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RESAMPLING PROCEDURE IN ESTIMATION OF OPTIMAL
PORTFOLIOS FOR TIME-VARYING ARCH PROCESSES

HIROSHI SHIRAISHI

ABSTRACT. This paper discusses a resampling procedure in estimation of optimal
portfolios when the returns are the class of nonstationary ARCH models with time-
varying parameters. The asymptotic properties of weighted Gaussian quasi maximum
likelihood estimators éGQML of time-varying ARCH(p) processes are studied, includ-
ing asymptotic normality. In particular, the extra bias due to nonstationarity of the
process is investigated. We consider bias adjusted estimators QE'QML by use of re-
sampling. In this paper we assume that the optimal portfolio weight g depends on the
ARCH parameter 0, i.e., g = g(0). Then the asymptotic distribution of the optimal
portfolio estimator g(OgQ ) is derived. We numerically evaluate the magnitude

of g(éGQ mr) and g(8%4,, ;) for actual financial data, which shows eventually the
effect of bias adjustment.

1. INTRODUCTION

In the theory of portfolio analysis, optimal portfolio weights are determined by the
mean g and variance 3 of the portfolio return. Several authors proposed estimators of
the optimal portfolio weights as functions of the sample mean fi and the sample variance
3 for independent returns of assets. However, empirical studies show that financial re-
turn processes are often dependent. ;jFrom this point of view, Shiraishi (2005), Shiraishi
and Taniguchi (2008) considered the asymptotic efficiency of optimal portfolio weight
estimators when the returns are Gaussian or non-Gaussian linear stationary processes.
Furthermore, Shiraishi and Taniguchi (2006) considered that when the returns are non-
Gaussian linear locally stationary processes. Although the above papers took care of the
dependency of the return processes, they are not enough because it is known that finan-
cial return processes often have non-linearity of the past observations. To describe this
phenomenon, the ARCH model is introduced by Engle (1982) and its related models such
as the GARCH model are also introduced by many researchers. Furthermore, Dahlhaus
and Rao (2006) introduced a time-varying ARCH (tvARCH) model which is a class of
ARCH models with time-varying parameters. They studied the parameter estimation for
tvARCH(p) models by weighted Gaussian quasi maximum likelihood methods. Further-
more, they showed that the estimator éGQ ML has asymptotic normality and the bias can
be explained in terms of the derivatives of the tvARCH process. In this paper, denoting
the optimal portfolio weights by a function g = g(6) of ARCH parameter 8, we discuss
the asymptotic property of optimal portfolio weight estimators (i.e. g(éGQ ML) when
the returns are vector-valued non-Gaussian tvARCH(p) processes with time dependent
mean.

Since the nonstationarity of the process causes the estimator to be biased, we also
consider bias adjusted estimators by use of resampling. In general, it is difficult to apply
resampling to dependent data, because the idea is to simulate sampling from the pop-
ulation by sampling from the sample under the i.i.d. assumption. Hall and Yao (2003)
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and Shiraishi (2010) suggested a resampling procedure when the process is GARCH
model. In a similar way to the procedure, we show that stationary ARCH processes
(which locally approximate tvARCH processes) can be generated. Then, based on the
approximated ARCH processes, unbiased estimators 0, ), for ARCH parameter 6 can
be constructed, which implies that we can construct unbiased optimal portfolio weight
estimators g(0¢oar)-

This paper is organized as follows. First, following Dahlhaus and Rao (2006), we
show that a weighted Gaussian quasi maximum likelihood estimator has a good property
when the tvARCH process with time dependent mean is non Gaussian in Section 2. Ac-
cording to Dahlhaus and Rao (2006), the tvARCH process can be locally approximated
by stationary ARCH processes. Therefore, the tvARCH processes can be called locally
stationary. We elucidate the asymptotics of the estimator. Furthermore, we generate
approximated stationary ARCH processes by use of resampling. Then, we construct an
unbiased estimator for ARCH parameter and prove asymptotic normality of the esti-
mator. In Section 3, we propose an optimal portfolio weight depending on the ARCH
parameter. Moreover, we examine our approach numerically. The result shows eventu-
ally the effect of bias adjustment. We place the proofs of the theorems and lemmas in
Section 4.

