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ABSTRACT. We consider the Fix-Caginalp equation with the Neumann boundary
condition in R"™ with n = 1,2,3. We obtain a global solution by the existence of
the Lyapunov function. After, we construct a dynamical system corresponding to the
equation. By the existence of the Lyapunov function, the w-limit set is included in
the set of its stationary solution. We treat its dynamical properties such as a global
attractor, absorbing set, exponential attractor and so on. It is important to obtain
the estimate independent of the initial value. Finally, we construct an exponential
attractor.

1 Introduction In this paper, we consider the following Fix-Caginalp equation:

Tor=E2Np+0p— > +2u €, t>0,

ut—l—%@:ffAu zeQ, t>0,
(1) % =9u=y z €N, t>0,

o(x,0) = ¢o(z) x €8,

u(z,0) = up(x) x €,

where 7, [, k and € are positive constants, v is the outer unit normal vector and € is
a bounded domain in R™ with smooth boundary 92 for n = 1,2,3. An equation (1) was
proposed by Caginalp in [4] to describe the phase transitions with finite thickness interfaces.
The unknown functions ¢ and u represent the phase function and the reduced temperature,
respectively. The positive constants 7, [, xk and e represent the relaxation time, the latent
heat, the thermal diffusivity and a length scale which is a measure of the strength of the
bonding at the microscopic level, respectively. In [12], they consider the historic background
of the model and the derivation of a more general thermodynamically consistent model. At
first in [4], he proved a global existence of a solution under the restriction é < k. After in
[7], [2], [3] and [16], they dropped the restriction and proved the global existence under the
other boundary conditions

(b(l‘,t) = ¢aQ(I)7 U(JJ, t) = an(.ﬁ),

%(m,t) =0, u(z,t)=upo(x)

and

6(x.1) = (), %(z,t) _0

for z € 9Q, t > 0, where ¢gqa(z) and ugq(x) are given functions on 9. In [7], they consider
the stationary problem with the Neumann boundary condition, derive the existence and

2010 Mathematics Subject Classification. Primary:35K55; Secondary:37L25,37L30.
Key words and phrases. Fix-Caginalp equation, Lyapunov function, w-limit set, global attractor, ab-
sorbing set, exponential attractor.



2 T. MIYASITA

non-existence of nontrivial solutions and the multi-existence of trivial solutions according
to the values of constants [, ¢ and fQ udr + % fQ ¢dr and deal with their stabilities. If
n = 1, the stationary problem with the Dirichlet boundary condition is considered in [5]
and [9]. They show that there exist exactly 2m + 1 solutions with m being an integer
determined by €2 and 2. In [7], they consider the asymptotic behaviour of solution of (1).
For results with initial data in different settings of spaces, see [7], [1] and [3]. Lately in
[13], they consider non-local stationary problem and get some results on multiple existence,
stability and bifurcation of the solution. For a system of reaction-diffusion equations in
a bounded domain 0 C R2, the existence of a global attractor and exponential attractor
is proved in [11]. Their key fact is that its dynamical system has the squeezing property.
Although the global existence for (¢g,ug) € H(Q) x L*(Q) is known by [7] and [16], we
treat more general space H7(Q2) x H7(Q). For the definition of function space and notion
of dynamical system, see Section 2 in this paper or [15], [6], [8], [14], [9]. In [16], he proves
the dynamical properties with the Dirichlet boundary condition instead of the Neumann
boundary condition. Since we can use the Poincaré inequality, the estimates of the Dirichlet
boundary condition case are easier. In particular, since the solution (¢, u) with the Dirichlet
boundary condition has the global dissipative property, we don’t have to consider a space Hy
mentioned in Theorem 4 in this paper in order to construct a global attractor. The purpose
of this paper is to establish the existence of a global solution, the properties of w-limit
set and the exponential attractor in the dynamical system introduced by the Fix-Caginalp
equation. The first theorem is concerned with the global existence.

Theorem 1 Let Q C R™*(n =1,2,3) be a bounded domain with smooth boundary 02. We
suppose that ¢o,ug € HY(Q) for v < v <7, where (n,l,ﬁ) = (1,0, i) , (2,0, %) , (3, %, %)
Then, the problem (1) admits a unique global solution (¢, u) such that

b1 € € ((0,00); H'(9)) N1 C ([0, 00): HT(R)) N € ((0,00); H1(9).
The associated nonlinear semigroup T (t)
T(t) (do(-),uo(-)) = (¢(-, 1), u(:, 1))
defines a dynamical system in HY(Q) x HY(Q).

