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ABSTRACT. Emphasis is placed on the valuation of plain vanilla option when the
price process of underlying asset is described by the stochastic Verhulst-Gompertz
Equation with network externality effects in a complete market. The method is based
on the change of measure, Girsanov theorem and martingale valuation techinique.
The application to an exchange option is made attempt and the valuation formula for
this option like the Black-Scholes one is derived. A simple relationship similar to the
put-call-parity between the exchange call option and the put option is provided. Our
results will be useful to analyze and to hedge the price evolution at a sudden rise or
crash of stock and commodity markets.

1 Introduction. The prices of some assets traded in the financial market have the ten-
dency raised more when the prices begin to rise, it is because most traders expect that a
price rises more and the purchase orders of other traders are induced as a result. Conversely,
when the prices begin to fall, selling orders of other traders are induced. In the actual mar-
ket, we often observe such a phenomenon called network externality price effects. These
effects have been recognized as very significant concept in the field of marketing. Nerlove
and Arrow[8] , Bass[2], Vidale and Wolfe[11] and Gould[4] made use of this deterministic
version to study the dynamic behavior of new product and advertising policy. Their models
were stimulated by a classical theory of logistic curve by Verhulst[10]. Gompertz extended
Verhulst’s model to so-called a deterministic Verhulst-Gompertz model in order to investi-
gate the growth of population. In the fields of finance, Schwartz[9] gave a stochastic version
of Verhulst-Gompertz model and developed the random behavior of commodity price. His
model was based on the biological problem studied by Goel and Richer-Dyn|[3].

The main purpose of this paper is devoted to describe the network externality effects by
a generalized stochastic Verhulst-Gompertz equation and to derive pricing formulae for a
plain vanilla and an exchange options when the price of underlying asset shows the network
externality price effects. The organization of this paper is as follows. The next section
briefly introduces the generalized stochastic Verhulst-Gompertz equation to express the
network externality effects and in Section 3 we develope the martingale measure to evaluate
the value of option. In Section 4 we derive a hedging strategy and a pricing formula of
an exchange option that gives the holder the right which exchanges the underlying asset
with the stochastic Verhulst-Gompertz equation for the asset with the geometric Brownian
motion (Black-Scholes model) by means of martingale pricing method[7]. If we regard the
former as the spot price of energy commodity and the latter as the stock price of business
firm that trades the energy commodity, such an exchang option will be very useful to hedge
the sudden rise or heavy fall in price of energy and make a contribution to the stabilized
price of energy. The paper concludes with a brief summary.
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2 Undelying Price Evolution Consider a market consisting of one bond (riskless asset
59) and two risky assets (S and S?) . (S})o<t<r denotes the price of the energy commodity
such as crude oil and (S?)o<¢<7 the stock price of energy business company at time ¢. The
evolution of the economy is described by the dynamics of S°, S, S% which satisfy the
stochastic differential equations:

dSY = rSPdt,

(1) dS} = 1, S} [1 - (%)a} dt + 015} (,/1 %, dB) + p12ng),
dS? = ppS2dt + 02S2dB2,

with S§ = 1,55 = s1 > 0,52 = s3 > 0. The processes B! = (B}) and B? = (B?) are two
independent standard Brownian motions defined on a complete probability space (2, F,P).
Parameters p1, pi2, 01, 02, a > 0 and B > 0 are real numbers, with o1 > 0 and o2 > 0. We
denote F, the o-algebra generated by the random variables B} and B? for s < t. Then the
vector (B} — Bl, B} — B?) is independent of Fs. Note that P is the physical probability
measure, that captures the underlying uncertainty in this market. Tradings in these assets
are unrestriced, i.e., no taxes, transactions costs, constraints, or other frictions. Likewise,
investors can invest without restrictions, at the constant risk-free rate r. The cross variation
of S! and S? is given by
d<Sl, S2>t = pleQUQStIStht.

