Scientiae Mathematicae Japonicae Online, e-2009, 165-175 165

INFORMATION LOSS OF EXTRACTED SERIES IN AR(1) MODEL

Etsuo Kumagai

Received May 22, 2008

Abstract. Extracting data from the original series in AR(1) model makes the informa-
tion loss and could not recover the information on the original series from one on the
extracted data even if we extracted all data of the original series.

1 Introduction In time series, we are used to treat a daily data as a daily one, a weekly data
as a weekly one, or a monthly data as a monthly one in stock prices, respectively, because
we consider a daily data in order to examine the time series in detail and a monthly data
in order to examine them in a long term. Besides, in a continuous model for the financial
data, the discrete data is considered as the interval of data, A, which goes to zero as the
total number n of data goes to infinity in the regularity condition (Bandi and Phillips[1],
Kanayal[3]|, and Merton[4]). For a daily, weekly, and monthly data, the parameters are
supposed to be set as A = 1/245,1/52,1/12, respectively, based on the assumption that
those three data have a homogeneous property which depends on the time interval only.

Indeed, the assumption may be reasonable and convenience for theoretical and computa-
tional aspects, but practically we have questions as follows: what is the differences between
a daily data and a monthly data?, are they similar as time series?, and are their information
simply proportional to the numbers of data?

We suppose that a weekly data and a monthly data in stock prices are regarded as the
extracted data from the daily data. For example, we treat Nikkei225 daily stock prices,
which is the most representative stock average in Japan, from January in 2006 to December
in 2007 as follows:

Nikkei225 from 2006 to 2007
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In this data, we simulate two cases, that is, the regular extracted case :

Regular Pickout with every 5 days
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and the random extracted case :

Random Pickout with 80%
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From the above graphs, we could recognize that both cases indicate the loss of informa-
tion compared to the original data and the random case is much better than the regular

one. Here we consider the regular case only.

In this article, we consider the information loss between the original time series and the
restricted ones in a simple AR(1) model (Brockwell and Davis[2] and Tsay[5]). At first, we
considered that these information should be equivalent if s = 1 for n = ms, but the result
we obtained was not true. That implies that extracting data from the original series makes
the information loss and could not recover the information on the original series from one
on the extracted data even if we extracted all data of the original series.
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2 Information in AR(1) model We consider the following AR(1) process X = (Xt)t=01,... n

X, = 6Xi 1+ 2, Zy "ENN(0,0%), Xo = o, |d| < 1.

Let 8 = (¢,0?%) be the parameter in this model. Since the conditional density given x;_; is

exp{—w} (t=1,2,...,n),

202

f(xt|xt71 ; 0) = 9mo?

flxg|lxe—1, ... ,x1,20; 0) = f(ze|z—1;0) (t=1,2,...,n)

and the initial value Xy = z¢, the joint density is represented by
f@n,xn_1,...,x1,20; 0) = ﬁf(xt|xt1 ; 0)
Then the log-likelihood function ¢,,(0) is
,(0) = —— 1og (2ma?) Z

and the derivatives are

0,(0) 1L

90 = = tz:xt—l(xt — pxi_1),
00,(0) n -~

507 = 907 gt 20— dmen)’

so that we have the maximum likelihood estimator (MLE) 0= ((;Aﬁ, 52) as follows:
Dber Te—1T
PO

~2 1O N 2 Z?:l x% Z?:1 1’%_1 - (Z?:1 xtxtfl)Q
g —Z(xt—qﬁxt,l) = o 2 .
nY i Ty

b =

Also the second derivatives are

02£,,(6) 1 Z 2
= — xtflﬂ
0¢? o’ =1
920,,(0 IS
a¢>af;2) = ‘szt‘l(“_mt_l)’
92, (0) n_ 1y
Got Tt o 2 em)’
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THEOREM 1 For n time series which is distributed with AR(1) model, the exact Fisher
information matrix I,,(0) is

020, (0) 92¢,(0)
i 8¢2 DpDo?