To obtain the a priori estimate for H! norm, we use the Lyapunov function

2
L(¢,u) (t);/Qquerl;/QV¢|2dx+i/QW(¢)dx+z§/QVu2dz:

for § < 477, where
W) = (1)
In the second theorem, we obtain the regularity of solution.
Theorem 2 Under the same assumption as Theorem 1,
¢, u € C™ ((0,+00); C>()) .
For any n > 0, the orbit t € [n,4+00) — (P(-,t),u(-,t)) is compact in HY(Q) x HY(Q).

Combining the estimates obtained in Theorems 1 and 2 with the existence of the Lya-
punov function, we consider the structure of w-limit set in the third theorem. At first, by
E we denote the set of stationary solution corresponding to (1). Since ¢(t),u(t) € H*(Q)
for t > 0, we assume that ¢g,uo € H'(2). As proved in Theorem 1, it is also easy to show
that the dynamical system is defined on H'(Q) x H* ().
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Theorem 3 We suppose that ¢g,ug € H (). Then, w(do,ug) is nonempty, compact,
invariant and connected in H'(Q) x HY(Q). And w(¢o,uo) is a single point and it holds
that w(¢po, ug) C E.

We construct an exponential attractor in H!(Q) x H!(Q) in the last theorem. However,
the solution (¢, u) of (1) does not have the global dissipative property. Thus, we restrict
the initial function to

Hy, = {(¢0,u0) € H' () x H'(Q) | L(¢o,uo) < k}

for fixed k£ > 0 and reduce a dynamical system to its subdynamical system {T'(¢) : Hy —

Theorem 4 Under the same assumption as Theorem 3, T (t) is dissipative in Hy,. The dy-
namical system T(t) has a global attractor A C Hy. Then, there exists a compact absorbing
and positively invariant set X C Hj, such that its subdynamical system {T(t) : X — X}
admits an exponential attractor € in HY(Q) x H ().

This paper is composed of 6 sections. In Section 2, we introduce the notions and theories
of an abstract evolution equation and dynamical system. We also refer to the function
space involved in this paper. In Section 3, we apply the existence theorem in Section 2 and
establish the local solution of (1). In Section 4, we derive the a priori estimates and extend
the local solution globally in time. In Section 5, we consider a nonlinear mapping from
the initial function to the solution of (1) and define the dynamical system. The obtained
estimates in Section 4 lead us to the proof of Theorems 1, 2 and 3. In section 6, we construct
an exponential attractor and prove Theorem 4. Now that we restrict to Hy and have the
Lyapunov function, our result follows at once.

2 Preliminaries We introduce the results and related facts in an abstract evolution
equation. These results are mentioned in mainly [15] and [9], [8], [6]. Let X be a Banach
space with the norm || - ||. Let A be a densely defined, closed linear operator in X. We
assume that the spectrum of A is contained in an open sectorial domain such that

2) o(A) C Sy ={AeC|larg\| < w}, wA<w<g

and

(3) H(/\—A)_lugM“’ AE S, wa <w<

Al 2
for wy € [0, %), where M,, > 0 is a constant depending on A and w. We call A a sectorial

operator of X with angle 0 < w4 < 5. We consider the Cauchy problem for a semilinear
abstract evolution equation

() {Ut—i—AU:F(U) t>0,

U(0) = Us

in X. Here, F is a nonlinear operator from D(A") into X, where 0 < < 1 and satisfies a
Lipschitz condition of the form

IFU)-F(WV)II < &(|A°U] +|A%V]]) x
(5) (A" (U = V)| + (JA"U || + |A"V ) || A% (U - V)||}

for U,V € D(A") with 0 < 8 < n < 1, where ®(-) is some increasing continuous function.
We have the following global existence theorem.
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Theorem 5 (Theorem 4.1 in [15]) Let (2), (8) and (5) with 0 < 8 <n < 1 be satisfied.
Then, for any Uy € D(AP), (4) admits a unique local solution U in

UeC ((OvTU0]7D(A)) nc ([OaTUo]vp(Aﬁ)) N Ol ((OaTUU]vX) 5

where Ty, denotes the maximal existence time depending only on the norm HAﬁUOH, More-
over, it holds that
|A°U || + ¢ =PN|Ts]| + 7 | AU| < Cu,

where Cy, 1is a positive constant depending only on HABU0||~

Here, we note that D(A”) = X for 3 = 0. We can take 3 = 0 in the condition (5)
throughout theorems in this section.

Theorem 6 (Corollary 4.1 in [15]) Under the assumption of Theorem 5, we suppose
that any local solution U satisfies the estimate

147T@)] < Cus,

for 0 <t < Ty, with some positive constant Cy, depending only on HAﬁUo || and independent
of Ty,. Then, (4) admits a unique global solution U for all t > 0.

