(z xy) > T(A(x), A(y)). Thus A is a T-fuzzy
subalgebra of X. O

Definition 3.15. For each ¢ = 1,2,3,... ,n, let A; be a T-fuzzy subalgebra in a BCK-
algebra X;. Let T be a t-norm. Then the T-product of A; (i =1,2,...,n) is the function
Ar X Ay x Az x -+ x Ayt X7 X Xo X X3 x -+ x X, — [0,1] defined

(A1 X Ao X Az x -+ X Ap) (21,22, 23, -+ y7n) = T(A1(21), A2(22), A3(23), ... , An(n))
forz, € X; (1=1,2,...,n).

Theorem 3.16 ([1]). Let A and B be t-level subsets of the sets G and H, respectively, and
let « € [0,1). Then A x B is also t-level subset of G x H.

Definition 3.17. Let X be a BCK-algebra and A a T-fuzzy subalgebra of X. The subal-
gebra AL is called t-level subalgebra of X where T(A(0),a) > a for a € [0,1].

Theorem 3.18. Let X7 and Xy be two BCK-algebras, and A, B T'-fuzzy subalgebras of X3
and Xa, respectively. Then the t-level subset (A x B)L, for a € [0,1], is a subalgebra of
X1 X XQ.

Proof. We know that (A x B)L = {(z,y) | T((A x B)(z,y),a) > a}. Since
T((A X B)(OX1a0X2)’a) =T T(A(OXl)’B(O)Q))va))
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(A x B)T is nonempty. Let (z1,v1), (v2,92) € (A x B)L. Then T((A x B)(x1,11),0a) > «
and T((A x B)(z2,y2),a) > a. Since A x B is an T-fuzzy subalgebra of X; x X5, we have

(A x B)((z1,y1) * (22, 92)) = (A x B)(@1 * 22,41 *y2) = T(A(21 * 22), B(y1 * y2)).
Since A and B are T-fuzzy subalgebras, we get
T((A X B)(.’El * T, Y1 * y2), a) > T(T(A(xl * x2)7B(y1 * y2))v a)
=T ((A(z1 * 22), T(B(y1 * y2), )
> T(A(z1 * x2), @)
> Q.
Hence (z1,y1) * (z2,y2) € (A x B)L. Therefore (A x B)Y is a subalgebra of X; x Xp. O

Theorem 3.19 ([1]). Let A and B be fuzzy sets of the sets G and H, respectively and T a
t-norm and o € [0,1]. Then AL x BT = (A x B)Z.

Theorem 3.20. Let Ay, Az, As, ..., A, be fuzzy subalgebras under a minimum operation
in BCK-algebras X1, X2, X3, ... , Xy, respectively and o € [0,1]. Then

(Ay x Ag x - x AT = AT x AT x ... x AT .
Proof. Let (a1,az,as,...,a,) € (A1 x Ay x -+ x A,)T. Then we have
T(min((A; x Ay x -+ X Ay)(a1,a2,a3,... ,ay),a) = T(min(A;(a1), A2(az), ... , An(ay)), ).

For alli=1,2,...,n, min(A;(a1), A2(az2), ..., An(an)) = Ai(a;). This gives us
T(min(A4;(a1), Az2(ag),. .., An(an)), @) = T(Ai(a;),a) > a.

Thus we have a; € AL . That is, (a1,a2,0a3,. .. ,a,) € AT x AL x ... x AT . Similarly,
(a1,az,as, ... a,) € AT, x AT x ... x AT . Then, for all i = 1,2,...,n, we have a; €

AT . That is, T(Ai(a;),) > a. Since min(A(a1), A2(a2),...,An(an)) = Ai(a;) and
T(A;(a;), ) > «, we have

T((A1 x Ag x -+ x Ap)(a1,a2,as3,... ,a,),a) = T(min(A4;(a1), A2(az), ... , An(an)), @)
=T(Ai(a:), )
> Q.

Thus we have (a1, az,a3, ... ,a,) € (A; x Ay x --- x A,)TL. O
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