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ON CERTAIN CHARACTERIZATIONS OF INNER PRODUCT SPACES
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ABSTRACT. In this note, we present certain characterizations of inner product
spaces which are based on geometric norm equalities. In particular, we show that a
normed linear space X is an inner product space if and only if for each z,y € X with
lz|| = |lyl| = 1, there exists t € (0,1/2) such that ||(1 —t)z + ty|| = ||tz + (1 — t)y||
holds.

1 Introduction and Preliminaries It is well known that a normed linear space is
an inner product space if and only if the space satisfies the parallelogram law. This is
due to Jordan and von Neumann [5]. In the book of Amir [1], we have many characteri-
zations of inner product spaces which are based on norm inequalities, various notions of
orthogonality in normed linear spaces and so on.

In this note, our aim is to present certain characterizations of inner product spaces
in connection with some results seen in the book. Let X be a normed linear space and
Sx denotes its unit sphere.

In 1944, Ficken characterized inner product spaces by the following norm equality.

Theorem 1 ([3]). The following are equivalent:
(i) X is an inner product space.
(ii) The equality
oz + Byll = 182 + gl

hold for any x, y € Sx and any o, S € R.

Lorch showed that the condition (ii) in Theorem 1 can be replaced by a weaker
condition, that is, we have following.

Theorem 2 ([7]). The following are equivalent:
(i) X is an inner product space.
(ii) There exists a fized real number co > 1 such that

leoz +yl| = [lz + coyl|

hold for any x, y € Sx.
(iii) There exists a fized real number ty € (0,1/2) such that

(1 = to)z + toyll = [[tox + (1 —to)y
hold for any x, y € Sx.
The following is the main theorem in this note which improves Theorem 2.

Theorem 3. The following are equivalent:
(i) X is an inner product space.
(ii) For each x,y € Sx, there exists a real number ¢ > 1 such that

ez +yll = [z + cyl

2010 Mathematics Subject Classification. 46C15.
Key words and phrases. inner product space.



180 R. Tanaka

holds.
(iii) For each x,y € Sx, there exists a real number t € (0,1/2) such that

11— )2+ tyll = it + (1 — )y
holds.

Remark that real numbers ¢ and ¢ are not fixed in Theorem 2. To prove this theorem,
we need the following lemmas.

Lemma 1 ([7]). A normed linear space X is an inner product space if and only if it
satisfies the following condition:

(L) Ifx, y € X and ||z|| = ||y||, then we have ||az + a~ty|| > ||z + y|| for all a > 0.

In the following lemma, (i) <= (ii) is due to Gurarii and Sozonov [4] while Kirk and
Smiley [6] proved (i) <= (iii). However, we can prove directly that (ii) is equivalent to
(iii). For completeness, we prove this lemma.

Lemma 2 ([4, 6]). The following are equivalent:
(i) X is an inner product space.
(ii) The inequality

Tty
2

| <10-02+m)

hold for any x, y € Sx and any t € [0, 1].
(iii) The inequality

Proof. Suppose that (ii) holds. Take any z, y € X with ||z|| = ||y|| and o > 0. Then,
by the assumption, we have

| Iyl

H 2||z — yl|
=zl iyl

hold for any =, y € X \ {0}.

oz + o 'yl > (a+a™)

Tty
2

> [z +yl.

Therefore, by Lemma 1, X is an inner product space. This proves (i) <= (ii).

For cach z, y € X \ {0} with 2 —y # 0, putting v = ||z 'z and v = —||y| "'y, then
el +lyll || = H Mt
e -yl H33|| Iyl 1L = B+ tof]”

where ¢t = |ly||/(|lz|| + |ly|]). On the other hand, if u, v € Sx, u+v # 0 and ¢ € (0,1),
then we have

lutol =l + Iyl

1A =tu+to] |z -yl

IIIII 1yl H

as x = (1 —t)u and y = —tv, respectively. From these facts, we have (ii) <= (iii). This
completes the proof.
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2 Proof of Theorem 3 Clearly, (i) = (ii) = (iii). We now suppose that (iii) holds.

Take any pair z, y in Sx; we may assume they are linearly independent. We define a
subset A of (0,1/2) by

A={te(0,1/2): |(1 =)z + ty| = [[tw + (1 = t)yl]}.

By the assumption, A # (. Put tqg = sup A. Then, it follows from continuity of the norm
that

[(1 = to)x + toyll = [[tox + (1 — to)y]-

We first show that tg = 1/2. To show this, suppose contrary that to < 1/2. Put
u=(1—tp)x+toy and v = tox + (1 — tg)y. Then ||ul| = ||v|| = ¢. By the assumption
(iii), for g = ¢ 'u and yo = ¢ !v, there exists a real number sy € (0,1/2) such that
||(1 — So)l‘o + 50y0|| = ||SQ£L'0 + (]. — SO)yOH. Put t, = (1 — So)to + 80(1 — to). Then
to <11 < 1/2 and

(I—t)z+t1y=(1—so)u+sev, t1x+ (1 —1t1)y=sou+ (1 — sp)v.
Therefore we have
(1 —t1)x +tryl| = [|(1 = so)u + sov|| = [[sou + (1 — so)v[| = [[t1z + (1 — t1)y,

that is, t; € A. This contradiction implies ¢g = 1/2, as desired.

From the fact that ty = 1/2, we obtain a sequence {)\,} in A such that X\, ~ 1/2.
Since the function ¢t — ||(1 — ¢)x + ty|| is convex, for each n € N, there is a real number
tn € [An, 1 — Ay] such that

11 = pn)z + pnyl = min{[[(1 = t)z +ty[ : 0 <t <1}

Since u, — 1/2, for any t € [0, 1], we have

= lim [|(1 = pn)z + pnyll < |(1 =)z +ty].

n—00

x-l—y”

By Lemma 2, X is an inner product space. This completes the proof.
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