I1.(0)

920, (0)
8¢8U Ot
SR Ny S S e
- 1—¢2 o2 1—¢2) 1—¢2
n
O -
204

and the asymptotic formula of the information divided by n is

lim S I,(0) = ( (1=¢n)=" 0 )

n—oo 1 0 (20’4) 1

Proof: Since X; = ¢X; 1+ Z; = ¢tzg+ Z;Zl ¢'77Z; (t=1,...,n) , the expectation and
variance are

t
) 1— ¢2t
E(Xy) = ¢'xo, V(Xy) = 0®) ¢*7)) = o
(X) (X0) ; T
and the expectation of squared X; is
1— 2t
E(X}) = o? 1_‘22 + ¢* .
And the covariance is
— b n1l— @2(t=h)
Cov(X¢, Xy—p) = o7 Z¢t_J¢t_ =09 T2 (h=1,2,...,t—1)
and o)
1_ _
BE(X,X,_p) = o?o" 1f7¢2 + P2,

From these formulae, the expectations of the first derivatives of log-likelihood function are

5 (a@é@)) _ %E (;th(xt - ¢Xt1)>
|yl S e

— H2 2
P 1—¢ o

—¢Z 1— ¢2(t 1) (bZ?:l ¢2(t71)x(2)

o2 ’
00,(0) B n 1 - 9
E ( 802 ) - —F + @E (;(Xt - ¢Xt—1) >

1_ ¢2 ¢2(t
= 2—<—”+Z — 2 Z ¢2+¢Z >_O'
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With respect to the second derivatives, we have

920,,(6) 1 (& no1 o2 \ 1 g
(%) - ?E<ZX31> - ata (B T

t=1
02%0,(0) 1 "
E(- = —F X 1( Xy — o X =
(“Bawt) = siF(Zxax-ex) <o
020,(0) n 1 z 9 n
E(- = —— 4+ _—F X, — ¢ X, = —
( dot ) 204+06 ;( ¢ = 9Xi-) 204’
so that we have the required result. O

3 Information in extracted series from AR(1) model We consider the extracted data
{Zt;, @tyy ... yxp, + (M < m) from the original data {z1,...,z,} with AR(1) model and
calculate the exact information matrix with respect to the extracted data. In fact, there
exists two ways to make the extracted data, that is, at random or preassigned, but in this
article we consider the preassigned extracted data only.

Since X; = ¢ X1+ Zy = ¢lwg + 22:1 ¢'IZ; (t=1,...,n), for tx > tx_1, we have

T th—1
Xy, = oao+) 0"TZ;, X, = ¢"lmot Y ¢z,
j=1 j=1

and
tk
AXP,C = ¢tk_tk71th_1 + Z ¢tk_‘7Zj.
j=tr_1+1

Let s = tx — tx—1 for a convenient sake. Then, since the conditional expectation and
variance are

21 _ ¢25k

E(Xy [ Xy_y) = 0™ Xy, V(X [ Xpy) = 0 W?

the conditional density is obtained by

JIoF wp{_@m—¢%mkn%1—¢%},
)

2ro2 (1 — @p2s* 202(1 — ¢23x)

f(‘rtk|xtk—1 ) 0) =

the joint density is f(z4,,, @4, ;... 2,203 0) = [[1- f(@e, |2, ; 0) and the log-likelihood
function £,,,,(0) is

— H2sk m Sk 1— 2
(1) Luga(® :—Zm@m ¢> EQﬂﬂ%”(¢X

721 — )
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THEOREM 2 For the extracted time series, the exact Fisher information matrix is

Iow Iy.e
Lan0) = (122 o).