Let K(R) be a bounded ball in the space D(A”)
K(R) = {U € D(A?) | |APU|| < R}

for 0 < R < oo. Then, for all Uy € K(R), there exists a local solution of (4) on some interval
[0,Ty,]. There exists the time Tk > 0 such that [0,Tg] C [0,Ty,] for all Uy € K(R). We
have the theorem of the continuous dependence.

Theorem 7 (Theorem 4.3 and Corollary 4.2 in [15]) Under the assumption of The-
orem &5, let U and V be the solutions of (4) for the initial functions Uy and Vy in K(R),
respectively. Then, we have

AT U ~ V)] + 18 AP U ~ V)| + 10 - VOl < Lr |0 ~ Vol

and
AT (U ) = V) + (|47 (U ) = V)| < Lr A% (Uo — Vo)
for 0 <t <Tg, where Ly is a positive constant depending only on R.

We assume that there exists an increasing continuous function p(-) > 0 such that any
local solution satisfies
|40 )] < p(l4%0])
for t € [0,Ty,] and Uy € D(AP). Theorem 6 implies that there exists a global solution on

[0, 4+00) with the estimate
(6) l4°U@)] < o470

for t € [0,4+0c) and Uy € D(AP?). We define a nonlinear operator T'(t) : D(AP) — D(AP)
by T(t)Us(-) = U(-,t). Let M be a subset of D(A%), M being a metric space with the
distance d(U,V) = ||A® (U — V)|| for U,V € M. A family of nonlinear operators T'(t) for
t > 0 from M to itself is said to be a continuous semigroup on M provided that

(SG.1) T'(0) is an identity mapping on M,

(SG.2) T(t)T(s) =T(t + s) for t,s > 0,

(SG.3) T'(t) is continuous from [0, +00) X M to M.

To show the property (SG.3), we combine Theorem 7 with the estimate (6). We apply the
estimate on the larger ball K,y D Kr because Up<i<ooT'(t)Kr C Ky(R)-



FIX-CAGINALP EQUATION 5

Theorem 8 (Proposition 6.2 in [15]) For any 0 < R < oo, it holds that
[AP(T(6)Uo = T(t)V)|| < Ly |47 (Uo = Vo) |
for t € [nTyry, (n + 1)Tyg)] with n € NU{0} and Uy, Vy € Kr, where LZH >01isa

(R)
constant depending only on n and p(R).

Henceforth, we write X = D(A”). We denote the totality of trajectories starting from
the points in M by the triplet (T'(¢), M, X) and call it a dynamical system. A set ¥ C M
is said to be positively invariant under T'(¢) if T(¢t)X C X for all t > 0. A set ¥ C M is said
to be negatively invariant under T'(¢) if ¥ C T'(¢)X for all t > 0. A set ¥ is invariant under
T(t) if it satisfies both conditions. A set A C M is said to attract a set B C M under T'(t)
if

sup inf [jv —ul| —0

veT(t)B UEA
as t — 4o00. T(t) is said to be dissipative if there exists a bounded set C C M such that
attracts every point of M under T'(t). A set A C M of (T'(t), M, X) is said to be a global
attractor if A is a maximal compact invariant set and attracts every bounded set B C M.
A set D C M is said to be an absorbing set if for every bounded set B C M, there exists
to such that U4, T(t)B C D holds. We take t; > to so that Uy>, T(¢t)D C D holds. Let
X = U, T(t)D C D. & is said to be an exponential attractor of (T'(¢), X', X), provided
that
(EA.1) A C € C X holds, where A is a global attractor,
(EA.2) £ is compact in X,
(EA.3) & is positively invariant under T'(t),
(EA.4) & has a finite fractal dimension dp (&),
(EA.5) sup,eryx infoee lu —v| < coe™ ", where ¢ and ¢; are positive constants. Here,
if we denote by N,.(£) the smallest number of r—balls necessary to cover £, we define a
fractal dimension by

log N,
dp(€) = limsup Ll(g).
r—0 log P

Then, we have

Theorem 9 (Theorem 3.1 in [6]) Let F(U) satisfy the Lipschitz condition
|F@) - F(V)| < Cx [ 4% @ =)

for U,V € X, where Cx > 0 depends only on X. Moreover, we assume that the mapping
S(t,Up) = T(t)Uy satisfies the Lipschitz condition

15(s, Uo) = St Vo)l < Cxe,r ([[Uo = Vol| + [t = )

for Uy, Vo € X and s,t € [0,T] with any T > 0, where Cx r depends only on X and T
Then, the flow {T'(t)} admits an exponential attractor E.

