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LOWER DECAY ESTIMATES FOR NON-DEGENERATE
DISSIPATIVE WAVE EQUATIONS OF KIRCHHOFF TYPE
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ABSTRACT. Consider the initial-boundary value problem for non-degenerate dissipa-
tive wave equations of Kirchhoff type. Using the energy method, we see that the
energies have exponential decay rates. Also, we show that the decay rates from below
of the solutions are exponentially.

1 Introduction In this paper, we study on the asymptotic behavior of solutions to the
initial boundary value problem for the following non-degenerate dissipative wave equations
of Kirchhoff type :

pu’ + (L4 [|AV2u(6)|>) Au+ o' =0 i Qx (0,00)
(11) U(x, O) = Uo(l') and ’U,/(ﬂj7 O) = U1($) in €
u(@,t) =0 on 9N x (0,00),

where u = u(x,t) is an unknown real value function, 2 is a bounded domain in R with
smooth boundary 99Q, ' = 9/0t, A = —-A = — Zjvzl 9 /93 is the Laplace operator with
the domain D(A) = H?(Q) N H (), || - || is the usual norm of L? = L*(Q), and 0 < p < 1
and vy > 0 are constants.

In the case of N = 1, Equation (1.1) describes a small amplitude vibration of an elastic
string (see Kichhoff [7] for the original equation ; also see [4], [5], [10]).

Many authors have shown the local in time solvability for initial data in suitable Sobolev
spaces (see [1], [2], [6], [18], [19]).

By help of dissipation we can show the global in time solvability for initial data in certain
Sobolev spaces (see [3], [17] for small data and v > 1), and we can derive some exponential
decay estimates for energies.

In previous paper [13], when v > 1, we have derive some exponential decay estimates,
that is,

[Au(®)]|? + [|AY24 ()2 + [l (@)||* < Ce™**

with some constant # > 0 under the small data condition (see Theorem 5.1).
Ghisi and Gobbino [9] have given some decay estimates of the solutions of (1.1) :

e b2t < ||A1/2u(t)||2 < Oeialt’
C'em %! < [ Au(t)|® < Ce ™,
[/ @)]? < Ce® for t>0.
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under the smallness condition for the coefficient p > 0. However, from their results we
can not know the lower decay estimate of the norm ||u(t)||? (cf. [8], [9], [11], [14] and the
references cited therein for mildly degenerate cases).

The purpose of this paper is to give the condition for the global solvability of (1.1) for
any 7 > 0 (see Theorem 3.1), and to derive a lower decay estimate of the L? norm of the
solution u(t) (see Theorem 4.6).

The notations we use in this paper are standard. The symbol (-,-) means the inner
product in L? = L%()) or sometimes duality between the space X and its dual X’. Positive
constants will be denoted by C and will change from line to line.

2 A-priori Estimate By applying the Banach contraction mapping theorem, we obtain
the following local existence theorem. The proof is standard and we omit it here (see [1],
[2], [15], [16]).

Proposition 2.1 If the initial data [ug,u1] belong to D(A) x D(AY?), then the problem
(1.1) admits a unique local solution u(t) in the lass C°([0,T); D(A))NC*([0,T); D(A?))N
Co([0,T); L*(Q)) for some T = T(||Auo|| , | A/ ?u1]]) > 0. Moreover, ||Au(t)|| + || A ?u(t)]|
< oo fort >0, then we can take T = co.

In what follows in this section, let u(t) be a solution of (1.1) and we assume that

MW 1

Py =y+1

(2.1)
By fundamental calculation, we have the energy identity
d t
(2.2) %E(t) +2|B))> =0 or E(t)+ 2/ v (s)||* ds = E(0),
0

where E(t) is defined by

(2.3) E(t) = p||lu'(t)|]* + (1 + WlHM(tW) M(t) with M(t) = ||AY2u(t)|?.

Proposition 2.2 Under the assumption (2.1), it holds that

4u(t)|?
(2.4) M- <6 <60
where
U 2
(25) 6= 50 + a0,

(2:6) Q) = gy (A OPMO - o)
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Proof. From Equation (1.1) we observe

d || Au(t)]?
dat M(t)
_ 1
T (T M(t))M(t)?
—1
T (T M) M(t)?

- <;M’(t)|2 +p <||A1/2u’(t>||2 - ;M"(w) M’<t>> >

214+ M@#))Au, Au') M(t) — (1 + M (t)7)Au, Au) M'(t))

(2 (120l + pat2, 422 v

(2.7)
= —2Q(t) + pR(?)
where
1 " 1 / 1 / 1 1 /
zan(1+A“wwM“V<ﬂAV%,A/%nﬂuw+<b4ﬂuam22A{@OA4@Q.