I02,¢ 102702

where

o - R SO (A
+Z< (bl:g()ﬁ - <1—§§s’1(§zk—¢2)>’
Ipg = 55

Proof: For the equation (1), since

0 (LogrN | 2metl %
8_¢°g<ﬁ) IR

the derivative of the first term in the right hand of the equation (1) is

1 m o 1_¢28k _ m Sk(stk_l m(b
523— °g< L—¢? ) - ; Lg% 1—¢%

Also, since

8 Sk 2 2
a_¢{(xtk —¢ xtk—l) (1 - (b )}

= -2 Sk ¢Sk_1 Lty _q (xtk - (bSk xtk—l) (1 - ¢2) -2 ¢ (‘rtk - ¢Sk xtk—1)27

the derivative of the second term is

‘rtk ¢8 Ly, _ 1) (1_¢2)
" 0¢ Z 202 (1 — g2

¢ (‘rtk _¢ 'xtk—l)
; o2 (1 — §25r)2

X (5 0% 7L (1= 6@ty — 6% @x) + 6 (a1, — 6™ ar,_,) (1= 90)).

Therefore the derivative of the equation (1) with respect to ¢ is

0 L spp2sel mae
6_¢€m\n(9) Z 1 — p2sn 1 $?

m
xtk ¢Sk Lty 1)
+ Z U 1 _ ¢25k)

X

Sk ¢8k71 (]— - ¢2)(xtk_1 - ¢8k xtk) + ¢ (‘rtk - ¢8k xtk—l) (1 - ¢2Sk))'
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On the other hand, the derivative of the equation (1) with respect to o2 is

9 ~ " (o = 6 (1= 67)
gz (min(0) = ‘@ﬂm 2071 — 67%)

Since V(th |th71) = E(XtQk |th71) - {E(th |th71)}2: we have

E |:(th - (bSkthfJ(tha - ¢Skth)

thfl} = _¢SkV(th|th71))

so that the expectations of the first derivatives are

£(§ )

i Sk(stk_l m(b

1 — P 11— @2

. zm: E [(th - qbs:cth;()l()_(t;;:k;fskxtk) th_l} (1 )
k=1
-

; Sk(bz;;s: T —é% +é =0

E ( 832 em|n(9)>

= _£+iV(th|th—1)(1_¢2) _ _m ii

2 4(1 _ H2sk - 2
20% 204(1 — ¢p2sr) 20%

Since the second derivative with respect to o2 is

wem\n

P () — ix ¢ L )1-¢)
20

—m)
the (2,2)-element 1,2 ,2 is
m 1 m
I = gt L1 T 5

Since the second derivative with respect to o2 and ¢ is
82

xtk _(bskxtkfl)skxtka(bsk_l( ¢2 . (b Ty, _(b "Ly, 1)
B Z ot (1 — ¢25) Z oA (1 — ¢2s)

=1

+

(@, — ¢%F g, )? (1 — ¢)spg®
Z:l oi(1 — ¢25r)2 ;
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the (2, 1)-element 1,2 4 is

m

me spg?sEl
Iy = —gr——t Z

P17 2= o1 gv)

We decompose the first derivative of the equation (1) with respect to ¢ as follows:

0
— = A-B .
8¢ €m|n(0) +C (saY)
Then the derivatives of the parts A, B are
m _ 2Sk72 4Sk72
94 _ 3 k(25 —1)¢ + sk¢ ,
96 2 (1= g2 )2
0 m(1l+ ¢
—(-B) = _Q'

(1-¢%)?

Here we decompose the derivative of the part C as follows:

0 T Ch O

73,0 = Z;{(l_gﬁ%kﬁ + (1_¢23k)4} (say),

k=1

where

Cr = —sk¢™ oy {sk ¢ (1= ) (e, — 6 a0,) + b (20, — O 1y, ) (1— @)}
(e, — ¢ oy ) sk(sk — 1™ 2 (1= ¢°) (w4, — ™ 1)
255 0° (w4, — °F y,) — 5507 2 (1 — ¢%)ae, }
ey, — 6% wo,_ ){(@1, — 6™ 2o, )(1— 6°) — spd™ay,_, (1 — ¢**)
—28,0* (24, — O 4},
Cp = dsp(l— g™ )™
x(wy, = 0™ o sk 8T (1= @) (e, — 0™ @) + 6 (w4, — 6™ @ ,) (1 - ¢™F)}.
Since
B(Xy_, = ¢" Xy, | Xo,y) = (1= 0")Xoy, B(Xy, — 6™ Xo [ Xoly) = 0,
we have

