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ABSTRACT. In our previous note, we showed the difference version of Kantorovich
type inequality with two positive parameters under the usual order. As a continuation
of our preceding note, we shall show the difference type Kantorovich inequalities with
two positive parameters under the chaotic order in terms of a two parameters version
of the Mond-Shisha difference: Let A and B be positive and invertible operators on a
Hilbert space H such that MI > B > ml for some scalars 0 < m < M and h = %
Then the following assertions are mutually equivalent:

(1) log A >logB,

MPTI_pyP+9Y2 _ 409 N (MP —mP)Y (M9 —md
(2) A7+ ( >4mq(Mq_£qu)2 )( )1 > BP

for all p, ¢ > 0,

q
(3) AT 2 A= log (mP*Q% ”) I>BP forall p, g>0.

1 Introduction. Throughout this paper, we consider bounded linear operators on a com-
plex Hilbert space H. An operator T is said to be positive (denoted by T' > 0) if (Tx,z) > 0
for all x € H. The positivity defines the usual order A > B for selfadjoint operators A and
B. For the sake of convenience, T' > 0 means 7 is positive and invertible. The Lowner-Heinz
inequality asserts that A > B > 0 ensures A% > B® for all 0 < a < 1. However A > B >0
does not ensure A% > B for o > 1 in general. For positive invertible operators A and B,
the chaotic order is defined by log A > log B, which is weaker than the usual order A > B.

Yamazaki [11] showed the following characterizations of the chaotic order in terms of
difference type Kantorovich inequalities:

Theorem A. Let A and B be positive operators on H such that MI > B > ml for some
scalars M > m > 0. Then following assertions are mutually equivalent:

(1) log A >log B,
(2) AP+ %I > BP  for allp >0,
(3) AP + L(mP, MP)log Sp(p)I > BP  for allp >0

M—m

where the logarithmic mean L(m, M) = Tog M Jogm

the generalized Specht ratio Sp(p) =

p
(hP—1)h PP -1 M
pelogh and h = prol

Mond and Shisha[9, 10] made an estimate of the difference between the arithmetic mean

and the geometric one: For positive numbers 21, ...,2, € [m, M] with M > m > 0 and
h=2M
m b

r1+ o+ ... +xp
n

/x1x2...2, + D(m, M) >
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where

-1 1
D(m, M) =0M + (1 —0)m — M’m'~% and 6 = log (}llogh) log h

which we call the Mond-Shisha difference. It is known in [5] that

M
D(mP, M?) = L(m?P, M?)log Sp(p) for M >m >0 and h=— > 1.
m
In this paper, we will show difference type Kantorovich inequalities with two positive
parameters under the chaotic order which is an extension of Theorem A. Among others, if
A and B are positive operators such that M1 > B > ml for some scalars M > m > 0 and
h= %7 then the chaotic order log A > log B is equivalent to

(hP — l)thq—l

Al + BL(mp, MP)log [ mP~14
q eqlogh

>IZB” for all p, ¢ > 0.

2 Difference type Kantorovich inequalities. First of all, we cite the following main
tool obtained in [7].

Theorem B. Let A and B be positive operators on H such that MI > B > ml for some
scalars M > m > 0. If A > B, then

AT+ C(ma M7p7 Q)I > BP

for allp, g > 1.

Here the Kantorovich constant for the difference C(m, M, p,q) for p,q > 1 is defined by

C(m7 M7p7 q)
. 1
MmP —mMP MP—mP \a—1 . MP—m a—1
M—m +(q_1) (q(Mfm)) lfmg (q(Mfm)) SM’
1
— . MP —mP q—1
=q9mP —m4 if (q(M_m)) <m,
L
. MP_mP \ -
MP — M if M < (M)

In this section, we propose difference type Kantorovich inequalities under the chaotic
order. The following theorem is a two parameters version of (2) in Theorem A.

Theorem 1. Let A and B be positive operators on H such that M1 > B > ml for some
scalars 0 < m < M. Then following assertions are equivalent:

(1) logA>logB,

() Av g QI O ) s B for gl g > 0
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Proof. (1) = (2). Put ¢ = 2 in Theorem B. Then we have the following inequality: If
Ay > By and M1 > By > mqI for My > mq > 0, then

M P1 __ M-P1 MP1 — P1)2
(2.1) A12+{ ™ M (MG )

I>B D1
M1 — ma 4(M1 - m1)2 } - !
for all p; > 1 by definition of C(m, M, p,q). And log A > log B ensures that
(B% AYB%)% > BY

for all ¢ > 0, see [1], also [2] and [3]. Put A; = (B¥ A9B%)2, B; = BY, My = M%,m; = m4
and p; = p%:q(> 1) for p > 0 in (2.1). Then we have

MImPta — mIpPta (Merq — mpta
M1 — ma + 4(M2 — ma)?