Finally, we introduce the function space treated in this paper. For p € N, HP () denotes
the usual Sobolev space with the norm

N|=

2
ol = | D 1Dl

la|<p
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for w € HP(), where || - |, denotes the standard L? norm in €, « is a multi index
a=(a, g, ,an), o =a1 +az+ -+ a, and
Do — olal

8041 xlaaQIQ o 30171,17” :

For 0 < 50 < s < 81 < +00, HQ(Q) is the interpolation space between H®°(Q2) and H*' (),
denoted [H*°(Q), H**(Q)]p,s = (1 —0) sg + sy with 6 € [0,1]. Then, the interpolation
inequality

I lge < Cl - llgea

holds according to Theorem 1.15 in [15]. Moreover, we denote

| %

Hy(Q) = {ueHm(Q) | %:O xE@Q}

for m > % By D(£2), we denote the space of all infinitely differentiable functions on  with
compact supports. HE(Q) is defined as the closure of the set D(Q) in the space H*(Q).
H—5(Q) is defined as the dual space of H§(Q).

3 Local solution We prove the local existence and uniqueness of the solution by the
theories of an abstract evolution equation. We show that the nonlinear term in (1) satisfies
the condition (5).

Proposition 1 (Local existence in H") Suppose that ¢o,ug € HY(Q) for v < v < 7.
Then, (1) admits a unique local solution (¢, u) such that

b.ue C (0,77, ' (@) nC (0,77, H(@) N C* (0,77, HH@),

where v and ¥ are defined in Theorem 1. In this paper, T3, ., denotes the mazimal existence

time depending only on the norms ||ug|| ;. and ||¢ol| - of initial functions.
Proof of Proposition 1: (1) can be written into

Ui+ AU = F(U), 0<t< oo,
_ . %o

where
(¢ _ (A0 _( {E+1) o~ ¢3+2u})
U‘(u)’ A‘(B Az>’ F‘((M) A
A= —CA—1). Ay——r(A-1 4 B=A
1==S(8-1), A=-k(A-1) ad B=A

The two operators A; and Ay are positive definite self-adjoint operators of H~1() with
domains D(A4;) = D(A2) = H*(2). We regard B as a linear and bounded operator from
HY(Q) to H~1(Q). If necessary, we put w(x,t) = pu(x,t) for small p > 0. Then, the second
equation in (1) is converted into

l
wy + Epgi)t = kAw.
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For sufficiently small p > 0, we can suppose that

~ (A1 O
4= < pB A )
and hence A are strictly positive operators of X = H~1(2) x H~(). Theorems 2.1 and
2.16 in [15] imply that A is a sectorial operator with angle 0 < wa < 7 in X. Then, it
holds that
D(AP) = HY(Q) x H"(Q)

for % < B < 1, where v = 23 — 1 (for details, see Theorems 12.1 and 16.7 in [15]). Under
our setting, we can apply Theorem 5 in Section 2 to (1). In fact, by the next lemma, we
show that the nonlinear term in (1) satisfies the condition (5). We set

1 5 3
B 1 = (1,7,7,1) forn=1,
(nag767a) = (n7ry—2’—a’y;1’a) == (2,%,%,1) forn = 2,
(3717671) for n = 3.

Lemma 1 Letn =1,2,3. Then, there exist o and 3 satisfying 0 < 8 < 3 < B<a<a<l
such that

2
[@-v|,  =cl|at@-w| 145 6= ol
for ¢, € H*(Q), where C is a positive constant depending only on o, 3 and Q.
Proof of Lemma 1: In the case of n = 1,2, we note that
[wll, < Cllwl| g

for w € HY(Q), where ¢ > 1 and C is a positive constant depending only on ¢ and €.
Henceforth, we denote a positive embedding constant depending only on ¢ and Q by C'. We

takeO<p<Qand4<qw1thm—|—f—1 For n =1, we have

Je-wil,. = s 00w
H weH(Q),[|lw|| g1 <1 1/Q
< sup lwll, 16 — 12, 16 — |
weHN Q) Jullp <t o !
< Cllo— vl o - vl o
443p 2 34p
g<ﬂPWHW¢—w AW“W¢—@H |
H-1 H-1
Here, 3 < ﬁ;ﬁ’i) <2< 2(3211;) < 3. For n = 2, we have
3
l@-v?|, . < Clo—vl?a lo—vl, .2
e g 242+p
< CHA?W¢w) mﬁ”%¢¢w
H-1 H-1