E(Cl |Xt,c_1) = —3i¢23k—2(1 _¢2)(1 _¢23k)X2

te—1

{1 = ¢*) = si(sk — 1)¢** 2 (1 = ¢*)} V(Xy, | Xiy ),
E(Cy| Xty_,) = Asp(1—¢™%)¢™  H=s10> 7 (1 = ¢°) + o(1 — 6> )} V(Xy, | Xt ),
so that it holds that
E(Cl |th—1) + E(02 |th—1)
(=g -y
F* (1= ) X,
- 1— ¢28k

o2

_(1 — ¢28k)2 (1 — ¢2) (Sk(sk — 1)¢25k72(1 _ ¢2)(1 _ ¢2Sk)

S0 P 1 ) (L ) ).
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Therefore we have the (1,1)-element I, 4 as follows:

AR S A O S W S Sk T P
R e e )
m (3¢25k _ 1)si¢28k—2 B 43k¢28k )
*;( G—omp U-eni-o))

COROLLARY 1 Assume that sy = z;, — x4, _, is a constant s. Then n = ms and the exact

information is
I I,
Imln(e) = ( 00 $.0? )a

102#, 102’(,2
where
_ 2m¢2 82¢23—2(1 _ ¢2) mO.Q 0.2 1— ¢2n
o = a-gpt Toa-em (1 —& " (- W)W>
+m<(3¢25 _ 1)82¢2572 B 48¢25 )
G—p  (-)0-0))

m ¢ S¢2571
I<727¢ = ;(1_¢2_1_¢23)a
lpor = 5o

When s = 1, it holds that
1/, o2 \1—¢®" n
Iy = ;(xo - 1_¢2) 1—¢2° Io2p = 0, Ip2 52 = 204"

Proof: If s is a constant s, then n = ms. By Theorem 2, the (2, 1)-element 1,2 , is

m ¢ S¢2571
fore = & (1—¢2 - 1—¢28>'

It is obvious that this equals 0 if s = 1. Note that I,> 4 > 0 for ¢ > 0 and 1,2 , < 0 for
¢ < 0 unless s = 1.
Also the (1,1)-element I 4 is

B 2m¢2 82¢2572(1 _ ¢2) m0.2 0.2 1— ¢2n
Iy = (1= ¢2)2 o2(1— ¢29) (1_¢2 + (xg_l_—(bz) 1_¢23)
+m<(3¢2@ _ 1)82¢23—2 B 4s¢23 )
(1—¢%)? (1= ¢?)(1—¢?)

and, when s = 1, we have

/ _i(2_ 0.2 )1_¢2n
b0 — o2 Lo 1_¢2 1_¢2'
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The comparison between Theorem 1 and Corollary 1 would make it clear that the
structure of information is changed by extracting data from the original time series and
that we could not reduce the extracted information to the original one even if s = 1, that
is, the information loss is not a zero matrix:

0 0

so that the loss divided by n is not a zero matrix asymptotically:

1
Jim l(In(e)_1m|n(0)> (1= ") 2o
0

n—oo
n 0

4 Conclusion Based on AR(1) model, we examined the information on a daily data and the
one on the weekly or monthly data. At first, we considered that these information should be
equivalent if s = 1 for n = ms, but the result we obtained was not true. That implies that
extracting data from the original series makes the information loss and could not recover
the information on the original series from one on the extracted data even if we extracted all
data of the original series. This may be a counterexample for that the differences between
a daily data and the weekly or monthly data depend only on the number of observations.

We omitted the case of the random extracted time series, but we will investigate this in
future, because it relates to a kind of bootstrap or a random sampling with respect to time
series.
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