This fact shows that our model deals with the case of correlated rate of returns S} and SZ.
The solutions to the first and the third equation in (1) are easily shown to be

S? ="

and

2
(2) St2 = 52 €Xp Kuz - %)t + Jng] = s9eM2tE,,

2
where & = exp(02B7 — (%)t) is an exponential martingale for ¢ > 0.
Note that the second equation is the extension of the deterministic Verhulst-Gompertz

equation

dl‘t Tt

— = pxg|l — (=)
to the stochastic version. The Verhulst-Gompertz equation has been extensively studied in
biology|3] and characterized the transition of the number of individuals and the growth of
populations in some species[10].

It is clear that the process defined by

By =\/1—p},B} + p12B;}

is a P-standard Brownian motion on the probability space (2, F,P), since Ep[Bt] =0 and
the quadratic variation of B, is given by

d(B.,B); = dt.
Then, the second equation in (1) is rewritten as follows :

1
(3) dS! = i S} [1 - (%)a}dt +o181dB,.
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We introduce P-independent processes u; and u? by

1 fm—r p2 =T S g po —r
=0 B3], w=
V1-=pis 72

4 ul
@) ‘ o1 "o o B
which satisfy the Novikov condition

]Ep[exp(% /Ot(u]:)st)] < oo, (k=1,2).

If we define
¢
Wi = B +/ [\/1 = plaug + proulds
0
¢ ¢
= y/1-p%(B} —|—/ ulds) + p12 (B} —|—/ uds)
0 0
= 1= phW} + praW,
where
t
(5) Wk = BF +/ ukds (k=1,2),
0
then equation (3) can be written as
(6) dS} = rStdt + o1 StdWy,

by substituting equation (4) to equation (5). Clearly the process (Wt)ogth is not a IP-
standard Brownian motion. Here we can define the processes (M} )o<i<r, k=1,2 by

t 1 t
M = exp (- / wkapk - L / (uf)?ds)).
0 2 0

which are positive P-martingales. Since IE[MJI?] = 1, then by Girsanov theorem, the measure
Py defined by ~

dPy &

=k M

dP r
is a probability measure, equivalent to P, such that under P;, the process (Wtk)ogth is a
Brownian motion. )

By the application of It6’s formula, the process (eéwf{c_%tMtk) is a martingale relative

to (Fi)o<t<r under P, where ¢ is a real number. It follows that for 0 < s <¢ < T,

1 .
(7) mEP(Gg(WﬁiWSIE)Mf } fe) - 652@75)/2’ (k = 17 2)

Lemma 1 The process (M;) = M}M? is a P-maritingale and E[M7] = 1. Under the
probability measure P equivalent to P defined by dP = MrdP, the processes W}l and W7
are independent P-standard Brownian motions.

Proof. Using the fact that the processes M! and M? are independent martigales, we have
for0<s<t

Ep(M;|F,) = Ep (M M7|F,) = Ep(M; | Fo)Ep(M{|Fy) = MM = M,
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This shows that (M;)o<i<r is a P-martingale. Hence Ep[Myp] = Ep[My] = 1. Then by
Girsanov theorem, the measure PP defined by

dpP

ap -~ Mr

is a probability measure, equivalent to PP, such that under P the process Wk is a standard
Brownian motion. In detail, we may use Bayes’s rule and equation (7) to convert the
conditional expectation with respect to P, to a conditional expectation with respect to the
original probability measure P, namely for £ = 1,2

Ep[eé(Wt’“—Ws"')Mﬂ}‘s]
EP[Mtk|~7:.s]
1

= WEP(GE(Wt’tWi“)MﬂfS) — (E2(t=9)/2

S

E

(eg(Wt,k_Wf)

F) =

By,

The independence of W} and W2 under PP, is obvious. This implies that (W} — WE) is
independent of F, and has a normal distribution as N(0,¢—s) under the measure Pj. Since
the martigales M} and M}? are independent, we have

1 1
-7:5) - M. ]EP(eg(Wt17WS)Mt|fS)

S

1 1 1
T MIM? Ep (5o W MM | F)

E@(@E(W}*WE})

1 1l 1
— WE]P’(eg(Wt WS)Mt1|]:5)WEP(MtQ|f‘S)

= £(t=9)/2,

This shows that the process W} — W} is independent of F, under P and the final expression
corresponds to the generating function of a normal distribution N(0,¢ — s). The same
argument can be applied to W2 — W2. Therefore, (W;')o<i<r and (W2)o<i<r are P-
standard Brownian motions. O

From this lemma
Es(W/}) =0, Varg(W})=t.