Here, 5 < ;ig <3< 2(421’;) < 1. In the case of n = 3, we note that

lwlle < Cllwll g
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for w € H(Q). Wetake%<p<3and15—8<q<6with$+%:% We have

@-v?| , < sup Jwl 6= 613 g 16— ¥
H H- weH @) wlm<t 5(6+%) e
< - 2 D - —p
< Cle¢ ¢||H% l|# ¢||H§Tp
5(3+p) 2 15
< ¢ HA#““ G-v)| |[AT -y H
H-1 H-1
3 5(3+p) 5 15
Here, 3 < 4(6+5) <% <awipy <1l O

ForU<i>,V(f)6D(A"‘)with,6’<oz<oz,wehave

(@ +1-360) (0—v) — (6 - 9) +2(u—0)}
(k= L) (=) + 2 {(6 =) + 3o~ 1) (9 - v) }
and concentrate on the estimetes

l6=llg-rs [@=0?| 0 lew@-0llgrs, lu=vlg.

H—l

FU)-F(V) =

Now by the estimates as obtained in Lemma 1, we can apply Theorem 5 to our setting. O

Remark 1 (Local existence in L?) In the case of n = 1, We can take v = 0 in Propo-
sition 1. Now that it holds that H=*"(2) € C(Q) for r > 0, we have

le-w?| < s el I3 - vle < Cllo = vl3 16— b4

-1
H weHg (Q),[|wll 1 <1

where r € (0,%) and | - || denotes the norm of the space of continuous functions in Q.
Hence, for ¢o,uq € L?(), (1) admits a unique local solution (¢,u) such that

p,ue C((0,T), ., H' () NC([0,Ty, ) L* Q) nC ((0, T3, ,.); H ().

Proposition 2 (Local existence in H') Suppose that ¢o,ug € H* (). Then, (1) admits
a unique local solution (¢,u) such that

p,ue C((0,Th 4 i HX () N C ([0, T, , J; H' () N C* ((0, T}, . L*(2)) -

Proof of Proposition 2: In Theorem 5, we take
X =L*(Q) x L*(Q) D(A%)=H' Q) x H'(Q) D(A) = HZ(Q) x H3(Q) S=n=-.

We have
@ =w°|, = o= wll§ < 1o - vl

for ¢, € H'(Q). Hence, we can apply Theorem 5 to our setting. O
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Proposition 3 (Local existence in H?) Suppose that ¢o,ug € H%(Q). Then, (1) ad-
mits a unique local solution (¢, u) such that

b€ O (0,72, ] HY () N C (0,12, ) B3 () 1 C* (0,72, ,,J: H'()

Proof of Proposition 3: In Theorem 5, we take
X = H'(Q) x H'(Q) D(A?) = HY(Q) x HY(Q) D(A) = HY(Q) x HY(Q) B=n=75.

Since it holds that
[wlle < Cllw|l g

for w € H%(Q), we have

[vi6 -0, =3[ @ -0 v-v)|, <3216 - vl 16—l <362 16 - vl
for ¢, € H% (), which proves the proposition. O
Proposition 4 (Local existence in H?) Suppose that ¢o,ug € Ha(Q). Then, (1) ad-

mits a unique local solution (¢, u) such that

6.0 € C (0,3, HE(9)) 0 C (0,73, ) H(9) N C (0,73, .1 H3 (©)

Proof of Proposition 4: In Theorem 5, we take

X = H(@)x Hy(9) D(A}) = HY(Q) < HY(Q) D(A) = HL (@) x HY(Q) f=n=.
The following estimate shows the proposition.
|aw-v?|, = s|w-wIve-wP| +3|0-vaw-v)|,
< 6C° 16— ¥l s 16 — Pl g2 16 = Bll 1 +3C% |6 = W32
< 90 |6 — Wl
for ¢, € Ha(Q). O

4 Global solution We derive the a priori estimates to obtain the global solution. The
tools are the Lyapunov function and energy method.

Lemma 2 For ¢p,up € H'(Q) and t € [0,T}

o,uo]’

_ 1 2 le? 2 l ) 5
L(gb,u)(t)—ﬁ/ﬂu dm+§/ﬂ|v¢| dx+Z/QW(¢)dx+7/Q|Vu| dx

) ) - 2
is the Lyapunov function for (1), where 6 < 4T and W(¢) = i (gz52 — 1) .
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Proof of Lemma 2: We have only to prove that L (¢,u)(t) is monotone decreasing
with respect to t. Now that we have (¢(t),u(t)) € HY(Q) x H(Q ) for t € [0,T}, ,,] from
Proposition 2, L (¢, u) (t) < oo because of the inclusion H(Q) C L*(£2). Note that

