Scientiae Mathematicae Japonicae Online, e-2012, 29-56 29

Wavelet estimation for hidden periodic components in spatial series.
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ABSTRACT. An overlapped wavelet method is proposed to detect the number and
locations of the hidden periodicities in two dimensionally indexed random fields, by
checking if the empirical wavelet coefficients of periodogram have significantly large
absolute values across fine scale levels. The magnitudes of the amplitudes are also
estimated using wavelet coefficients of smaller scale levels than that for the detection of
periodicities. The strong consistency of the estimators is established. Some numerical
examples are given to test the performance of our method.

1 Introduction. Two dimensional hidden periodic model is an important model in ran-
dom fields. In this model, the observation consists of two parts; Y, ,, = Gpm + Xnm,

(n,m) € N2. The signal part

q
(1) Grm = Z A, exp(inA, + impi,)

r=1
is a sum of the ¢ sinusoidal signals where A, u, € (—m,x], r = 1,...,q are the horizon-
tal and vertical frequencies, respectively and A,., r = 1,...,q are the amplitudes. The

noise part {X,, ,,} is a two dimensionally indexed stationary random field with absolutely
continuous spectral function Fx (A, 1) and whose spectral density fx (A, p). Our statistical
problem is how to estimate the parameters ¢, (A, i) and A, of (1) based on an observation
{YViom:1<n<N,1<m<M}. Suppose that A,, r = 1,...,q are zero mean complex
random variables with P(A, # 0) = 1, 0, = E|A,|> < oo and uncorrelated with each
other. If A, r=1,...,q are also uncorrelated with noise {X,, ,, }, then {Y, ,,,} is a weakly
stationary random field with spectral function Fy (A, pu) = Y 2_, 0, Z[Ar, pir] + Fx (A, ),
where Z[A,, 1] denotes the indicator function of the interval [A,,00) X [u,00). Since
Fx (A, u) is absolutely continuous, Fy (A, ) has precisely ¢ jump points with jump heights

o, at (A, ). Hidden periodic model has been considered by many authors including
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Hannan (1970). He (1987) gave the strong consistent estimators of the parameters in
one dimensional hidden periodic model by checking the magnitudes of the periodogram
Jyy(A) == (27N)~1 22,:1 Y, exp(in)) i and extended his results to two dimensional case
(He (1999)).

Wavelets have been successfully applied to many fields such as data compression, signal
analysis and image processing. The recently developed mathematical theory of wavelets has
drawn much attention from both statisticians and engineers. In the context of time series,
Wang (1995) considered the detection of jumps and sharp cusps by wavelets in a function
which is observed contaminated with noise. Luan and Xie (2001) proposed a method to
detect the number, locations and heights of jump points of the derivative in the regression
model by wavelets. In regard to one dimensional hidden periodic model, Li and Xie (1997)
gave the strong consistent estimators of the number and locations of hidden periodicities
by following Wang’s wavelet method for the identification of jumps and cusps. However,
it will be seen that their method does not work in many cases. They proposed to use the

empirical wavelet coefficients

aJYN (]a k) = / ?3: ()\)JYN (A)dA

for detection of hidden periodicities, where ¥ (x) is so-called mother wavelets (See e.g.,

+n> :Zgw{zj <I2J;7T+n> —k}

neN

Daubechies (1992), Meyer (1992)) and

@) = 3 Vb (T

2
neN

is the 2m-extension of wavelets (See Wojtaszczyk (1997)). This coefficient has significantly
large absolute value if k is in the set T(A.,27%) = {k : |\g — M| < 272, or |Ap — Ap| >
o1 —27% ke I}, where A\, = (k/27)2r — 7 and I; = {0,1,...,2/ —1}. But this set will
be empty set as N — oo (so j — o0) in many cases, since the sampling interval of k is too
wide. For instance, when A\, = —% this set is an empty set for sufficiently large j, hence
their method does not work. So, we have to modify their method.

Let j,7,J be natural numbers which tend to infinity with the order j <« j < J as
N — oo. We take a nonnegative integer 7 = 2J_jCj+77j from the set I; = {0, 1,...,27 — 1},
where (; and 7; are the quotient and the remainder of 7 divided by 2777, We replace Xk,

keljand I(A\,2"%) by A, = (7/27)2r — 7, 7 € I; and I(A,,279) = {7 : [As — \,| < 279,
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or |Ar — A\| > 2w — 279, 7 € I}, respectively, then I(),,277) is not an empty set even for

large j. This suggests that we employ the following empirical wavelet coefficient

n,)Pe 2m

. - T yper er
a%) (J, k) = i w](',k (A)Jyy (A)dA, w;nk]) (M) = wik (A B an> ’

N

as a tool for detection of the hidden periodicities. That is, we take an alternative overlapped
wavelet method to detect the hidden periodicities. This method is essentially the same as
the so-called maximal overlap discrete wavelet transform (MODWT) (See e.g. Percival and
Walden (2000), Nason and Silverman (1995)).

In the first of this paper, we give the always working modification of Li and Xie’s
method and extend it to two dimensionally indexed random fields. We give the estimators
of the number and locations of periodicities. Next, we propose the consistent estimators of
the amplitudes. We employ different scale parameters of wavelets for detection of hidden
periodicities and for estimation of amplitudes. This method is motivated by Wu and Chu
(1993) which employed the kernel-type estimators with different bandwidths for locations
of jump points and for corresponding jump heights.

This paper is organised as follows. Section 2 interprets our modified overlap wavelet
methods. In Section 3 we describe the model and list several assumptions on two dimen-
sionally indexed noise random fields. Section 4 gives main theoretical results and Section 5

gives numerical examples. All the proofs of the theorems are arranged in Section 6.

2 The overlapped wavelets on Ly[—m,m)%. Li and Xie (1997) proposed an (usual)
wavelet method to detect the hidden periodicities, but their procedure does not work in
many cases because sampling interval of k is too wide. Therefore, in this section we intro-
duce the overlapped wavelets on Lo[—m,7)? which enable us to always detect the hidden
periodicities. In the context of this paper, the following results in Theorem 1 are true if
the MODWT is replaced by the standard DWT as done in Li and Xie (1997), but those in

Theorem 2 and 3 are not true, so the modifications are essential.

2.1 The e-decimated wavelet transform. Suppose the data zg,...,zp_1 is given.
To simplify, let T = 27 for some integer .J. The standard discrete wavelet transform is

based on scaling and wavelets filters G and H, and on ‘binary decimation’ operator Dj.
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The filter G (H) is a low (high) pass filter defined by a sequence conventionally denoted
as {g:} ({h:t}). The action of the low pass filter is defined by (Gz), = ZtT;OI h— i Tt
where g7 = > s giymr, t = 0,...,T — 1. The scaling filter should satisfy the internal
orthogonality Y, g¢g;,0, = O for all integers k # 0 and >, g7 = 1. The wavelet filter
H is defined by h; = (—1)g,_,, for all ¢, where {-} denotes complex conjugate of {-}.
The binary decimation operator Dy is simply defined as choosing every even member of a
sequence, so (Dox)r = x2r. Then, the mapping of a sequence x to the pair of sequences
(DoHz, DoGz) is an orthogonal transformation (See Nason and Silverman (1995)). Let x”
be the original data at level J, that is, vy = x;, t =0,...,T—1. Now, for j =J—1,...,0,
recursively define the smooth v/ at level j and the detail w’ at level j by v/ = DyGvi*!
and w’ = DyHvI+!, then we have v/ = (DyG)’ v’ and w/ = DyH(DoG)’ 7~ v’.