Throughout this paper, |a| and |A| denote the Euclidean norm of a vector a and a

matrix A defined by va'a and +/tr(A’A), respectively. We write X, 4 X (or B or ©5)
if {X,,} converges in distribution (or in probability or almost surely) to X. The ‘vec’
operator transforms a matrix into a vector by stacking columns, and the ‘vech’ operator
transforms a symmetric matrix into a vector by stacking elements on and below the main
diagonal.

2. ASYMPTOTIC THEORY FOR FUNDAMENTAL QUANTITIES

We suppose that the return process {X;n = (X148, Xman);t=1,...,N
, N € N} is an m-vector ARCH process with time-varying parameter {0;/x = (01/n,---,04¢/n5)';t =
1,..., N}, defined by

(1) XN = p(0yn) + Din (0N )€
where g = (p1,..., fm) is an mean vector function, D; y = diag(h%’t’N, . .ﬁi’t’N)
and € = (€1,¢,...,€m,)" are iid. random vectors with E(e;) = 0, E(es€;) = I,,, and
E(le|*?%9) < oo for some § > 0. Here Hy y = (h1 4N, -, himt.n) are m vectors defined
by
P

(2) H; n(0;n) =U(0yn) + ZAj(Ot/N)Yf—j,N(g(t—j)/N)

j=1

with YiQﬂ,N = (YVIQ,tfj,N? ey Y’I’%L,t*j,N)/’ }/i,t—j,N = Xi,t—j,N - MZ‘,U = (U17 ey Um), and
Aj = (Aab,j)a,bzl,“.,m~

This model extends Dahlhaus and Rao (2006)’s model to multidimensional case with
a mean function. As you may see below, the asymptotic property of weighted Gaussian
quasi maximum likelihood estimators are essentially same as Dahlhaus and Rao (2006)’s
result.

We also assume that the time-varying parameter 6,y are unknown and included a
compact subset © of RY, i.e. 6,y € © C R? for Vt = 1,...,N,N € N. We introduce
the notation V; = %,sz = #;,J_,Vijk = %,V = (Vi,...,V,) and V? =
(Vij)i’jzlﬁ,,,,q for VO € 6.

We call the sequence of stochastic processes {X; y : t = 1,..., N} satisfied with (1) and
(2), a time-varying ARCH process with order p (tvARCH(p) process). As shown below,
the tvARCH(p) process can be locally approximated by stationary ARCH processes.
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Therefore, we also call tvARCH processes locally stationary. We make the following
assumptions.
Assumption 1. There exist 0 < p,Q, M < 00,0 < v < 1 and a positive sequence {1(j)}.
(i) ForVO € ®,i=1,....mandj=1,....p
Q
p<Ui0), |mO)]<Q, [UO)<Q and [A;(0) < 0]

where {1(j)} satisfies mQZJ 1 l(]) <1l-—vand Z; 1 l(] < 00.
(ii) For each u € (0, 1], we assume 0, € [nt(@) and

1(8.) — p(8)| < Mlu—'|, |U(0,) —U(8y)| < Mlu— |
and

|A;(0.) — A;(6 lu — |,

N < %
a0))
for u,u’ € (0,1].
(iii) The third derivatives of u(0),U(0) and A;(0) exist with
IVii . inta(0)] < C, Vi, 3, Ud0)] <C and V4, 4, Aa,;(0)] < C
fork =1,2,3,i1,...,ixy = 1,...,¢,a,b = 1,...,m and VO € O, where C is a

finite constant independent of i,a,b and 6.
(iv) The third derivatives of 0, exist with

0710,
out

for 3 =1,2,3 and Yu € (0,1].
(v) The random vector €; has a positive density on an interval containing zero.