2
Ira® + 216ab + 46b* = | ﬁﬁib +54T_l5b220
T T

for a,be R and § < 4{. We have

L(g,u) (1) - )= [ w0 s

/t/uutdxds+/ /w Voidrds + — // ¢* — 1) p¢pdxds
+k0 / / Vu - Vudeds

/ / (mu— q§t> dxds—— / / Adodads

*Z/t, /Q(qSQ—l) ¢¢td:vds—5/t/ /Qut <ut+2¢t) dzds

t 1 t
K / / \Vu|® deds — - / / (77 + 216¢uy + 40uf) dads < 0
t JQ 4 t JQ

for 0 <t <t<T, , . Inparticular, we have

/"HVUMd L) V/\mﬂbds<lw¢muw L () (8) < L (o, o).

On the other hand, since

I \°> 4r—15
ITa? + 2l6ab + 46b% = § <2b + 2&) +1 1 a’>>0
for a,b € R and § < 4{, it also holds that
/vaww% /H@mm<wam L(g,) (1) < L (o, uo) .

Proposition 5 (Global existence in H') Suppose that ¢g,ug € H*(Q). Then, (1) ad-
mits a unique global solution (¢, w) such that

¢,u € C ((0,400); Hy () N C ([0, +00); H'(2)) N C* ((0,400); L*(2)) .

Proof of Proposition 5: By Proposition 2, there exists a unique local solution (¢, u) in
the same function space. We have only to derive the a priori estimate thanks to Theorem
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6. From Lemma 2, it holds that

1 2 l€2 2 l 2 l 2 3 2 KO 2 51
- < - - S I Pl ~ 20
5 1l + 5 19013 + 35 113 + 75 [ (¢ 7+ 2 Vul® — 2219

2
= L(¢,u)(?)
< L(¢o,up)
1 5 e 2 l 4
< ol + 1 ool + - ol + 190+ 5 v .

The Sobolev embedding theorem implies that the right-hand side is finite, which completes
the proof of Proposition 5. O

Proposition 6 (Global existence in H?) Suppose that ¢o,uo € H3(Q). Then, (1) ad-
mits a unique global solution (¢, ) such that

¢,u € C ((0,400); H3(Q)) N C ([0, +00); H} () NC* ((0,+00); H'(Q)) .

Proof of Proposition 6: As mentioned in Proposition 5, we derive the a priori estimates
for H? norm. In this paper, we denote by Czs > 0 the constant depending only on the
norms ||ugl| s and ||¢o|ls of initial functions, the measure || and physical constants
7,1, k,e. We have the following two inequalities from (1):

Td

paloli+ e Ivels+s [ Gote = [ on(ro - a0+ ), da
©) — fle3+2 [ wionda

Q
and
2 621
lly + |Vl + 5 el = 57 [ T Vords
T Ja

Jr%/ Uy (¢t - 3¢2¢t) dx

Ld,
2dt

l €%l
= /Q Ut {utt - /@Aut + ’U,t —|— Aqﬁt o7 (¢t _ 3¢2¢t) } dx
(10) = % Ut (—quﬁt +ENp+ o — ¢ + 2u)t dr = 0.
Q

By integrating (9) over (0,t) with respect to ¢, we have

an  Thedi+e / Vol ds < 71 (60) ||2+2/ ||¢t||2ds+/ e 2 ds,

which implies that ¢; € L?(2) by (7) and (8). Hence by (1), we have

(12) ||A¢||2 < Cpg> and ||¢t||2 < Chge.
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Next by integrating (10) over (0,t) with respect to ¢, we have

1 2 1 2 ! 2 [ -
g el = 5 Mol [ IVealds+ - [ el as
2 2 0 T Jo

2; ot t
(13) —e—l / / Vuy - Vopdrds + L/ / m (d)t — Sgbngt) dxds = 0.
27' 0 Q 2T 0 [¢)

Here, it holds that
t 9 [t
/ / Vus - Vopdrds = 7/ / Vug -V (kAu — uy) deds
0 Ja L Jo Ja
KR 2 2 2 ¢ 2
= =7 (12l = Nawlz) = 7 | 1wz ds.