Define other binary decimation operator D; by (Dyz)r = k11, then it is not difficult
to show that the mapping (D1H,D;G) is still an orthogonal transform. Suppose that
€J-1,€7-2,---,€0 is a binary sequence of 0,1, then we can apply operator D, at level j.
For each choice of the sequence € = (e;_1,€5_2,...,€p), this will give a different orthogonal
transformation of the original sequence. We shall refer to this transformation as the e-
decimated discrete wavelet transform. Let S be the shift operator (Sz): = x¢41 and 7 be the
integer which have binary representation €gpe; ...€;_1, namely for example 31 = {11111}.
For any fixed j, let (; and 7; be the integers with binary representations €pey ...€;-1 and
€j€j+1 - .- €5-1, therefore (; and n; are the quotient and the remainder of 7 divided by 273,
respectively, that is. 7 = 2777 ¢j +n;. Then, in the e-decimated case, we have the smooth

v] = (DpG)? 78" v7 and the detail w! = DyH(DoG)’ I 18" v,

2.2 The continuous form of overlapped discrete wavelet transform. Wavelets are
based on so-called scaling functions ¢ which have two key properties. Firstly, ¢(¢) and all
its integer translates ¢(t + k) form an orthonormal set in Ly, so that [ ¢(t)é(t + k)dt = 0
for all integers k # 0, and [ ¢(t)2dt = 1. Secondly, ¢ satisfy the two scale relationship
() = V23, grd(2t — k), where g = g_,. Then, the mother wavelet ¢ is defined by

PY(t) = V23, heod(2t — k), where by, = (—1)Fgr1 = h_g (See e.g. Daubechies (1992),
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Meyer (1992)). Now, let #797() and 9% (-) be the periodic scaling functions and wavelets

per( Z\ﬁ¢ﬂk<t+ﬁ+n>’ er Z\/—l/hk(t—i_ﬂ-‘i‘n)

neL nez
(See Wojtaszcezyk (1997)) and associate with a sequence v” to the function f(t) € Lo[—m, )

by (f(t), 85 (1)) Lo[—m.my = v and f(t) = 3, v @575 (t). Then, it is seen that
= ((DOg)J_jvJ)k = <f(t)7 ¢§fkr(t)>L2[—7r,7r)
wl = (DoH(DoG)” 7 0”), = (F(£), Y25 (8)) L)

Similarly, we have in the e-decimated case
3 = (DoG)? I8m0”), = { f(t), 6 (£ — 22
(W)k = (DoY) vl), = (f(t), "% — 577 B
2 T,

(wh)e = DG, = (008 (= 5m) )

Motivated by the above fact, for wavelets and corresponding scaling functions ¢, ¢ € Ly (R)N

Ls(R), we define

€)per er 2m +7 Ui
¢(‘I)cp (t) =75 (t_Jnj> Z /f%k( +n—J>
! ! 2 nez 2

(e)per per 2 + 7 5
Vi (t)= k(t_ ,m) Z /—%k( +n_,])7
g nez 2

then for each 7 € {0,1,...,27 — 1}, {1, 7,/1(6 L} i>0,k=0,... 21 forms orthonormal basis
(ONB) in Lo[—m, ). Since gb(e)peT( t) and 1/1(6)1)”( t) depends on 7 only through 7; at level

J, we can represent them as gb per( ) and 1/)}”,5 )per(t). Then, we have for f(t) € La[—7,7),

270 —1 2791
FE) =7 @Eol ™ @)+ 30 D (P @),
k=0 j>jo k=0

If we retake 7 = 2779k + 7n;, then 7 takes the value in the set /; and we have the

maximal overlap wavelet coefficients

jm<

(a4 k) + 5 = ) vl
(e

ﬁ—o¢@m.

Usually, one needs boundary corrections at —m and w. However, since our objects are

27-period functions, we need no boundary corrections.
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2.3 The extension of maximal overlap discrete wavelet transform to spatial

series. Let 7(V), i = 1,2 be the integers whose binary representations are eé) @ .69)

Consider any fixed j and let CJ(-Z and nél) be the integers whose binary representations

el e(l_) and e(l) ;:)_1 . effll, namely 7(%) = 2J_j<§i) + "

N For wavelets and corre-

sponding scaling functions 1), ¢ € L;(R) N Ly(R), i = 1,2, define
(iaﬁj(-i))PeT _ i)per 2 7 (i,nﬁ-"’))per _ i)per 2 %
Pjk (1) = o) ( 57 e (1) = " (¢~ 27’7](' )

and

j)per (17777 )per (2’77 )per
l(?j)lfl) (th t2) = "/J] k (tl)wj l I (ta),

(10 )per (2.7 )per
fgn; ]fel;(tlat2) = wj,]c ! (t1)¢j7l ! (tz),

j)per (1,n$)per 2:n$% )per
fsn])lfl (tr,t2) = ;) (t)v, (t2),
Nper (1, ,(.1)) er (2,m; )) er
Sy t) = 0" " )e " (k).
where (1;) = (1 (1)»77](2)) Then, the system {1, f(?;)kp(li)r(tlvt2)}j20,k,l:0,...,2j—1,i:1,2,3 forms
ONB in Ly[—m,7)? for each ( 7775 )) Therefore, for any g(x1,z2) € Lao[—m,7)?, we have

290 19290 1

g(ar,z2) XIEZB%Um“WQ%WﬁJﬂ

20 1291
sy S ke
i>jo i=1,2,3 k=0 1=0
with
af-’“)(j,k,l) Z/ / fi(?i),s?)r(tht2)9(t1,t2)dt1dt27
AWuhwzj O (b2t )i,
Let 7 = 27~ 3k+77( ) =27~ ]l+77( ), so 11,72 € I; and write Xn = 3*7;7'1 — T, fry, =
21

5772 — m. Then, it is easily shown that the maximal overlap wavelet coefficients become

(2) v (4, k, 1) / / J’,E;T (t1,t2)g(t1,t2)dt dlty

2 2 2 2 dord
oz, x2)9 Exl + Qﬁﬁ -, Exg + 2772 — 7 | dxidxs
21 2
/ / o(r1,22)9 <2j x1 + /\n, o722+ Mfz) dxidxy

= 'Vg(]v )‘TU;U"Q)?
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where p = ¢ or f;,i=1,2,3, andy=F or o, i = 1,2,3.
In the following, we use the mother wavelet and the scaling function introduced by Y.
Meyer (See e.g. Meyer (1992), Wojtaszczyk (1997)), which satisfies the following Assump-

tions 1 and 2:
Assumption 1. Let o) = ¢ or ) and o € L1(R) N Ly(R), i = 1,2.