So the process W; defined by \/1 — p2, W} + p1aW? is a P-standard Brownian motion.

It should be noted that this result implies that the stochastic Verhulst-Gompertz equa-
tion (1) is reduced to the Black-Scholes-Merton equation or geometric Brownian motion.
Consequently, the solution of the geometric equation (6) under P is given by

2

st = s [(r= D)+ o]
_ mew|(m-F)reas] g
exp {m(ﬁf(%)adu} RY
where
10 =sio (1 - )+ onnl, 7 =ew i [ (Cra.
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Then (f(t))® = Ry(S})® and

1

dRy = Rta,ul(%)adt = Oém(fg))a-

Thus,

f(u)
B

Notice that in terms of the process B, the price process S} can be expressed as

t
Rt =1 +/ Ck/j,l( )O‘du
0

2 A
. SIGXP[(Hl_%)t+UlBt]
(8) St = N . 5 . l/a .
(1 + am;—g Jo exp [a(,ul — %1)5 + aalBs] ds)

3 Option Pricing by Martingale Measure In this section we develop a valuation
method for the market price of European style call (plain vanilla) option with exercise
price K and maturity 7 on the underlying asset (S}) described by the stochastic Verhulst-
Gompertz equation mentioned above. To this end, we can use the unified martingale mea-
sure P(= MpdP) common to two risky assets S' and S2.

It can be shown by standard method that, under the unified measure P derived in the
last section, the discounted price process (Stl)ogth can be expressed as

S} = d(e s}
= —rSldt+SH{[1 - (‘Sg)a]dt +01(y/1— phdB; + p12dB;) }
= —rSldt + SHrdt + o1(y/1 — p2y01 SEAW L 4 praoy SLAW?))
= 015 (/1 = p201SEAW}E + prao1 SLAW?E) = 01 S}dW,

where (W;)o<i<r is a P-standard Brownian motion. This implies that (S}) forms a P-
martingale. Therefore, our arguments establish that the option price C(t,S}) with under-
lying asset S} satisfies the same type of Black-Scholes valuation formula Cpg(t, S?), that is,
an application of martingale (risk-neutral) valuation gives the option price representation
as

(9) C(t,S}) =Ea(e ™" Dh | F) = S N(dr) + e " T VKN (dy),

where h = (S}~ K), dy = 8OO 0L0l/200 g, — ) — gy /T — 1. And N(-) denotes
a standard normal distribution function.

This expression shows that the option’s price is simply the expected payoff discounted
at the risk-free rate, as should be the case with risk neutorality. In the case of o1 = 09 and
Sl =52 for some s € [0,7], we have C(s,S}) = Cps(s, S2).

It is also important to note that the discounted values C(t,S}) and C(t,S}) of option
values are martingales under the measure P. This can be easily seen by taking conditional
expectations and using the tower property in the following manner : For s <t and k =1, 2,

Bs[C(t,S7) | 7ol = Eple™C(t 8F) | Fu] = Es[Ep(e ™" h | F2)| 7]
Egle " Ep(e™ """ 9h | Fy)|Fo) = e " Eple """ Vh| F]
= e C(s,95) = C(s,9%).
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The martingale property implies that for any ¢ (0 <t <T),
Es[C(t, 5})] = Ez[Cas(t, S7)]
and we obtain the following proposition about the option pricing, immediately.

Proposition 1 Assume that the price processes (S}) and (S7?) of asset 1 and asset 2 are
given by the stochastic Verhulst-Gompertz equation and the Black-Scholes-Merton equation
with same volatility oy = o9. If S! = S2, (P-a.s.) for some s € [0,T], then Ez[C(t, S})] =
Es[Crs(t, S7)] for any ¢ € [0, T).

In place of the price process S} given by the second equation in (1), Schwartz[9] dealt
with the equation as
; . 1 . . ;
(10)  dS? = usS? (1 - log Sf)dt + 0353 (ngdBf /1 pégdBf), S8 = s3> 0.

We can appeal to Girsanov change of measure to construct a new measure P under which
W} = (k = 2,3) has the standard Browinian motion property.