<C <o

For each given ug € (0,1], we assume that there exist a stochastic process { X;(uo) =
(X1,t(u0), -+, Xm,t(uo))'; t € N}, that is, a stationary ARCH process associated with the
tvARCH(p) process at time point ug which satisfies

(3) Xi(uo) = p(Bu,) + Dy(ug, 0y )€r

where Dy (ug) = diag(hy 1(u0)?, ..., hm.t(uo)?). Here Hy(ug) = (h1(uo),. ..,
hm.t(ug)) are m vectors defined by

(4) Ht(U‘O?euo) = U(euo) + ZAj(euo)fft%j(uU?ouo)

with ¥;2 5 (uo) = (Y1,—5(u0)?, .., Yone— (10)?)', Yi—j (o) = Xi 4 (uo) — i

Comparing (1) and (2) with (3) and (4), it seems clear that if ¢/N is close to ug. Then,
Yt’zN(Ot /n) and Y;2(ug, 0,,) should be close and the degree of the approximation should
depend both on the rescaling factor N and the deviation [¢/N —ug|. The following lemma
corresponds to Theorem 1 of Dahlhaus and Rao (2006).

Lemma 1. Suppose {X; n} and {X;(uo)} are tvARCH(p) and ARCH processes defined
by (1),(2) and (3),(4), respectively. Then, under Assumption 1, we have

L 1
N/
The proofs of Theorem and Lemma will be given in Section 4

In what follows, we consider a kernel type estimator of the parameter of a tvARCH(p)
model given the sample {X; n;t = 1,...,N}. We now define the segment (kernel)

; t
Y7 (0/n) = Y (w0, 04,) + Op <’N —up
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estimator of 8,,, for ug € (0,1). Let tg € N such that |ug — to/N| < 1/N. The estimator
is the minimizer of the weighted conditional likelihood

N
(5) Ly n(0) := bNW ( ka> l,n(0)

k=p+1

where
lkn(0) = % {log det (D, n(8)%) + (Xp,n — p(6)) Dipn(0) 2 (Xpn — 1(6)) }

and W : [ 1/2,1/2] — R is a kernel function of bounded variation with f 172 W(x)dx =
1 and f 12T W (z)dz = 0. That is, we consider

(6) étO/N = arg Bneiélﬁto’N(e)'

In the derivation of the asymptotic properties of this estimator, we make use of the local
approximation of Y;?y by the stationary process Y;*(ug) defined in (4). Similarly to the
above, we therefore define the weighted likelihood

(7) 0.8 = 3 es (ka)ik(ume)

k=p+1
where |ug — to/N| < 1/N and
. 1 - )
li(u0,0) = 54 logdet (Dk(uo,O) )

+(Fatu) = u0)) Difun.6) (Xn(u) - (6)) }.

Similarly to Dahlhaus and Rao (2006), it is shown that both L4, x(8) and £y (8) converge
to

L(ug,0) :=F (Zo(um 6))

as N — 00,b — 0,bN — oo and |ug — to/N| < 1/N. It is easy to show that L(ug,0) is
minimized by 6 = ,,,. For later reference, we introduce the followings:

S(ug) = _E(vzio(uo,euo)):_{zij(uo)}m:lwq
1/2 N 5

K(upg) = ( dm)E(Vlo(uo,Huo)Vlo(uo,Guo)'>
1/2
1/2

o)

1/2 i=1,.q
1/2 1 92

B(uy) = ( 1/2 )dx) Y (ugp) (WVE(U’BUO)JH_M))
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where
" \ 0.,) 1 Vihio(ug,0u,)Vihio(to, Ou,
Eij(uo) _ ZE 111(6u,) aﬂl( ) 1 1,0( 0 ) j 1,02( 0 )
=1 hi,0(uo, By ) 2 hy,0(uo, Ou,)
- i11(0ue ) Vjipu (6uy)
! ; ( hio(uo, 0y

1 ih o)V ih 0.,
4= {E \ ~l1 O(UOv o)v la, 0(“07 0) Cov (€l21707 6122,0)
4 hh, (UOa UQ)hlg, (UO, guo)

+2F Vi hll’ (10, 8uo) Vjt115 (Buo 1)2 Cov (6%170,612,0)
h’ll, (u07 uo)hlg, (Uanuo) /

; o ; o
1oF ~Vz,uh( uo)v1]§£2,0(UOa uo) Cov (61170,6?270)}.
hl1,0(u07 guo) / hlz,O(an Ouo)

The following theorem corresponds to Theorem 3 of Dahlhaus and Rao (2006).