(i) Fourier transform of ¢ 3" (w;) are compactly supported on finite interval [—C,C)|

and Lipschitz continuous on R.
s (i (i C o3
(ii) go( )(—wi) = cp( )(wi) and fic <p( )(wi)dwi #0.
(iii) |o@ ()] < m for some u > 3.

In the followings we employ the scaling function satisfying following Assumption 2, which

enables us to estimate the amplitudes.

Assumption 2. 0 < ¢(® (wi) i=1,2.

1
é Vo’

3 Hidden periodic model in two dimensionally indexed random field. In this

section we consider the two dimensional hidden periodic model

a
(3) Yom = Z Ay exp(inA, + imp,) + Xy m, (n,m) € N2,

r=1
where (A, p.) € [-7,m), 7 =1,...,q are constant vectors, called hidden periodicities, and

q is the number of hidden periodicities which is an unknown nonnegative integer.

In order to lead to the consistency of our estimators, we need some assumptions on the
noise {X,,.m}. For s = (s1,82), t = (t1,t2) € N?, we will assume the usual partial order, i.e.,
s <tmeans s; <t;,1=1,2and s <t means s <tbuts#t Fori=1,2s < ¢ means
s; < tj,ors; =t;and s3_; < t3_;. {ft 1t e NQ} is said to be an increasing array of o-fields
under <, if s <t implies F; C F;. For any increasing array of o-fields {.7-',5 'te N2}7 define
Fi = VeeiFs = max {F; : s < t}, Fi(t1,ta) = Vo< Fs = max {]—'S cs <@ t}7 =12,
and Fi(t—) = Fi(t1,ta — 1), Fo(t—) = Fa(t1 — 1,t2). A random field {Wt it e Nz} is said
adapted to {]-'t (te NQ} (or simply {Wt, Fi:te NQ} is an adapted random field) if W, is
F;-measurable for each t € N2. An adapted random field {Wt, Fi:te N2} is called a 1/4



36 J. Hirukawa

martingale difference (MD) if E (W;|F—) = 0, a.s., a 1/2 leftward martingale difference
(LMD) if E(Wy|F1(t—)) = 0, a.s. and a 1/2 rightward martingale difference (RMD) if
E (Wy|Fa(t—)) = 0, as., for any t € N2, For any integrable random variable W if it is
true that E(E(W|F,)|F) = E(W|Fsat), for any s,t € N2, then we say that {F; : t € N?}
satisfies Fy-condition, where s A ¢ = (min(s1, 1), min(se,t2)). A 1/2 LMD (or RMD) with
finite identical variance will be a white noise. But Fy-condition is required for a 1/4 MD
with finite identical variance to be a white noise.

Suppose that {W; : ¢t € N?} is a real white noise random field; that is, E(W;) = 0 ,
E(W2) = 0% < 0o and E(W;W,) = 0, for s # t, and let {X,, ,,} be a linear random field
given by Xy = 2200 oo d(t1,t2) Wi, m—1,, where d(t1,t2) are real constants with
S o Y pe—o(ty + t2)|d(t1, t2)| < co. For a white noise random field W = {W; : t € N?},
Fi = 0 {Ws:s <t} denotes the information obtained by observing {Wt 1t e Nz} up to
time ¢ and we write F(_o 0y = N, <0F (1,0) and Fo,—oc) = Nty <0F(0,1,)- We introduce the

following five assumptions which are due to He (1995).

Assumption 3. Let W be white noise random field and satisfy one of the following con-

ditions;

(1) W is independent and there exists a nonnegative random variable Y such that E (Y2 log Y) <
00, and for allt e N2, z >0, P(|W;| > 2) <CP(Y > z).

(i) W is a strictly stationary 1/4 MD white noise with
E (Wolog [Wo|)* < 00, E(WEF o) =E (W|Fo, o)) =0
(iii) W is a strictly stationary ergodic 1/4 MD white noise with
(4) E (W§log |Wy|) < oc.

(iv) W is a strictly stationary ergodic 1/2 LMD white noise satisfying (4).
(v) W is a strictly stationary ergodic 1/2 RMD white noise satisfying (4).

Now, we have the following lemma for a linear random field { X, ,, }.
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Lemma 1. Write Sx(\, pu, N, M) = 25:1 Zn]\le Xn,m exp(—inX) exp(—imp) and suppose
{Wi, 1.} satisfies one of the conditions of Assumption 3, then

lim sup (NMlog(NM))_l/2 sup |Sx (A, u, N, M)| < 47T(supfx()\,u))l/2 a.s.,
N,M—o0 W) A

where fx (A, p) is the spectral density function of { X, m}-

The proof of Lemma 1 may be found in He (1995). Furthermore, We define the peri-
odogram of {Xn,m} as JX(>‘7 My Na M) = m |SX()‘7 H, Na M)|2

Corollary 1. With the same condition as that of Lemma 1, we have

1
limsup ——————sup(Jx (A, u, N, M)) < 4(su A, a.s.
Nimsup § N A,E( x (A p ) (/\,EfX( 1))

For convenience, we give an alphabetical order for the periodicities; that is, for r1 < 79,
we suppose either A\, < A.,, or A, = A, and i, < pyr,, and for ¢ = 0 we define 22:1 =0.
In the followings, we assume that all the amplitudes A,., 7 =1, ..., q are positive constants,
which is required for simplifying the problem of estimation for the amplitudes, otherwise
or =FE |AT|2 should be estimated. With regard to the estimation for the number and the
locations of hidden periodicities, we can show the same results even in the case that A,
r=1,...,q are zero mean random variables uncorrelated with each other and {X,, ,,}, and

|A.]? > A, r=1,...q a.s. with a known constant A.

4 Main theoretical results. Assume the observation {Yn}m :1<n<N,1<m< M}
is obtained from the model (3) and write G(\, u, N, M) = 25:1 Z%Zl I_ Ay exp(in(A.—

A) + im(u, — w)), then the periodogram of {Y,, .} is given by

N M
(B6)  Jy(Ap,N,M)= 4]\77;\/_%2‘ D) Yimexp(—in) exp(—imu)’2
=1m=1
2
_ zuvizl\w G(\ . N, M)( + T}\W%{ (GO N M) ) Sx (0 N, M) b

+JIxMNu, N M) =G+ G+ Jx  (say),

where R{-} denotes the real part of {-}. The empirical maximal overlap wavelet coefficients

of the periodogram Jy (A, u, N, M) using scaling function are given by equation (2) with
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g = By, namely

850G kD= [ [ 6O I O, A
2w
/ / d(xr,22)Jy (96‘1 + Ay 25 %2 + firy, N, M) dxidxy

= ﬂJy (.77 7'17#7'2)3

where 7 = 2777k + 77](-1) and 7o = 27791 + 77](-2), which may be considered as a tool for
detection of the hidden periodicities. At first glance, the condition of orthogonality on
wavelet function seems to be restrictive. However, once one would like to separately detect

jumps and cusps in frequency domain, this condition will be required.