From (12), ||¢|| ;72 is bounded, which implies ¢ € C(£2) from the Sobolev embedding theorem.
Then, it holds that

t
/ / ug (¢r — 3¢°¢y) dads
0 JQ

Thus (13) becomes

! 2 2
<Corr [ (luall + lonl3) .
0

1 2 €2I€ 2 62 /t 2
—||lu — |[Au K+ — Vuel|5 ds
3l + SE 1w+ (x4 S ) [ 1vul

1 ek ICx2 [t
(14) < g Il + S 18wl + 2 [ (el + 1el3) as.
Finally, we obtain
(15) [Aull, < Cpz and gl < Cpe
by (7) and (8). After all, (12) and (15) imply the conclusion of proposition. m|

Proposition 7 (Global existence in H?®) Suppose that ¢o,uo € Ha(Q). Then, (1) ad-
mits a unique global solution (¢, ) such that

6.0 € € ((0.+00): HE(Q) N1 C ([0, +00);: HY(2)) N C* ((0, +00): H3 ().

Proof of Proposition 7: We derive the a priori estimates for H3 norm. We have
Td
2 dt
< / (2 IVr|” + |VUt‘2) dr + 3/ Apy” prda
Q Q

/|V¢t|2dfﬂz/V¢t'V(62A¢+¢f¢3+2u)tdx
Q Q

[ @Ived +19ul?) do+ 5 [ 660 (ro0 - 6+6° ~ 20), da
Q & Ja

2([Veull3 + [IVuells + Cr drell; + Cuz |0l + Crrz [luel;

IN
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and

S E/ Autgbttdx
2 Q

i/ﬁ (Ut+é¢t> Ppedr

C e+ D 2
2"

<
> 1k ||Utt||2

We integrate these inequalities with respect to ¢ and obtain
T 2 T 2 ‘ 2
2 [1veltds < ZIVGoIE+Con [ lloulds
Q 0

t
+ [ (2UT0E + 19015+ Co 6113+ Co el ) ds

(i+1) [ 2
|Vut| dr < 5 ||V (uo)el3 + ||Utt||2d ! [t ds.
0

Now we have only to estimate fo |[use |3 ds and fo 6415 ds for t > 0 owing to (7), (8), (11)
and (14). It holds that

t t
T/o /Qqﬁ?tdwds = /0 /Qaén (EA¢+ ¢ — ¢ + 2u), duds

2 t
< IV Itz + [ [ 266 ol 21l - 7 ol e

€ 1 9 a ff 4 [t
< —\IV(¢o)tII§+f||¢t||§+f||¢|\oo/ ||¢t”§d5+7/ [uell3 ds
2 2 T 0 T 0

t
i / / ¢2 dxds.
2 0 Q

Hence, we have

and

t 62
[ Ioulds < < 19 I3+ Con
0

from (7), (8) and (12). Next, we have

t
/ /uftdxds = / /utt (HAU—(bt> dxds

0 Ja

K
75/ —|\Vut||2ds+/ / "LLtt| |¢tt‘d$d8
f||V ug) ||2 //uttdxds—i— //qﬁttdxds

t l €2
/O luall2ds < 519 (o)l + = IV (go)el3 + Care

IN

IN

and

which yields the desired estimates. O



14 T. MIYASITA

5 Dynamical system For (¢g,up) € H?(Q) x H?(2), we show that (1) has a global
solution

¢,u € C((0,400); H'(Q)) N C ([0, +00); H? () N C* ((0,+00); H () .
By T'(t), we denote a nonlinear semigroup (¢g, ug) — (¢(t),u(t)) acting on HY(Q2) x HY(Q).

Proof of Theorem 1 By Proposition 1, we have a local solution ¢,u in [0,T) . ] with

®0,u0
the estimate
o g7+ + w2 < Crv

fort € 0,7 ] by Theorem 5. Let any small ¢; € (0,7 ,, ) be fixed. Then, it holds that
é(t1),u(ty) € H(Q). By Proposition 5, there exists a global solution

é,u € C ((t1,+00); H3(2)) N C ([t1, +00); H(Q)) N C* ((t1, +00); L*(2))

with the estimate
(16) oz + l[u®)]l g2 < Crn

for t > t; with initial functions ¢g = ¢(t1),up = u(t1). Then, we have

ol g + lu@ g+ < Crn

for t > t1. Again, according to Theorem 5,

278 (o) e + )l ) < Crro

Finally, we have
16 s + 40 < Catn

for t > 0. By Theorems 6 and 8, we can extend a time local solution globally in the space
¢,u € C ((0,400); H'(2)) N C ([0, +00); H?(2)) N C* ((0, +00); H~1(Q))

and have a continuous mapping 7'(t) from [0, +00) x HY(Q) to HY(), which shows that

T'(t) defines a dynamical system in H7(Q) x HY(Q). O

Proof of Theorem 2 For any n > 0, we have ¢(n),u(n) € H(Q). By the same argument
as proof of Theorem 1, we have a global solution