Theorem 1. Suppose {X;n : ¢t = 1,...,N} is a tvARCH(p) process which satisfies

Assumption 1 and W is a kernel function of bounded variation with f—lﬁz W(z)dr =1

and [*? 12 @W (x)d = 0. Then, if lug —to/N| < 1/N and b= O(N~'/%),

A d _ _
VON (01, /5 — 6uy) — N(Br(uo), S(uo) " K (uo)S(uo) ™),
where L is a constant value satisfied with L = bN'/® and By, (up) = limpy 00 L5/2B(u0),
We have shown that the bias can be explained in terms of the derivatives of the
tvARCH process. Furthermore, we have proved asymptotic normality of the estimator.
This derivative enables us to study more precisely the nonstationary behavior of the

process. Theorem 1 leads us to take an optimal bandwidth b,,: based on minimization
the mean squared error.

Remar:k 1. UnderA the conditions of Theorem 1, the mean squared error
MSE (8, /n) = E|0;y/n — 0u,|? is minimized by
-1 -1
bope = Nt tr {3 (uo) K(uogz(uo) } .
| B (uo)|

According to Dahlhaus and Rao (2006), since £y (ug,8) is the (weighted) likelihood of
the stationary approximation, magnitude of the bias, that is

B(ug) = lim E [\/ﬁz(uo)*lv (z:tmN(euO) — Zn(uo, euﬂ))} ,

depends on degree of the nonstationarity which implies the difference between Ly, v ()
and Ly (ug, 0). In other words, B(ug) describes how different between the tvARCH (p)
process {X; v} (i.e., nonstationary process) and the locally approximated ARCH (p) pro-

cess {X(B4,)} (i.e., stationary process) because the difference | (CtO’N(H) — L (uo, 9)) |

for any @ € Int(©) tends to be 0 as the time-varying parameters {6,y } of {X; n} are
close to a constant vector ,,,. Since the bias B(ug) depends on degree of the nonsta-
tionarity, the optimal choice of the bandwidth (of the segment length) also depends on
the degree of stationarity of the process. Because b, depends on the asymptotic bias
and variance, it is not applicable directly in the actual real data analysis, so that one
idea is to start with preliminary estimators (0., ), Ho(uo, 0y, ) for (6, ), Ho(ug, 04, ),
respectively. Then we can calculate their derivatives numerically, and plug them in
¥ (ug), K(up) and B(ug).

Next, we construct unbiased estimator of Oy/n by use of resampling. Let Xn =
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{Xi,n,...,Xn n} be observations from a model described as (1) and (2). Based on Xy,

we can construct {ét/N}tzl ~ by (6). Then, the error €; are recovered by

.....

é = D n(0yn){Xin — n(Oyn)} (t=p+1,--- N).
Let Gn(-) denote the empirical distribution which put mass 1/(N — p) at each &. Let
Fi(z) = Gn(o 7l (x — €)) where z € R™, € = 1/(N — p) Ei\]:pﬂ é and 02 = 1/(N —
D) Zivzpﬂ(ét — €)(é, — €)". Let {e;} be i.i.d. observations from F3 (). Given {€}}, we
generate {X;(1)} by
(8) X7 (1) = p(Onn) + D; (1,685 )€},
where Dj (1, éN/N) = diag(ﬁ{’t(l,éN/N)l/Q, ey iz;kn,t(l, éN/N)1/2). Here
H(1,0n/n) = (hi4(1,0n/N), -, By 1(1,0nn))" are defined by

p
H;(1,0n/n8) =U(Onn) + Y Aj(On/n) Y (1, 05/n)

j=1

with Y32, (1,0n/n) = (V7 (1,0n/n)2, ..., Y, (1,0n/n)?) and
PR XF,(1) — (6 if t>-T
Y7, (1,0n/8) :{ : (1) — i (On/N) z‘f‘t< T