2
B?A1B% +{ ) }IZBWJ.

And, we have

> BP

- b

MIm4(mP — MP)  (MPT9 — mp+q)2 B
A B~
+{ Ma — ma + 4(M9 — ma)?

then

A {quq(mp — MP)  (MPF9— mp+q)2

—q P g —q —q
Yz + 107 = )2 }m I>BP since m™ 1 > B> 0.

Therefore, we have

P+q _ p+a)2 _ A4 P _ P q _ md
A9 4 (M mPT)2 — AMImI(MP — mP)(M9 — m9) 7> BP
AmI(M1 — ma)? -

for all p, ¢ > 0.
(2) = (1). Put ¢ = p in (2), then we have

(M — mr)?

AP
+ 4mp

1> B?

pimp)'z

for all p > 0. Then, it follows from Theorem A that AP + (M4mp I>DBPforalp>0
implies log A > log B. Therefore we have the desired result. O

The following theorem is a characterization of the chaotic order in terms of the Kan-
torovich constant for the difference.

Theorem 2. Let A and B be positive operators on H such that MI > B > mlI for some
scalars 0 < m < M. Then the following assertions are equivalent:

(1) log A >log B,

(2) A7+ #C’(mﬂMT7 ptr. #)I > B? for all p, q, > 0.

T
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Proof. (1) = (2). Since log A > log B, it follows from the chaotic Furuta inequality [2, 3]
that

(BgAqB%)# > B" forall ¢, r > 0.

Put Al = (B%AQB%)#731 = Br,Ml = Mr,ml = mr,ql = qt’l“ (> 1) andpl = pjr (> 1)
for all p, g, r > 0 in Theorem B. Then we have

B% AYB: 4 C (m",M’“, pr g+t r> I> Bt

r r
and
A+ C (mr,MT,ZHr, W) B~ > BP.
. >

Since m~"I > B™" > 0, we have

1 . .

AT+ —C (mT,M’7p+T,W>IzBp for all p, g, r > 0.
m” r r

(2) = (1). If we put p = ¢ =r in (2), then we have

1
AP —pC(mp,Mp,ZQ)I > BP forallp>0

m

and —LC(mP, MP,2,2) = A" =m?)” Therefore we have the implication of (2) = (1) by

4mp

using Theorem A. O
The following corollary is a chaotic order version of Theorem B in some sense.

Corollary 3. Let A and B be positive operators on H such that M1 > B > ml for some
scalars 0 < m < M. Iflog A > log B, then

1
Aq—|—EC’(m,M,p+1,q+1)IZBp for all p, ¢ > 0.

Proof. Put r =1 in (2) of Theorem 2.

To obtain the following corollary, we need an estimate of C(m, M, p,q) in [6, Lemma
2.3]:

Lemma 4. Let M > m > 0, then

p—1
Mt —
M(Mpil - mpil)rn:n Z C(mv Mapa Q)

for all p, q > 1 such that

MP — P \ T
m< | —— < M.
- (q(M—m))
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Corollary 5. Let A and B be positive operators on H such that M1 > B > mlI for some
scalrs M > m > 0. Iflog A > log B, then

(MP — mP)M" (m—TM? - 1)

A4
+ MT —mT

1>DB?P

IzAulc(mr,Mr,Hp,Hq)
m” r r

1

)ESM.

r Mp+Timp+r)

fOT all p,q, r> 0 such that m S (W

Proof. Put My = M",m; = m",p; = pT'” and q; = %T in Lemma 4. Then we have the

result directly from the following inequality.

(MP — mP)M" (M%” - m’“)
1 (mng, rtp 7‘+q) <L
m” r r - mr MT™ —m"
ptr L optr p+}‘
7 (M") " —(m") "~ et 7
if m" < ( TEE (=) > <M O

3 Mond-Shisha difference. We shall show the following characterization of the chaotic
order in terms of a two parameters version of the Mond-Shisha difference.

Theorem 6. Let A and B be positive operators on H such that M1 > B > mlI for some

scalars 0 < m < M and h = 2. Then the following assertions are equivalent:

(1) log A >logB,

q
(RP—1)h PP =T
eqlogh

(2) A%+ EL(m?, M?)log (mp—q ) 1> B forallp, q >0,

where L(m, M) is the logarithmic mean.

Proof. (1) = (2). By Theorem 2, it follows that

1
(3.1) Aq—i——rC(mT,MT,p—'_T,q—’_T)IZBp for all p, ¢, 7 > 0.
m T r

Noting that

q

MmP — mMP MP —mP \ =1
C(m7M’p’q)<M (q_l)( = )q fora11p7q>1

- M-m q(M —m)
by definition of C(m, M, p,q), we estimate the constant in (3.1):

1
ﬁc(mrer’ p+ 7“’ L_Hn)
m r r
atr
o1 M mPHT —m" MPTT g (o (MPTT —mPtT)
—mr M —mr r \(g+r)(M"—m")

q M"—m"