4.1 The magnitudes of empirical overlap wavelet coefficients. To lead to consis-
tency of our estimators, we first investigate the magnitudes of empirical overlap wavelet

coefficients taken on several sets of lattices. Let K > 0 and define the sets of lattices as

2tK
Im( > ):{n-u <2
2rK\ ~ 2rK
I\ 55 :{72¢|I~Lr2—ur|§
21K 21K
Ir( 2J )Ir <>\T7#7*72j)
2r K 2r K
= {(71,7'2) 1T € Ir,)\ (2]) and m € Ir,u (2]) ,T1,To € IJ},

E(27TK> d 2g7K§|/\ﬁ_)‘r|§277_272T7jK

K 2t K
or [Ar, — Ar| > 21 — g—j

» T1 EIJ}>

~ K
or |fir, = pir| = 2m — %,72 € IJ},

57 = ﬂ (11,72) : or s T1, T2 € 1y
r=1 27rK |l772 N7'| <2m— 272r7K

We assume the sample size satisfies the following order.

Assumption 4.

Bl
O

lim 22N"'=0, lim 22M'=0, lim 277 (NMlogNM)
N,N—oco N,M—oo N,M—oco

Then, we have the following results for the magnitudes of empirical wavelet coefficients.

Theorem 1. Suppose that Assumptions 1-4 hold, then as N, M — oo, we have the follow-

mgs.
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1 Forall (1, ) € E (2”]{), where K — 00, as N, M — oo, we have
By (G, Ary s iry) = O (2J'K‘1 + 28N~ 422 M 4 279 /NM log NM)
=0(27) a.s.

2 (a) If (A, — M| = 2—;“](1 or |[Ar, — M| = 27 — 22 K1), and (|fir, — pr| = 2Ky or

|firy — pr| = 27 — 25 Ks), for some constants K1, Ky > 0, then

s 2J|A p
By (Gs Ay firy) = cos Kiwq cos K2w2¢(w1,w2)dw1dw2

+ 0(2]) a.s.

() If (A, — Ar| = 22Ky or Ar, — A| = 27 — K1), and 7 € I, (), (07“ if

(|fry, — por| = %Kl or |fir, — pir] = 27 — %—?Kl) and 71 € I ) (Q’TK) ,) where K1 is

some constant and K — 0, as N, M — oo, then
e~ 2J A, |?
/3JY (ja A‘rn“m) - | | / / COoSs Klw ¢(a)( )¢(b)(wb>dw dwb
+ 0(2]) a.s.,

where (a,b) = (1,2) or (2,1).

3 For all (11,72) € I, (2727-K) where K — 0, as N, M — oo, we have

J

(a)
- 24,2 (¢ 19~ .
ﬂJY (]7>‘Tla,u7'2) = D) / / ¢(w17w2)dw1dw2 + 0(2]) a.s.
—cJ-c

(b)

- 2J A2

By (]7/\7'17,“7'2 = ‘ ‘ / / d) w1,w2 dw1dw2
+0(1+22JN— e +2_J\/NMlogNM> ..

(c)

- 271 A, |2 ¢ o
ﬁJY(.]))\T17/’(‘T2) > (2|7T)2| {/C/C(b(wlan)dwlde

c ,C 2 2
wi + wy ~
—KZ/ / L 5 2¢(w17w2)dw1dw2}
—cJ-c

+0 (1 + 2% N 4 9% N 4 279\ /NMlog NM + 2jK4> a@.s.
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4.2 Estimation for the number and locations of hidden periodicities. Now, we
construct the estimators for the number and the locations of hidden periodicities. For fixed

j, we define the set 3(j) as

Z(]) = {(TlaTQ) : 27j|ﬁJY(j7XTlaﬁT2)| > Ty, 11,72 € IJ}7

where Ty = A(27)72 f_CC f_cc d(w1, wo)dwidws with 0 < A < |42, r = 1,...,q. The

threshold level Tj depends on the parameter A which is usually unknown. However, we can

change scale parameter j across several levels. Then, the magnitude of 277 |3, (4, A\r, , fir, )|
is kept constant if (Xﬁ,ﬁm) is in the neighborhood of hidden periodicities, on the other
hand decreases otherwise. So, we do not have preliminarily to know the parameter A.

If ¥(j) is empty, put ¢ = 0. If 3(j) is not empty, take an arbitrary small constant
0 < 0y < 1/2 and decompose the set X(j) into subsets ¥4, in which two lattices (71, 72) and

(11, 74) are said to be in the same subset if and only if

A = Ag] < or A, = Apy| > 21 —

1 1
27(1—061) 27(1—061)

and

L 1 L 1
s = fir| < Sirmgyy OF [ = Airg| 2270 — gy

According to the following proof of this paper, we can see that for sufficiently large j, X(5)

is uniquely denoted by disjoint union of (N, M) subsets X(j) = X1 @ --- @ Xgn,ar). Put

g =q(N, M), and let (T1,4,72,4) be one of the maximum points of |Gz, (j, Ay, fir, )| within

the subset ¥4, d = 1,...,q. Denote (Xﬂ,d,ﬂ@’d) = (A\a, iy), then rearranging the (\g,7i,)

~

according to the following order leads to (A, i), 7 = 1,...,¢.

1 BY BY 1 BY 1
1 If 57(1—01) < |>\T1 - )\T2| < 2w — 57(1—01) and (a) )\7’1 Z T — 525107 then ry < ro, (b)
)\"‘1 , >\’r‘2 <Tm—= Wlfel) and )\7‘1 + ﬁ < >\’r‘27 then r < Tro.

2 If A, — M| < zm%m or (A, — Apy| > 27 — ﬁ and (a) @, > m— then

1
223(1—01)

r1 < ra, (b) fy iy, < T — 722“11,81) and fi,. + 72]“1,91) < i, then ry <ro.
Then, we have the following results of consistency.

Theorem 2. If the same Assumptions as that of Theorem 1 hold, then we have
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1 limy pm—oo @ = ¢ a.s.

2 A=A < 275,? and |fi, — pr] < 2’27? a.s.,

where in addition to Assumption 4, K > 0 satisfies K — 0, as N,M — oo and

(6) lim 2K = 00, lim 2INK® = 0o, lim 29I MK = 00,
N,M—oco N,M—oco N,M— oo
o\ —1
lim (22JK2) VNMlog NM = 0.

4.3 Estimation for the amplitudes. Next, we construct the estimators for the ampli-

~

tudes. Let (71, T2,r) be the lattice {(71,72) : 71,72 € I;} which gives the frequency (A, fi,).

That is,

~ =~ 2m ~ _ ~ 2m
Ar = )\Alyr = 27J7—1.,r — T, M =R, = 277_2,7’ - .