(From the above procedure, we need to draw €f for -1 < ¢t < N. If it is neces-
sary to remove suspected edge effects, we may treat T as a sufficiently large integer.
Throughout this paper, (x) implies that we are dealing with the bootstrap quantity,
hence distribution P* and expectation E* etc. are taken under {e€}} ~ i.i.d. F} given
XN = {Xl,Nv e 7XN,N}'

By using this model, we introduce a resampled estimator of the parameter 8y, y, that
is,

(9) O v = argmnin Ly (1,6)
where

N

- 1 (N—k\-

Ly(1,0) = Z vV (bN) 1(1,0)
k=p+1

and
7% _ 1 )% 2
[5(1,0) = 2{logdet (Dk(l, 9) )
- I -
+(Xi) - u(0)) Di1.0)* (i) - (o) }.
Then, we have the following result.

Theorem 2. Suppose {X;(1):t=1,..., N} is generated by (8) satisfying Assumption
1. Suppose also that W is a kernel function of bounded variation with fi/z W(z)de =1,

1/2
fiﬁz aW(x)dx =0 and b= O(N~/5). Then,

VBN (83w — Onyn) & N(0,5(1) LK (1)Z(1) 7).
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3. OPTIMAL PORTFOLIOS

In this section, we propose an optimal portfolio weight estimator when the observed
return process is written as (1) and (2). We construct an optimal portfolio weight
estimator for the stationary ARCH process associated with the tvARCH(p) process at
time point 1(= N/N).

Suppose that (pseudo) return process is described by (3) and (4) at time point 1. Then,
the mean vector and variance matrix are written by

(10) E(X,(1) = (9N/N)

(11) V(Xy(1)) = H Aj(0n/n)) U (By/n) = V(On/n)

where U = diag(Uy,...,Upn). Let w = (w1,...,wm)’ be the vector of portfolio weights.
Then, the return of portfolio at time ¢ is X;(1)'w, and the expectation and variance are,
respectively, given by u(6y/n)'w, w'V(0y/n)w. Optimal portfolio weights have been
proposed by various criteria. They are expressed as a function g(u, V) of p and V. (See
Shiraishi and Taniguchi (2008)).

Since the mean vector and variance matrix are parameterized by 6, we can express the
optimal portfolio weight function as g = g(0) = g(pe, Ve). Also, it should be noted that

since the vector of portfolio weight w = (w1, ...,w,) satisfies the restriction e’'w = 1,
where e = (1,...,1)’, we have only to estimate the subvector (w1, ..., wn—_1)". Hence we
assume that the function g is (m — 1)-dimensional, i.e.,

(12) g:0 > R™L

For g given by (12) we impose the following.
Assumption 2. The function g(0) is continuously differentiable.
Then we have the following result.

Theorem 3. Suppose {X (1):t=1,...,N} is generated by (8) satisfying Assumption
1. Suppose also that W is a kernel functzon of bounded variation with f 172 W(z)dx =1,

fi{% aW (z)dx = 0 and b= O(N~/5). Then, under Assumption 2, we have

VON (9(0%n) — 9(0n/n)) & N (0, Vg(Bn)S(1) T K (L)1) Vg(On/n)').

In what follows, we examine our approach numerically. Here, we discuss a global asset
allocation problem where Japanese capital must be allocated to “U.S. dollar”, “Australian
dollar” and “Euro”, respectively. Based on the daily log-returns for these exchange rates,
we construct the mean-variance optimal portfolios. The data are from Jan 1st, 2007 to
Jun 1st, 2007.