Proposition 2 Defining

M2 —T 3 M3 —T 2 — T M3 3
11 u? = , Uy = — po3 — ——1log S
(11) t oy t o3 p oy Bos t

t 1 7t
Mtk:exp(—/o ufdws—i/o(uf)zds), k=23

then the stochastic process (M;)o<i<r defined by M; = MZM}? is a non-negative P-
martingale. The random variable M represents the Radon-Nikodym derivative of P with
respect to P (i.e., My = dP/dP). Girsanov’s transformation

and

¢
WtkEBf—l—/ul;ds, k=23
0

can then be invoked to assert that (W}F)o<;<7 is a P-standard Brownian motion and the
stochastic differential equation (10) is reduced to the Black-Scholes-Merton equation

(12) dS} = rS3dt + o3S3dW;,
where W, defined by

Wi = pasWi + /1 = p3, W}
is a P-standard Brownian motion.

4 Exchange Option and Hedging Strategy This section is devoted to pricing an
exchange option which plays a prominant weapon in risk hedging alternatives of energy
company. An exchange option gives the holder the right to exchange one asset S; for
another So, in some rates ¢; and g». The payoff for this contract at maturity T is

max(q1.51 — ¢2.52,0),
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where ¢; and ¢o are specified constants. For simplicity from now on, it is assumed that
n=¢=L

First of all, we present two preliminary lemmas to obtain our main purpose. The proof
of Lemma 2 is found in the published paper[1] as the answer to exercise 27 in the book [6].
Lemma 2 Suppose that X; and X, are independent random variables with standard
normal distributions. Then for any real numbers a, b, A\g, A1 and Ao, the following relation
holds:

E{[et M XitaXe | pthaXal y ea+(,\§+,\§)/2N(a —b+ (N + %) - )\o)\z)
)\% + ()\0 — )\2)2

_eb+/\§/2N< a—b—X\ )

VAT + (Ao — A2)?

Consider an investor with initial endowment V(¢) > 0 and investing in these three
kinds of assets described in the last section. Let Hy be the number of riskless assets S°,
and H}, H? be the number of risky assets S' and S?, respectively, owned by the investor
at time ¢. The triplet ¢(t) = (Hy, H}, H?)o<i<r is called a trading strategy or a portfolio.
We assume that HY, H} and H}? are Fi-measurable and adapted processes such that

T T
/ |H,?|dt+/ [(H})? 4 (H?)?)dt < 00, P-as.
0 0
Then Vo(¢) = HY + H3 S} + H3SZ and the investor’s wealth at time ¢ (the value of the
strategy ) is represented by
Vi(é) = HS) + H Sy + H} S¢.

We say that the strategy ¢ is self-financing if there is no fresh investment and consumption.
This means that the investor’s wealth equals to the initial investment plus the gain :

t t t
Vi(6) = Vo(@) + / HOS® + / Hlds! + / H24S?,
0 0 0
that is,
dVi(¢) = HYdS? + HdS} + H2dS?.
From now on we will consider only self-financing strategies and let S and V be the discounted

processes defined by )
SF=(S) 1Sy =e"SE, (k=1,2)

and
V(9) = (S)""Vi(¢) = HY + H{ S} + H} 57.
Then, the self-financing strategy ¢ is written by

t t
Vo) = Vo) + | HldS1+ [ H2a32,
0 0
that is, if the equation
dV, = H}dS} + H?dS?

= Htlgtlal(\/ 1 — pRodWy + p12dW7) + Ht202§t2th2

= e_rt[HtlUlStl( 1- P%2th1 + Pl2th2) + Ht2‘725152th2]

= e ""Hlo1S}dW, + e " H} oo SEAW}
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holds, then the strategy ¢ is self-financing. Moreover, assume that the processes of the
self-financing strategy H} and H? are uniformly bounded, that is, for any (t,w) € [0,T] x Q
and some K > 0, |[HF(w)| < K, k = 1,2. Then from equations (2) and (6), we have
(5’,51)2 _ (Sé)Qe—aft-s-zath and