We propose rescaled (3, (j’,xr, i) for the estimators |/Al,,|2, r=1,...,q where j' = j(1-6")

satisfies
. o\ —1 . , o\ —1
(7) lim 237 (2JK2) —0, lim 2/0+0) (NK2) =0,
N,M— o0 N,M— o0
. , o\ —1 L o\ —1
lim  2/0+0) (NK2> —0, lim 299 \/NMlog NM (2211(2) .
N,M=00 N, M—oo

Define the estimators of the amplitudes as

. (27T)2 C c -1 .
AT’ = /C/C¢(w17w2)dwldw2 ﬁJy(jlaArma’r‘) , I'= 17"'721\'

27’

Note that for each (A, fir,) in the neighborhood of (A, p,), the magnitude of the difference
between 2798, (j', Ary fir,) and 2798, (j', Ay, jtr) is smaller than that of the difference

between 27937, (j, Ar, s fir,) and 27935 (j, Ar, ptr). Now, we have the following results.
Theorem 3. If the same Assumptions as that of Theorem 1 hold, then we have

N,M— o0

lim ET =A.+0 ((K2‘jg/)2) a.s.

5 Numerical simulations. To test the performances of proposed methods, we carry out
the simulation for the following examples. The selected model is Y, ,, = Zi:l A, exp (i(A\n + prm))
+ X0, m, with X, , =0.4X,,_1 ,, + 045X, 1 + Wy, and
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1. (A17A17/1/1) = (157 _175u _05)7 (A27>\27,u2) = (17 172)7 (A3>>\37M3) = (07070)7 Wn,m -
Wl,n,rrw

2. (Al, /\1,/,L1) = (1.5, —1.5, —0.5), (AQ, )\Q,Mg) = (1, 1, 2), (Ag, /\3,”3) = (0,0,0), Wn,m =
W2,n,ma

3. (Ah)\laﬂll) = (1577157705)7 (AQ,)\Q,,UQ) = (12771572)7 (A35/\37.u3) = (17172)3
Wn,m = Wl,n,mv

4. (A17)\17M1) = (1.5,—1.57—0.5)7 (AQ,)\Q,/JQ) = (1.27—1.5,2)7 (Ag,)\37/1,3) = (1,172),
Wn,m = W2,n,m7

where {W7y ., } are i.i.d. N(0,2) noise and Wa ;= W1 nmWin—1,m—1-

We employ the scaling function of the Meyer wavelet whose Fourier transform ;é\(i) (wy) is
given by ¢ (w;) = (27) Y% cos [(r/2) v {(3/27) wi] — 1}], where v(z) = ( I fl(t)dzf)*1
[ A®d, fi(z) = f(z)f(1—2), flx)=eY*" ifz > 0 and f(z) = 0if 2 < 0. The graph
of <Z)(w1, wo) = (b(l)(wl)(Z(Q) (w2) is plotted in Figure 1. Figure 2 is a observation of example

4 (signal4+noise) with N=100 and M=98.
Figures 1 and 2 are about here.

It is easy to seen that

— min{N,N—n} min{M,M—m}

ﬂJY(jvf)‘VTNﬁTQ) NMQ] Z Z Z Z

n=1-Lm=1-L n’=max{1,1-n} m’=max{1,1-m}

n2T m2w\ _. % _. =
Yn+n m+m’Yn ,m’ ¢< 2] ) 2j >6 ”Mne ”’WTz’

where supp{¢(w)} C [-C,C] and L = [27C/ (2m)] + 1.

Figures 3-6 are 27|87, (j, Ar,, fir,)| of example 4 with (j,J) = (3,7), (4,7), (5,7),
and (6,7), respectively. It is seen that as j is increasing, the noise components will be
smaller. Tables 1 and 2 show the pair (71,4,72,4), 7 = 1,2,3 for each (j,J) in examples
2 and 4, which gives the maximum (second and third) peak value M1 (M2 and M3) of
27981, (4, XTl,ﬁTQ)\7 respectively. It is also seen that for large j M3 of example 2 is small
enough, on the other hand M1 and M2 of example 2 and M1, M2 and M3 of example 4

are almost constant. Therefore, we employ (Xr,ﬁr), r=1,...,q with (j,J) = (6,8) for
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the detection of hidden periodicities. On the other hand we construct the estimators for
the amplitudes g,«, r =1,...,q, using this (Xr,ﬁr) and 7/ = 4. The performances of our
estimators (Xr,ﬁr, A\T), r =1...,q for 30 times experiments in examples 1-4 are listed in

Table 3.
Figures 3-6 are about here.

Tables 1-3 are about here.

6 Proofs of Theorems. Here, we give the proofs of results in Section 4.

6.1 Proof of Theorem 1. First, we observe that 87, (j, Ar,,firy) = Bcy (G Arys firy) +

B, (7, Xﬁ,ﬁw) + By (4, XTI,ﬁTz), where B¢,, B, and [, are overlap wavelet coefficients

of G1, G2 and Jx in (5), respectively. For the signal component, we have

B, oy Fira) = (20N M2) / / (a1, 72)

2 2
‘G <21Tx1 + )\ﬁ, J:z + iy, N, M) dzidzs
= (2rNM27) " / / $(x1,72)
N M q N - 2
Z Z ZAy»ei"(A"'7A717%$1)eim(""7”72 27| dpide,
n=1m=1r=1
q L—-1
) Y A, S ettt
ri,re=1 n=1—-Lm=1—-L
9 9 min{N,N—n} min{M,M —m}
o em mem i’ Ay —Ary) ! (s — i)
¢(2j’2j) Z € v Z et Wim e,
n’=max{1,1-n} m’/=max{1,1—-m}

Put 60 = min{p‘sl 7)‘82|7 |:u‘t1 7/1’152‘ : >‘81 7& /\827Nt1 7£ Mty 81, 82,t1,12 = 07 1a .. ~7Q}a where

Ao = Ag — 27, po = maxi<,y<q{pr} — 27, then we have

min{N,N—n} min{M,M —m}
S e Gn)| T el
n’=max{1,1—-n} m/=max{1,1—m}
= ’BNf\n|()‘r1 - Arg)’ . ‘BMf\m\(Mﬁ - ,urg)|
(N —|n|)(M — |m|) for 1y =rq

_ ) <{sin(00/2)} N (N =) = O(N)  for A, = Ay, and pu, # iy,
< {sin(do/2)} " (M — |m|) = O(M) for Ay, # Ar, and pi, = puy,
< |sin(do/2)| 72 otherwise,



44 J. Hirukawa

where By (0) = sin {(76)/2} /sin(6/2). Since

L—1
Tl ‘r1 'Lm( ry T 1—) TLQJ m2m
)Y A, Y Y (1

r1#£r n=1—-L m=1-—L
min{N,N—n} min{M,M—m}
Z ein’()\,.l —Argy) Z eiml('u"l —ry) 0 (2JN71 + QJMfl) ,
n/=max{1,1-n} m/=max{1,1-m}

we can see that

L-1
N~ oim ~(n2r m2w
i3 =2 4 Y S e Rgmin g (12 1)

n=1—-Lm=1-L

(1-'}@') (1— |]\”;|) +O (PN 42 MY

; , L-1 SRy gim(ie—firg) n2mw m2m
-2yl Y > 25 (5 )

n=1-L m=1-L
+0(22JN— + 2% M~ )
L—1

n=1-Lm=1-L
+O(22JN* +2% M),
Now, we have the following Lemmas 2-4 for overlap wavelet coefficients of signal com-
ponents.