Suppose now the return process {X; v = (X1 n, XN, Xsn);t=1,...,N, N =

., 100} is the following tvARCH(1) process ;

XN = Bt(}z)v + Dy N (6¢/n) €t

o . 1/2 1/2 1/2 o 7 - ﬁ
where Dy v = dzag(hl’t_’N,h27t’N,h31t7N), and Hy v = (h1t,n,hoe N, hsen)' is defined
by

2 3 1
Hy v (0yn) = 00 + 000 Y21 v (60)0),
ith 0,/ = (81X, 00x vec(B0)), 0 = (01) . 08) .08 ) for i = 1,2, 8]

with 0/n = ( t/N> t/N’UeC( t/N))’ t/N = (1t/N’ 2t/N7 )’ for i )45 t/N

3 1
(0, 3)ij=12: and Y2y = (X1on — 01)4)% (Xapn — 03 t/N) (s e = 0503)?)-
By using (6) and (9), we construct Gaussian quasi maximum likelihood estimator 0/
(GQMLE), and resampled Gaussian quasi maximum likelihood estimator % N (rGQMLE),
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respectively. Then, two types of optimal portfolio weight estimator g(@y,n) and g(8% / N)
are constructed from (10) and (11). Here, we consider the following optimal portfolio
problem:

minw'V(0)w
w
subject to u(0)w = pp and 'w =1
Then, optimal portfolio weight ¢g(8) is written as
1

g(e) - Oup " Oee — (Uue)Q {(Uee e UME)N(H) - (Uue - Uuﬂ)e}

where 0, = u(0)'V(0) " u(0),0,. = n(0)'V(0) ‘e and o.. = €'V (6) 'e.
Figure 1 shows the portfolio returns (= a/y X n41,5+1) for
e GQMLE (i.e. ay = g(On/n)),
e rGQMLE (ie. an = g(0y/y)),
o SM&SV (ie. ay = g(sample mean, sample variance)),
under pp = 0.0001,...,0.0010 and N =2,...,100.

Figure 1 is about here.

It is easy to see that the variations for GQLME and rGQMLE are smaller than those
for SM&SV. This symptom leads us our optimal portfolio estimators are low-risk in
view of the variation. In Table 1, we can see sample means of the portfolio returns for
N =2,...,100 and pp = 0.0001,...,0.0010.

Table 1 is about here.

Obviously, the sample means for GQLME and rGQMLE are larger than those for SM&SV.
Compare GQMLE with rGQMLE, those for rGQMLE are quite close to the target returns
rather than those for GQMLE, which shows eventually the effect of bias adjustment. Fi-
nally, we show sample mean squares errors of the portfolio returns for N = 2,...,100
and pp = 0.0001,...,0.0010 in Table 2.

Table 2 is about here.

For almost all target returns, the MSEs for GQLME and rGQMLE are smaller than those
for SM&SV. Although those for rGQMLE are relatively larger than those for GQMLE,
the spreads are not so wide.

Summarizing the numerical study, our proposed optimal portfolio estimators are obvi-
ously attractive rather than traditional one. Furthermore, we obtained the large effect
of bias adjustment by use of resampling.

4. PROOFS

This section provides the proofs of Theorems and Lemmas.

Proof of Lemma 1. Let n; = dz’ag(e%t, ...,€2. ). Then, from Volterra expansions (e.g.,Giraitis

’»tm,t
et al.(2000)), it follows that

Y;&?N(Bt/N) = mU(Ot/N) + Z my, N (k)
k=1

Y7 (uo,0uy) = mU(Bu,)+ Y mu(uo, k)
k=1
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where

P k
mt,N(k) = Z { Ajr(a(t_zg;js)/zv)m—zg,1jsl}U(0(tZ’;,,ljs,,)/zv)
1

Jise-jk=1 \r=
p k

o) = 3 {0 s, 00
J1ye-Je=1 \r=1

Then, in an analogous manner to the proof of theorem 1 of Dahlhaus and Rao (2006),
we have

O 1
B[Y2(0n) ~ Y2(t/N.0,n)| = O(N)
Y, t

from Assumption 1. Therefore, we have shown Lemma 1 by using the triangle inequality
and Markov’s inequality.