¢,u € C ((n, +00); HY (2)) N C ([n, +00); H' (2)) N C* ((n, +00); L*())

with the estimate (16) for ¢ > 7 with initial functions ¢ = ¢(n),uo = u(n). Hence, the
compactness of the orbit in H7(2) x HV(?) follows. Differentiating (1) with respect to ¢
successively and making similar energy estimates to the proof of Proposition 7, we have the
uniform boundedness of the orbit Us>,T(t)(¢o, uo) in Hy () x Hy(2) for any small > 0
and m = 4,5,---. We use the standard bootstrap argument to prove that

(¢,u) € C™ ((0,+00); C(Q)) x C*° ((0,400); C*(Q)) .
O
Proof of Theorem 3 We have a unique global solution ¢,u € H'(Q) and Lyapunov

function L (¢, u) (t). Therefore, the w-limit set w(do, ug) of ¢p and ug is nonempty, compact,
invariant and connected in H'(2) x H'(Q) according to Theorem 4.3.3 in [9]. And it holds
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that w(¢go,ug) C E by Theorem 4.3.4 in [9]. For any n > 0, we have ¢(n),u(n) € H%(Q2)
by Proposition 2. By the estimates in Proposition 7, Us>,T'(t) (¢0,u0) is precompact in
HZ%, () x H%(2). As mentioned in Proposition 1, A is supposed to be a positive operator
in L2(Q2) x L?(Q) with domain H%(Q) x H%(2). The similar computation to Lemma 2

shows that d (47 — 15) 5(47 — 16)
T — 2 T — 2
- > 7 AN .
GLG 0= T [ gtae S [ e

Hence, we can apply Theorem 1.1 in [10] to deduce that w(¢o,up) is a single point in E.
By the second equation in (1), (¢, u) satisfies

d l
—_ — = A = 0.
i ), <u + 2¢> dx K/Q udx =0

/Q(uﬁ-;(é)dx:/(z(uo—&-;%)dx:m

for some m € R. The stationary solution ® = ®(z) is satisfies

Hence, we have

!
EAL+ &~ + Z (m— g [, @dz) =0 ze€Q,
g—‘f =0 x € 0N
because the stationary solution satisfies AU =0 in Q and U = U(x) is constant in Q. O

6 Exponential attractor First, we derive the estimate for H> norm to obtain an ab-
sorbing set in H3. Next, we construct an exponential attractor in H' x H!.

Proof of Theorem 4: If (¢o,up) € Hg, then we have

le2 1 3 1 ko ~3
1 1 < . Ty T4 i s T
(17) ol e + llull g < (k+ |Q|) {mln( 5 16) -+ min <2, 5 > }

for all ¢ > 0 by Proposition 5. By Theorem 5, Propositions 2 and 3, we have ¢(4),u(%) €
HZ%(Q) and ¢(t1),u(t1) € H3 () for small ¢; > 0 with the estimate

(&) (B, e =

with initial functions ¢g = ¢(0), ug = u(0) by (17) and

H?2

[N

(2) (o) g5 + llult)|l s) < Crro

with initial functions ¢g = ¢

(t ) Uy = u( ) where Cj, > 0 is a constant depending only
on the fixed k, the measure || a

2
| and physical constants 7,1, k, e. Hence, we have

1) g5 + lu(®)l] s < Ch

for all ¢ > t; by Proposition 7. For any bounded set B C Hy, we have

Uiz, T(1)B C B ={(¢,u) € Hy. | [0l s + llull gs < Cr}
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for some Cj, > 0. In particular, T'(¢)B C B for all ¢t > ¢;. This set B shows us the existence
of an absorbing set in Hy, which implies that the dynamical system 7'(¢) is dissipative in Hy,.
We apply Theorem 1.1 in [14] to guarantee the existence of global attractor A C Hj. Let
X = Uy, T(t)B. Then, X is a compact, invariant and absorbing set in H'(Q2) x H'(Q).
From now on, we consider the subdynamical system T'(t) : X — X. To construct an

exponential attractor, we apply Theorem 9. Let U = T'(t)Uy = ( ¢ ) eX, V=TtV =

u
( :}Z) ) € X and s,t € [0,T] for any T" > 0. The first inequality follows at once from

Propositions 2 and 3. Next, we prove the second inequality. We have

U@ =Vl < UG =Vl +[1VE) = V()

|av
< WO-VOIn+ [ |G| @
< OO VOl + [ B4V + 1F OV ) do

for s < t. Since it holds the estimate in Theorem 8 and AV, F(V) € H'(Q2) x H(Q) for
V(t) e X,
1U(s) =V(®)llgr < Ck[lUo = Vollgr + Cr [t — s,

which completes the proof of Theorem 4. |
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