Lemma 2. For all (1, 72) € E(2%E

), where K — oo, as N, M — oo, we have
B, (G, Ary s Firy) = O (PK ™1+ 22 N~V 4 22T\ ~1) = o(27).

Proof. In this case, for any |z;| < VK/2, |z2| < VK /2 and r = 1,...,q, we have

K A, Y 2w 9 K K - 2w 5 K
2] < 7—1_2j < 77_27]0]:'27< Mr_ﬂ72—§x2< 77—?,
therefore,
~ 2 - 2
‘B2L—1(>\r - )\n - §$1)32L—1(ur — Py — ijxz)
2L —1 2L —1 .
S ( ITrK) < (2 17rK) = (2L — 1)23K71.
sin 5 %57 7225

Thanks to (iii) of Assumption 1 and Assumption 3, we have for K’ — oo,

/ / .%'17.%‘2 dl‘ldl‘g / / l’l,xg)dxldl‘g

|1 | <K' J|xo|> K \x2\>21/

_(/ ¢’“)<x1>dm> / 0@ (w2)dws | = O(K'~"7Y).
—oo |zo|> K’
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Hence, from

2~ JZlA 2 Z Z i =) gimir —firy) & <n27r7m2 )

n=1—Lm=1-L

< {2m27)” Z|A |2/

lz1|<VEK/2 /mz<\/?/2

’BQL—1()\7- - Xn — —x1)Bor—1(ptr — fr, — — d(x1, z2)dr1do

2w

9

o2 Z‘A 2{/ |>\/F/2/ P(z1, 2)dr1dTs
T1|=Z —0o0

+ / / ¢($1,$2)d$1d$2
|21 |<VE /2 J|z2|>VE /2

1

=020 (2L~ 12K ) +0 (2L -1)%27)0 (K~*7)
=O0(2’K™")+0 (2jK—1K—“T’3) —0(PK™),
we have ﬂgl (j,XTl,ﬁTz) = O(QjK—l 492N 4 ZQjM_l) _ 0(2j). .

Lemma 3. (a) If (A, — | = 2K, or Ar, = Ap| = 27 — 2 Ky), and (|fir, — po| =

%—_?Kg or |fir, — pr| =27 — %—_?Kg), for some constants K1, Ko > 0, then

2J|A 2

B, (s Arr s firg ) = / / cos Kjwq cos K2w2¢(w17w2)dw1dw2

+O(1+223N +22 M.

(b) 1 (R, = Al = 3Ky or A, = Al = 20— 3K, and 75 € 1 (355), (o if (i,
pe| = 2Ky or |fiy, — pr| = 21 — 22K,), and 71 € ITA(%K),) where K1 is some

constant and K — 0, as N, M — oo, then

2J|A |2

ﬁG1(jv Xnaﬁm) = / / COSs K1w1¢>(w1,cu2)dw1dw2

+O(1+2JK2+22JN +2Y M.

Proof. For all (1, 72) € I, (—]) with some constant K’, |z1] < 2%, |25 < 22 and p # 7,

we have for sufficiently large j

50 2w 50

)
<|>\ 2x1\<27r—50r 0

- 2
<lup = Hry = Sy@a| <2m =

2 2

50, |Bap_1(Ap — Ay, — 28 21)Bor—1(pp — fir, — ZFw2)| < (2L — 1) (sin(o/4))~". Therefore,
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it is seen that

J 2 = n(Ap 7>\ 1m(# —Hr) D n2mw m2m
2” Z‘A | Z Z P 2 Qﬁ (2]’2])

pF#T n=1—Lm=1-L

(2m27) Z|Ap|2/

/ 27
pET jo1)<2% Jjzy|<2%

BQL 1 )\ )\ 2]' 5131)

Bor—1(ptp — firy — ‘¢ x1, x2)dr1das

?
“omi Z|A |2{/| oot / ¢(x1, x2)dr1das

+/ j/ j ¢($1,.’E2)d$1d.’£2
lx1]<22 J|z2]|>22

<0@2ORL-1)+0 <(2L2;1)2> 19) (27%@71))

) (1 + 2*%@‘*3)) —0(1)

and
" |A |2 L—1 L—1 N
/Bcl (.77 )‘TuﬁTz) = 2; Z Z COS(R(AT - >‘7'1)) COS(’ITL(}LT - ﬁﬁ))
n=1—-Lm=1—L
~(n2r m2 9 9
¢ T +O@R¥Y N 422 1 4 1).
Since

L-1
m2mw n2w m2mw
Z Z cos chos 2]K¢<2J,2j>
n=1—-L m=1-L

= — / / cosK1w1 COS KQWQ(};(W17WQ)dW1dUJ2 + 0(2]),
@2m)? ) o)

(a) is obvious. Next, with regard to (b), since

L-1 L—-1
2 2 2
Y Y enlprd ()

n=1—Lm=1-L

c
—72/ / cos Kywid(wy, wa)dwidws + O(27),
(2m)2 J_cJ-c
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we can see that

9 L-1
rl

ST costnlhe— i) costmln - i)

n=1—-Lm=1—L
n2w m2mw
¢ BT

5G1 (]7 T1’MT2

>+O(22JN +2U M 4 1)

A o L-1 ~ ~(n2 2
_ AR | Z Z c057K1 (14 0(m®(u, MTZ)Q))(]ﬁ(T;;T’”;f)
n=1—-L m=1—L

o <22w—1 )

L-1 L-1
A2 n2mw n2mw m2m
= 2 2 sy Kb\ G
n=1—Lm=1-L
+O(PK*+ 25N+ 2% M + 1)
9J Ar 2 C C N

= | 2| / / COS K1w1¢(w1,w2)dw1dw2

-cJ-c

+O (K> + 29N+ 22 M +1).

Lemma 4. For all (11,72) € I,(22£) where K — 0, as N, M — oo, we have

27

(a) /BGl (]a XTl?ﬁTQ) = 21‘:)2 f f C¢ wlan)dwldWQ + 0(2j)

() Bar (s Ay firy) <

f C’¢ wl,wg)dwldw2+0(1+223N + 2Zi M~ )

~ ita 12
(C) /BG1 (]7 )\‘rnu‘rrz) = 2 éﬁ:)g‘ {f f C¢ wl’w2)dwldw2
*KQI fc w1+w2¢ wlaWQ)dwldWQ} +O(1+22 N1 422 M1 4 2 K?).

Proof. According to proof of Lemma 3, we have

9 L—1
rl

Z Z cos(n /\ ) cos(m(py — firy))

n=1—Lm=1—-L

n2m m2m 2j 2j
¢<2J, 5 )+O(2 N 42M 1 +1).