To prove Theorem 1, we need the following lemmas. The following lemma corresponds
to Lemma 1 of Dahlhaus and Rao (2006).

Lemma 2. Suppose {X;n :t = 1,...,N} is a tvARCH(p) process which satisfies
Assumption 1. Then, if |ug — to/N| < 1/N,

sup |V2Ly, n(04) — V2L (ug, 8,)| 5 0,
u€(0,1]

where b — 0,bN — 00 as N — oo.
Proof of Lemma 2. We write
ViiLiy N (0u) — Vi L(ug, 6,)
= (VisLeon(82) = VisL(uo, 04)) + (VisL (0, 8) — VigL£(uo, 6,))
Ri+ Ry (say).

JFrom Lemma 1 and Assumption 1, we have

10,3 (00) = u gy (0, 04)] = Oy (kzp; to]; £ o F Zif) ’
~ Y| to 1
\Vihito.n(80) — Viby e, (u0,0,)] = O, <k21 ¥ U+ N)
for Il =1,...,m. Hence,

N
1 to—k -
Ry = kzpjﬂ W ( — ) {v,;jzw(eu) — vijzk(uo,eu)} = 0,(1).

On the other hand, from Dahlhaus and Rao (2006) Lemma A.2,
R2 S ‘VijEN(uo, 0u) — Vijﬁ(uo, Gu) = Op(l).

The proof now follows from this observation.
The following lemma corresponds to Proposition 2 of Dahlhaus and Rao (2006).

Lemma 3. Suppose {X;n :t = 1,...,N} is a tvARCH(p) process which satisfies
Assumption 1. Then, if |lug — to/N| < 1/N,

\/ZWVEN(U/m Guo) i) N(O’ K(UO))

where b — 0,bN — 00 as N — oc.
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Proof of Lemma 3. Since VL ~n(uog, 0,,) is the weighted sum of martingale differences,
the result follows from Fullar (1996) Theorem 5.3.4.
The following lemma corresponds to Theorem 3 of Dahlhaus and Rao (2006).

Lemma 4. Suppose {X;n :t = 1,...,N} is a tvARCH(p) process which satisfies
Assumption 1. Then, if |ug —to/N| < 1/N and b= O(N~'/%),

VONE(ug) VB, n(8u,) 2 Bl(uo)
where By, n(0) = Liy,n(0) — L (uo, 0).
Proof of Lemma 4. jFrom the definition of By, n (0,,), we can write

AR to—k - [k .
viBto,N (euo) = Z WW N Vil Ny auo = Vilg (u0> euo) + kN
k=p+1

Where Tk,N = vilk,N(euo) - Viik(%70uo)~
Taking Taylor expansion of V;lj, (u,8,,) about u = ug, we have

[k .
Vilk <;0u0) — Vilk(uo, 04,)

N
[k OVily(u,0y,) 1/ k 2 92Vlk (u, 8,,)
- (N “0) o o, 2\ ") Tae |
1/ k P 93Vlk(u, ;)
"5 (N_u°> B J_U

= E—u a; —|—1 E—u 213- —&—1 E—u 36- (say)
= N 0 ik S\ N 0 ik s\ 0 i,k Yy

where the random variable Uy € (0,1]. Similarly to Dahlhaus and Rao (2006) Lemma
A.7.-A.10. and Corollary A.2., if Assumption 1 is satisfied, it is shown that

e ( asviik@,ouo)

ou’
>

=0

) =0(1) fors=1,2,3, uc(0,1],

Ous ’ ous

Cov (8 Vilk(t,0uy) O Vilia(u, eqt‘)))’ =0(1) for s=1,2, ue (0,1].

Hence, if b = O(N~1/%), it is easy to see that
N

1 to — k - [k -
> bNW( N ){vizk (N,euo) — Vil (uo,euo)}

k=p+1

(13) Y B + o, (1) .