(o)
1
Es[(SF)%] = (Sg)geoit/ e 2D 2y < (SK)2eEE for k= 1,2,

0o V2T

Thus,
T T 3 T )
s ( / (H)?e (5}t < / K2E5[(5F)2dt < / K2(SK)2edt < oo.
0 0 0

Hence fOT e " H}o1 S} dW, and fOT e " H20,S2dW? are P-martingales since W; and W2 are
P-standard Brownian motions. So, the discounted value process V; is represented by the
sum of these two P-martingales. Consequently,

t t
Vi=V, +/ e " HloStdW, +/ e " H20,S2dW?
0 0
is also a ]f”—martingale.
The argument described above leads to the following lemma :

Lemma 3 Assume that the self-financing strategy ¢ satisfies the uniformly bounded and
the integrable conditions

/T |HY|dt + /T(Htl)th + /T(HE)QdH— < o (a.8.).
0 0 0
If the terminal value Vp is expressed by
Vi = (St = S%)+,
then the value of the strategy ¢ is given by
Vi=F(t,S;,57), t<T,
where the function F is repesented by

(13)  F(tr,m2) = By (e (Vr-WomalTo0/2 _ gpeoaWi-We)=ai(T-0/2) ],

Proof. Since the discounted value (‘Z)ogtg:r of the strategy ¢ is a I@’—martingale, the
following relation holds :

Vi = Ep(VrlF) = Es(e™ " V| F)
= Ep(e™"" (81 — S)+|Ft) = Ea((St — S7)+1F).
Using the relations dgtl = Stlalth and dS’f = S'fogde, we have

2
5 - o
St =e S} exp (o1(Wr — Wy) — ?1(T —1))
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and

02

S% = e St exp (a2 (WE — WP) — ?(T—t)).

Since WT - Wt and W% — W2 are independent of F,

Vv, = e‘”EI@{ [Stl exp (Ul(WT - W) — %%(T - t))

o3

~S$Zexp (UQ(W% -wy) - Z(T- t))} } — e "F(t, L, S2).

+

Then we have V; = F(t, Stl, S2). From the basic property of Brownian motion, two processes
Wr_y = W — W, and W e = W2 W2 are independent P-standard Brownian motions.
Hence, substituting

2
azlnml — %(T—t), )\1 20'1\/1 —p%Q\/T—t, )\0 = Olplg\/T—t,

0.2
b—lnl‘g—?(T—t) /\220'2 T—1t

into Lemma 2, we get

In(21/22) + $D*(T — t) In(z1/x2) — $D*(T — t)
DVT —t )= ( DVT —t )

where D = /0% + 03 — 2p120102. This expression shows the explicit form of F. O

F(t,zy,22) = JU1N(

From this lemma, we have main result as

Theorem 1 The value V; of the trading strategy ¢ for any point in time ¢ < 7T is given by
V. = F(t,5;,5}),

where

(14)  F(t,x1,22) = Ep[(xleol(WT—Wt)—af(T_t)m — ppem?WE=WE) =03 (T~ t)/2)+].

Proof. Since the discounted value (Vt)OStST of the trading strategy ¢ is a ]f”—martingale,

Vi = Ep(Vp|F) =Ep(e " Vr|F)
Es(e " (St — S7)41F) = Es((St — S7)+1F1)

By the way, dSF = SFodW}, (k = 1,2) gives

[N~}

Sk = e SE exp (o (Wh = W) = (T~ 1))
Thus,
~ ~ 0'2
Vi = e Be{[Slexp (o (Wh — W) - T(T - 1))

2 U%
— 52 exp (oo (W2 — W2) — ?(T—t))h}
= e "'F(t,S8},57).
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Then we obtain
Vi =F(t,8;,87). O

Next, we derive the explicit form of the hedging strategy. Let C; = F(t, S}, 5?) be the
discounted value of exchange option. By Itd’s formula with

dS} = o2StdW,, dS? = o2852dW?,

we obtain
~ OF | =1 =9 .= OF | =1 2o\ .=
oF , - = U OF .. - -

(15) = Tm(t,S},Sf)JfStlth+a—m(t,S§7Sf)U§Sdet2.
Thus,

~ ~ 1 LoF “1 Aoy A toF 51 A9s 1A

t\= V) = ) ) + 5 U, ) + o \U, )