ﬂGH (.]7 7'17”7'2

-1 -1 2 1O O 4
(8) ¢(7727T7n7277> = %/C/Cﬂs(wl,wz)dwldu&+O(2j),
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(a) and (b) are obvious. With regard to (c), from equation (8) and

Lok o~ (n2m m2w 247
T\ Ty

o oo
= 2y / / w1? (w1, wa)dw: dwy
—cJ-c

= = ~ o~ (n2r m2n
cos(n(Ar — Ar,)) cos(m(pr — fir,)) ¢ o 97

n? ~ ~
= Z (1 — A=Ay |2 + O(n4|)‘r —An |4)>

2
m ~ 9 4 ~ 4\ o[ n2m m2w
<1 - 9 Hr — NT2| + O(m |NT’ - N‘Q‘ )> ¢ < 25 7 9j >

< L o mon
oK\ 2 L2 +m2\ ~/n2r m2r ,
( 2 ) n:l—Lmzzl—L ( 2 >¢< 207 Y ) +O( )

22j C ¢ ]
= 5 / / ¢(w17w2)dw1dw2 + O(2J)

22jK2 2 2 . )
- / / %qs(wl,wz)dwldwz +O2TK?) + 0(2% K.
-cJ-c

Hence,

B (s ey s i S VIAL s dwrd
Gy (Js Ars firy) > (2m)2 . C¢(w17w2) w1awsz

c ¢ w2 =+ w2 ~ . . .
- Kz/ / L qﬁ(wl,wQ)dwldwg} FO(1+29N" 422 M 4 Y KY).
—-CJ-C

Next, we have the following result for overlap wavelet coefficients of noise components.

Lemma 5. Assume that Assumptions 1-4 hold, then

/SJX (.73 XT17ﬁTg) =0 (27‘7 IOgNM) a.s.
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Proof. From Corollary 1, we can see that sup, ,{Jx (A, i1, N, M)} < O(log NM) a.s., hence,

|5JX (]a )‘T1>/A’ZTz>|

2 2 21

< 2*7 d(x1,x2) | Jx <7r$1 +)\n, o7 T2 + firy, N, M) dzidzo
2T

< — 57 Sup{JX()\ w, N, M) }/ (1, x2)dr1dTs

= EO(log NM)/ ¢(x1, 22)dx1drs = O (277 log NM) a.s.
R2
O

Furthermore, we have the following result for overlap wavelet coefficients of cross com-

ponents.

Lemma 6. Assume that Assumptions 1-4 hold, then

ﬁcz(jﬁn,ﬁm)zo(w NMlogNM) as.

Proof. Tt can be seen that

B (s Ary s iry) = m /_OO /_OO <Z>(x1,x2)3?{

2 2 2 ~
G<7T!E1+>\ %2 + firy, IV, M)SX <7T!E1+>\n7

27 T 9j 27 27

supy, , [Sx (A, i, N, M)|
< NAD ¢ T1,T2)

2m
’G (2]x1 +)\T17 2] xQ +MT27N M)

2 ~
lﬂ?g + firy, N, M) }dmldmg

dxleQ

sup, ,, |Sx (A, p, N, M|

< : 2j) 7 ;VM/_OO /_OO (w1, x0)dx1d2s
~0 (2‘3\/NM log NM) a.s.

Combining the results of Lemmas 2-6, the proof of Theorem 1 is completed.

6.2 Proof of Theorem 2. According to 1 of Theorem 1, for all (11, 72) € E(22£) with

any K — oo, as N,M — oo, it follows that By, (j, Ar,, fir,) = 0(27) a.s. Therefore, for

any (71,72) € 3(j), there exist r (1 < r < ¢) and some constant 0 < § < #; which satisfy
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(11,72) € In(5585%57) N E(j) if j is sufficiently large. If the lattices (71, 72), (71, 73) are in the

same set I, (21(1 57 ), then

A, A7 1 47 1
| < 5i=9) = S5 5ie=8) < 33G=61)"

|/\7'1_)\ ‘<|)\Tl_>\ |+|)"_

|XT1—XTé|z|Xﬁ—Ar|—|XT{—AT\22ﬁ_%>2W_ﬁ
or
Xn,X E{ 2J(217T0)) rXTl,X{€<27r 2(21 0),2 ],
that is,
A — Ayl < ! or [Ar, — Agy| > 21 — {
2i(1—61) 24(1—61)

and similarly

s — Tig] < iy OF ey = Jirg] > 27— st
So, we can see that all the lattices (11,72) € I, (2,(1 9)) N X(j) are in the same X4, hence
g=q(N,M) < q as.
On the other hand for large j, IT(%), r = 1,...,q are disjoint, so I, (2“1 a7) N
2(j), » =1,...,q are disjoint, too. Since if 1 # 73, then §g < |Ap, — Apy| < 27 — Jp or
S0 < |ty — pry| < 2w — 69, we have for any (11, 72) € Irl(%), (r1,7%) € Im(%),

r1 # ro and large j,

-~ 1 1 ~ . 1
< |)\7—1 - ATI’| < 2w — 2].(1_91) or 2j(1—91) < |/J7-2 _,Uq—é| < 21— m

1
)

Hence, if r1 # ro, any lattices (71, 72) in the set I, (%) and (71, 75) in the set IT2(2_7‘(21+9))
will not belong to same ;. According to 3(a) of Theorem 1, for any lattices (11,72) €

IT(Zﬂg;je) where 6 > 0 is an arbitrary constant, we have 279(87, (j, Ar,, fir,)| > To. That is

I, (2J(1+9)) c X(j)nlI, (2“1 57)- Since inside each I, (W) with j(1 +6) < J, there is at
least one points coming from the set { (71, 72) : 71,72 € 1}, it follows that X(j)NI, (2J(1+9) )=
I, (2}(1+9)) # {0}. Therefore, for large N, M, so for large j, we have g = ¢(N, M) > q a.s.,

which complete the proof of 1 of Theorem 2.
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With regarding to 2 of Theorem 2, according to the proof of 1 of Theorem 2, for any
1 <d < q(N,M), there exists 1 < r < ¢ such that ¥, = I, (2J(1 57) N 2(j) with some
constant # > 0. Hence, the maximum points of |8y, (j, Ar, ,fir,)| Within the subset %4

belong to I, (2](1 57)- According to 1, 2, 3(a) of Theorem 1 and since for any K, Ko > 0,

c ,C R c o
/ / cos Kqwq cos KQW2¢(UJ17UJ2)dU)1dUJ2 < / / ¢(w1, wg)dwldwg,
—cJ-cC -CJ-C

c C R c Cc o
/ / CcOos Klwlqb(wl,wg)dwldwg < / / ¢(W1,wg)dw1dW27
-CJ-C —-CJ-C

there exist K > 0 with K — 0, as N, M — oo, such that for any constant 6 > 0

max {‘ﬂJy(j7)‘T1vﬁT2)‘} = ma‘X2 X {|5Jy(jv>‘7'1’ﬁ7'2)|}'
(7—177—2)617‘<;j(217:9)) (r,m2)€1n(555%)