2 ) 1) VvVON

On the other hand, from Lemma 1, it follows that

(14) ZN: %W <t°bj_vk> ren = O, (;) .

k=p+1
Therefore, from (13) and (14), we obtain
b2 1/2 ) B 1
VB 0. :—/ z“W(x)dzE(b; ) + o ()
to»N( 0) 2 1/ ( ) ( JC) P \/W

Since
1/2 :
B(uo)i:E(uo)_l/ 22 W ()dz B (b 1),
—1/2
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the proof is completed under b = O(N~1/5),
Proof of Theorem 1. jFrom the usual Taylor expansion, we can see that

0= VL N(Ou)+ V2L n(0)(0: /N — Ouy)
with @ between étn s~ and 6,,. By using Lemmas 2-4, we have
VON By /v — 0uy) = {=V2Liyn(0)} " VENVLy, n(0u,)
S(uo) 'VONV Ly N (8uy) + 0p(1)  (by Lemma 2)
= Y(up) *VONVLy(ug, 0uy) + VONE(10) "V By N (0uy) + 0p(1)
2 (uo) " VONV Ly (ug, 8uy) + Br(ug) + 0p(1)
(by Lemma 4)
= N (Bp(uo),S(uo) " K (ug)E(up) ™). (by Lemma 3)

Proof of Theorem 2. Similarly to Lemma 2 and Lemma 3, we obtain that

(15) VLN (1, 0%/5) & V2L (1,0y)y) = —5%(1)
(16) VONV Ly (1L, 0%,y) & N(0, K*(1))

where ¥*(1) and K*(1) are resampling version of ¥(1) and K(1). Therefore, we have
VON(O%/y — Onyn) = {-v?ﬁyvu,é)}*l VONV L (1,0y/y)
= Y1) T'WVBNVLY(1,0n/n) +0p(1)  (by (15))
4N (0,=*(1) 'K ()T (1)) . (by (16))
Hence, the proof is completed if it is shown that
SH)TIR ()R B () TR (D)2()
Now note that from the definition of &, it may be deduced that
& = Dt,N(ét/N)_l{Xt.,N - H(ét/N)}
= Din(8yn) H{Xen — p(0yn)}
DN (0n) ™ = Do (0yn) " HX N — 1(0n)}

“‘Dt,N(ét/N)_l{N(et/N) - “’(ét/N)}
= &+ OP(1)7
which implies € = o_'(é; — €) = € + 0,(1). Using the above result and the ergodic the-
orem by Stout(1974), for any measurable function f(-) satisfying E|f(€ay.ts-- - €ar,t)| <
00, we obtain that

=

1 ~— . )
E*f(621,t7~--a€:k,t) = — fEayts - €apit)
—p &
N

o
= oy 2 St sane) +0p(1)
t=1

= Ef(eal,tu”weak,t)+0p(1)7

=

hS]

which implies
SO )R ()P B 2Tt R ()2a) L
The proof now follows from this observation.

Proof of Theorem 3. The proof follows from Theorem 2 and the d —method (e.g.,Proposition
6.4.3 of Brockwell and Davis (1991)).
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FIGURE 1. Time series plots of portfolio return for SM&SV portfolio,
GQMLE portfolio and rtGQMLE portfolio

TABLE 1. Sample Mean of portfolio return for SM&SV portfolio,
GQMLE portfolio and rGQMLE portfolio

Target Return | SM&SV GQMLE rGQMLE
0.0001 -0.0000493 0.0000442 0.0003009
0.0002 -0.0000704  0.0000394 0.0002921
0.0003 -0.0001079 0.0000347 0.0002833
0.0004 -0.0001253 0.0000299 0.0002745
0.0005 -0.0001685 0.0000252 0.0002657
0.0006 -0.0002217 0.0000204 0.0002569
0.0007 -0.0002234 0.0000156 0.0002481
0.0008 -0.0002554 0.0000109 0.0002393
0.0009 -0.0003253 0.0000061 0.0002305
0.0010 -0.0003003 0.0000014 0.0002216
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