_r MMty (g MYt (MOt
r qg+rm MT(MP —mp) \ (¢g+r)(M™—m")

r M"(MP —m?) q . g MPTT _gqptr N\ 7 r(MPHT — Pty \
T q+rm"MT(MP —mp) (g+r)(M"—m")
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Put )
q  MPET Pt T op(MPHT — mpPtT)
F(r) =
") <q +rm Mr(MP — m”)) (q+r) (M —mr)
and
f(z) = log(h7+e - 1),
Since AT emT L — ATUSL e have
iyt (2L o) —togar = P2IOBR o
0\ =) S Y R
= log ihhplfl.
m
Hence q
11 P(h? —1 hP — 1) hAr=T
lim F(’r’) = 77hhqu1 M — mpqu
0 emd qlogh eqlogh
and this implies
F(r)s —1 hP — 1)
lim # = log m?—a% )
r—=0 7 eqlogh

Therefore, we have

r

r M7 (MP —mP) q . (( g MPtT Pt >f« F(MPHT — mp+r) )‘1
r

lim —
rl—r»%q Mr —mr g+rm"MT(MP—mpr) ) (¢g+7)(M"—m")

iy T M(MP —mP) F(r)s
r—0 q M™ —mr g

1 MP—mP _(h? — 1)h 7
— - T pmg VT IR )
o8 (m eqlogh

By (3.1), we have the desired inequality

1 MP—mpP _(h? = 1)h"
Alp - — | el 7 ) > BP
+qlogM—10gm 8 (m eqlogh ) -

for all p,q > 0.

(2) = (1). If p = ¢ in (2), then mp*q% just coinsides with the generalized
Specht ratio Sp,(p) and hence we have

AP 4+ L(mP, MP?)log Sn(p)I > BP for all p > 0.
Thus it follows from Theorem A. I

Remark 1. We recall the generaized Specht ratio with two parameters in [4]:

q
—qg (hP—1)RRP -1 . h?—1
mpP—1 eqlogh lfq < log h thp’
_ _ e hP—1
Sn(p,q) = § mr—1 if il < g,
MP—4 if gh? < 2=l

logh *
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Therefore, Theorem 6 is regarded as a characterization of the chaotic order due to a two
parametres version of the Mond-Shisha difference.

Acknowledgement. This research was partially supported by the Ministry of Education,
Science, Sports and Culture, Grant-in-Aid for Scientific Research (C), 20540166, 2008.

REFERENCES

[1] T. Ando, On some operator inequalities, Math. Ann., 279(1987), 157-159, MR 89c:47019.

[2] M. Fujii, T. Furuta and E. Kamei, Operator functions associated with Furuta’s inequality,
Linear Alg. Appl., 179(1993), 161-169, MR 93j:47026.

[3] M. Fujii, J. F. Jiang and E. Kamei, Characterization of chaotic order and its application to
Furuta inequality, Proc. Amer. Math. Soc., 125(1997), 3655-3658.

[4] T. Furuta, J. Miéié, J. Pecari¢ and Y. Seo, Mond-Pecarié Method in Operator Inequalities,
Monographs in Inequalities, 1, Element, Zagreb, 2005.

[5] J. I. Fujii and Y. Seo, Characterizations of chaotic order associated with the Mond-Shisha
difference, Math. Ineq. Appl., 5(2002), 725-734.

[6] Y. O. Kim, J. I. Fujii, M. Fujii and Y. Seo, Kantorovich type inequalities for the difference
with two negative parameters, preprint.

[7] Y. O. Kim, A difference version of Furuta-Giga theorem on Kantorovich type inequality and
its application, Sci. Math. Japon., 68(2008), 89-94.

[8] J. Miéié, J. Pedari¢ and Y. Seo, Function order of positive operators based on the Mond-Pecarié
method, Linear Alg. Appl., 360(2003), 15-34.

[9] B. Mond and O. Shisha, Difference and ratio inequalities in Hilbert space, ”Inequalities 117,
(O. Shisha, ed.). Academic Press, New York, 1970, 241-249.

[10] O. Shisha and B. Mond, Bounds on difference of means, ”Inequalities” (O. Shisha, ed.).
Academic Press, Nwe York, 1967, 293-308.

[11] T. Yamazaki, An extension of Specht’s theorem via Kantorovich inequality and related results,
Math. Inequal. Appl., 3(2000), 89-96.

* DEPARTMENT OF MATHEMATICS, SUWON UNIVERSITY, BONGDAMOUP, WHASUNGSI,
KyuNGKIDO 445-743, KOREA.
E-mail address : yokim@skku.edu

**FACULTY OF ENGINEERING, SHIBAURA INSTITUTE OF TECHNOLOGY, 307 FUKASAKU,
MINUMA-KU, SAITAMA-CITY, SAITAMA 337-8570, JAPAN.
E-mail address : yukis@sic.shibaura-it.ac.jp

*#*% DEPARTMENT OF ARTS AND SCIENCES (INFORMATION SCIENCE), OSAKA KYOIKU
UNIVERSITY, ASAHIGAOKA, KASHIWARA, OSAKA 582-8582, JAPAN.
E-mail address : fujii@cc.osaka-kyoiku.ac. jp