For any K > 0 where K — 0, as N,M — oo, we take K > 0 as limN,MﬂoofK_1 =

. —=—1
hIIlN,]\/[*>0o KzK

27 27

= 0. Then, for all (71,72) € {IT(2”K) - IT(Q”?)}, we have

oK oK
2] < ‘)\T - 7-1| < 2w — 27]
or
K 9 K
T |por — firy | < 2m — i

hold. Therefore, according to proof of 3(c) of Theorem 1, we can see that

maX{IﬂJy (G, Ary Firy)| ¢ (11, 72) € {IT(%,K) — Ir(27TTK)}}
2j|A7‘|2 C (G
< e {/c/c Plun, wa)dun du
Cc ,C 2 Cc pC 2
_FQmin{‘/_C ‘/_C %Qﬁ(wl,wg)dwldwg,/_c 10 w;qb(wl,wg)dwldwg}}

+O0(1+ 29N 422~ 4279\ /NMlog NM + 2 K*),

and if K also satisfies the order of (6), then O(1 + 22 N—1 4 227 pf—1
+277/NMlog NM + 27K*) = 0(2JF2). Furthermore, for any (71,72) € I,.(%%

> ) where
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K —0and KE ' =0, as N, M — oo, we have

Y~ QJA 2
5Jy(17>\nv#m = | |/ / ¢w1,w2 dwldWQ

+O0(1+2%N"! +22JM +277/NMlog NM + 2 K?)
2J A2
- ‘ | / / ng wl,wg)dwldwngo(QjK)

~ 2rK orK
> max{my Gl (i) € {1500~ 15500}

Hence, we have (Ag, fiy) € I, (355 K and so, for large j (A, Tig) = (A, fir).

6.3 Proof of Theorem 3. Since (\,,7i,) € I, (%K) =1, (M) and 6" > 0 satisfies

(7), it follows that

g~ _ 23 A, |?
BJY(]/aAﬂ,,«aﬂ?zr - | ‘ / / ¢ wlaw2 dwldWQ

+0 <2j' (?27]'9’) ) a.s.

Therefore,
~1
r= (227;,)2 </z /Z $(w17w2)dw1dw2>
([ o (re)) |
= (o ((Rem))) = o ((R2)) s
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Figure 1: The graph of (Z(wl, wa).

Figure 2: The observation of example 4.
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Figure 3: 27785, (j, Ary, fir,) of example 4 with j =3, J = 7.
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Figure 4: 27785, (j, Ar, , ir,) of example 4 with j =4, J = 7.

Figure 5: 27985, (j, Ar, , fir,) of example 4 with j = 5, J = 7.
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Figure 6: 27985, (j, Ar, , fir,) of example 4 with j =6, J = 7.
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G [ 46 | 47 | 48 [ 56 | 57 [ 58 [ 66 [ 67 [ 68 |
) 0340 | 0.341 | 0.343 | 0.299 [ 0.302 | 0.309 [ 0.225 | 0.235 | 0.254
(M2) 0.155 | 0.157 | 0.158 | 0.132 | 0.139 | 0.141 | 0.089 | 0.108 | 0.114
(M3) 0.091 | 0.092 | 0.092 | 0.033 | 0.036_| 0.037 | 0.024 | 0.024 | 0.027
Ti1,720 || 17,27 | 33,54 | 67,108 | 17,27 | 33,54 | 67,108 | 17,27 | 33,54 | 67,108
STAT3 [ 1522 | -1.497 | -TAT3 | -1.522 | -1.497 | -T.A73 | -1.522 | -1.497
M, fy |l -0.491 | -0.491 | -0.491 | -0.491 | -0.491 | -0.491 | -0.491 | -0.491 | -0.491
T2, T2z || 42,52 | 84,105 | 169,209 | 42,52 | 84,105 | 169,209 | 42,52 | 84,105 | 169,209
0.982 [ 0.982 | 1.006 | 0.982 | 0.982 | 1.006 | 0.982 | 0.982 | 1.006
Xo i, || 1.963 | 2.013 | 1.988 | 1.963 | 2.013 | 1.988 | 1.963 | 2.013 | 1.988

Table 1: The peak values (M1)-(M3) and (A4, 7i,) in example 2.

[ GJ) [ 46 [ 47 | 48 [ 56 [ 57 | 58 [ 66 | 67 | 68 |
M) 0371 | 0372 | 0374 | 0.318 | 0.322 | 0.328 | 0.238 | 0.249 | 0.269
(M2) 0240 | 0.241 | 0.244 | 0.189 | 0.200 | 0.205 | 0.120 | 0.155 | 0.167
(M3) 0.143 | 0.156 | 0.159 | 0.127 | 0.134 | 0.136 | 0.085 | 0.104 | 0.110

711,721 || 17,27 | 33,54 | 67,108 | 17,27 | 33,54 | 67,108 | 17,27 | 33,54 | 67,108

TA73 | -1522 | -1.497 | -1.473 | -1.522 | -1.497 | -1.473 | -1.522 | -1.497
X,y || -0.491 | -0.491 | -0.491 | -0.491 | -0.491 | -0.491 | -0.491 | -0.491 | -0.491

712,722 || 17,52 | 34,105 | 67,209 | 17,52 | 33,105 | 67,209 | 17,52 | 33,105 | 67,200

TA7T3 | -1.473 | -1.497 | -1.473 | -1.522 | -1.497 | -1.473 | -1.522 | -1.497
X2, Ty 1.963 | 2.013 | 1.988 | 1.963 | 2.013 | 1.988 | 1.963 | 2.013 | 1.988

713,723 || 43,52 | 85,105 | 168,209 | 42,52 | 84,105 | 169,209 | 42,52 | 84,105 | 169,200

T.080 | L.03I | 0.982 | 0.982 | 0.982 | 1.006 | 0.982 | 0.982 | 1.006

X3, 7 1.963 | 2.013 | 1.988 | 1.963 | 2.013 | 1.988 | 1.963 | 2.013 | 1.988

Table 2: The peak values (M1)-(M3) and estimators (g, Ji;) in example 4.

1 H mean sd H 2 H mean sd H 3 H mean sd H 4 H mean sd
-1.497 | 0.000 -1.497 | 0.000 -1.497 | 0.000 -1.497 | 0.000
A, 71 || -0.491 | 0.000 || Xi,71 || -0.491 | 0.000 || Xi,71 || -0.491 | 0.000 || Xi,7E: || -0.491 | 0.000
1.006 | 0.000 1.006 | 0.000 -1.497 | 0.000 -1.497 | 0.000
Na, iz 1.991 | 0.008 || X2, 72 1.992 | 0.009 || X2,fi2 1.997 | 0.012 || X2, 72 1.993 | 0.010
- - - - 1.006 | 0.000 1.006 | 0.000
s, i - - X3, s . . s, fis 1.995 | 0.011 || Xs,@s 1.997 | 0.012
A, 1.451 | 0.016 A, 1.453 | 0.015 A, 1.461 | 0.013 A, 1.460 | 0.016
A, 0.967 | 0.009 A, 0.969 | 0.009 A, 1.193 | 0.015 A, 1.193 | 0.013
As - _ Ay _ - As 0.983 | 0.011 A 0.983 | 0.010

Table 3: The performances of estimators in examples 1-4.
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