Ci(=V,) = F(0,5,53) (u, S, S3)dS, (u, Sy, S3)dS7;

0 81'1 0 8(E2

Therefore, the trading strategy (H°, H', H?)o<;<7 which satisfies

it en OF oo o OF o
HY = F(, 81, 87) = 5= (6.50, 515} = 5-(1.5), ) S
and OF OF
HY = 5 —(t.50.57), Hf =5 ~(t.5}.57)

is a self-financing strategy, since the discounted value of this strategy satisfies the relation
H} + H}S} + H 57 = F(t, 5}, 57)

and the self-financing condition

t t
Vt:vo+/ H;dS,H/ H2d52.
0 0

Using D = /03 — 2p120102 + 03 and equation (15), we have

oF In(21/22) + $D*(T —t) 1 ,rIn(z1/z2) + D*(T —t)
871:N< DVT —¢ >+Dm{N( DVT —t )
—BN/ 11’1(.’L‘1/.’E2) — %(Dz + 2p120102)(T — t)
1 ( DT —t )}

Also, we obtain 9F/dx2. Hence, we find that
OF (t,S},52)/0x), = OF(t,S},82)/0xy, k=1,2.
It should be noted that for any ¢, there exists some K > 0 that satisfies
oF
1 _

since 0 < N’(z) < 1/v/2m. The same is true of H?. Then the trading strategy ¢ =
(H?, H}!, H?) presented above satisfies the uniformly bounded and the discounted value
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V, is a Iﬁ’-martingale. The argument in consideration of the above is summarized as the
following thoerem.

Theorem 2 Assume that the price S} of asset 1 with network externality price effect and
the price S? of asset 2 with the geometric Brownian motion are given by equation (1). The
valuation formula of exchange (call) option C; that exchanges the 1 unit of asset 1 to the 1
unit of asset 2 at expiration date T is expressed as

Cy = F(t,S},57),
where the function F' is given by

(16) F(t7St175t2) leN(dl) —$2N(d2),

2
and d; = 1“(””1/””5);% (T’t), dy = di — VT —t(D + %). Moreover, this exchange

option is relicated by the self-financing strategy ¢ = (HY, H', H?), where H°, H' and H?
are given by

. OF OF
oF OF

The hedging of a derivative security is the problem faced by a financial institution that
sells to a client some contract designed to reduce the client’s risk. This theorem shows that
for risk hedging, the writer of this option should hold the portfolio V; composed of HY units
of riskfree asset, H} units of energy S}, and H? units of stocks of business company S?.
Finally, we present an interesting relationship between the value of the (call) option with
payoff (S} — S2); and the symmetrical (put) option with payoff (S2 — SL),, similar to
the put-call parity relationship. Let C; be the price of exchange (call) option and P; be the
price of exchange (put) option which is symmetric to C;, that is, the holder of the option
P, has the right, but not the obligation, to exchange an underlying security at a specified
date T for a contractually. Using the identity

(A —(-4)y =4
and the P-martingale relation for (§t1 — 5,52)
Ep[Sp — SE|Fi] = S — S7
deduces an important link between the process of call and put options which corresponds
to the put-call-parity for European options.
Proposition 3 For any ¢,
C,—P =8-S (0<t<T).

This proposition and the theory of arbitrage suggest that if S! = S? for some s, 0 <
s < T, then Cy = P, for t € [0,T]. Furthermore, if the trading unit is adjusted as S§ = S?
at time 0, the option premiums of these two symmetric exchange options are reduced to
Co = Py and Cy = P, for any t € [0,T]. Therefore, we cannot get any profit by such a
option trading only.
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5 Conclusion In this paper, we proposed the generalized stochastic Verhulst-Gompertz
equation in order to describe the commodity price evolution with network price externality
effects. It was shown that the equation was reduced to the geometric Brownian motion
(Black-Scholes-Merton Equation) under the unified martingale measure. Explicit pricing
expressions for the European call option and the exchange option were derived by means of
the martingale valuation method and the self-financing strategies replicating these options
were established. We presented a parity relationship between the value of the call option
and the value of the put option, similar to the put-call-parity relationship. These results
obtained in this paper will be useful to hedge the sudden price changes in the spot market
and to stabilize the real economy.
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