On the other hand, by simple calculation we have

M'(t) 24 (v + 2)M (t)Y
M(t) 14 M(t)

(28) Lat=- Q) ~ R().

Thus, from (2.7) and (2.8) we obtain

d (JAu(t)|? p M) 2+ (3 + M (1)’
i (i o) w2 (1§ 3 T ) @ =0

Since it follows from (2.1) and (2.5) that

pM'(t) 24 (y+2)M(t)”

N VO REES VIO

>0 and Q(t) >0

we conclude the desired estimate (2.5). O

Proposition 2.3 Under the assumption (2.1), it holds that

| 2

(2.9) ”1;\4(2) < B(0)
where
U 2
(2.10) B(0) = max { le(g) , 7THG(O)(l + E(O)”)z} :

Proof. Multiplying (1.1) by 2M ()"« and integrating it over €2, we have

dWMHI pM%»wa
Pat M) o M(t) ) M(t

2 _ L+ M(@)
M(1)
< IO 14w
T M)z M(t)z

M(t)

+2<1+ ;

(1+ M(t)).
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Since it follows from (2.1) that

2.11 1+ =
(211) +!

the Young inequality yields
Al v WO _ [Au@)]?
dt M(t) vy+1 M) — M()
< G(0)(1+ E(0)7)?

(1+M(t)7)?

where we used the estimates (2.2) and (2.4) at the last inequality. Thus, by standard
calculation for ODE, we obtain the desired estimate (2.9). O

3 Global Solvability for v > 0

Theorem 3.1 Let the initial data [ug,u;] belong to D(A) x D(AY?). Suppose that the
coefficient p > 0 and the initial data [ug,u1] satisfy
1

<7
v+1

N

(3.1) 2pB(0)2G(0)

where G(0) and B(0) are given by (2.5) and (2.10), respectively. Then, the problem (1.1)
admits a unique global solution u(t) in the class C°(]0,00); D(A)) N CL([0,00); D(A?)) N
C°([0,00); L2(£2)), and moreover, the solution u(t) satisfies

|M'(t)] 1
(3.2) p M < m and M(t) < E(t) < E(0),
| Au(t)]]? [’ ()]
(3.3) Mi(t) < G(0) and TU < B(0)
fort>0.

Proof. Let u(t) be a solution of (1.1) on [0,T]. Since it follows from (2.5), (2.10), and (3.1)
that

=

|M(0))| lua]] || Auol| 3 —
A(0) <2 0! M)} <2pB(0)2G(0)2 < y+1’

putting

[M'(s)] 1

Ty =sup { t €[0,00) | p M (s) <7+1

f0r0§s<t},

we see that 77 > 0. If T3 < T, then

[M(#)] 1 |M'(T3)| 1

3.4 1 for 0<t<T and _ .
(34) P SAy1 Or PSSl A ey T S

On the other hand, from Proposition 2.2 and Proposition 2.3, we observe

| 1

<—— for 0<t<T}
y+1

N

< 2pB(0)G(0)

(35) M@ _, W' ()] IIAU(t)l

M)~ P M)
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which is a contradiction to (3.4), and hence, we have that 77 > T
Moreover, for 0 < t < T, multiplying (1.1) by 2(1+ M (¢)?) "t Au’ and integrating it over
Q, we have
d ([ |JAYV2 (t)] M) M'(t)\ ||AY2/ ()]
4OIAPEOR | Ly (147, MO MY A )]
dt 1+ M) 2V1 4+ M@E)Y M) ) 1+ M(@)

Since it follows from (3.5) that

=0.

v ’ 4
1+1p M (t) M(t)21_zp|M(t)\2 v+2 7
271+ M(t)Y M(t) 27 M(t) 2(y+1)
we observe
d (A2 (@) 5
_ LI S L <
i (P + auol?) <o,

and hence, we see that || Au(t)|| 4+ ||AY/2u/(t)|| < C for 0 < t < T. Therefore, by the
second statement of Proposition 2.1, we conclude that the problem (1.1) admits a unique
global solution. Moreover, from Proposition 2.2 and Proposition 2.3, we obtain the desired
estimate (3.3). O

4 Decay

Proposition 4.1 Under the assumption of Theorem 3.1, it holds that,

2
(4.1) M(t) < E(t) < Z2B(0)e "1
o
with
3 2 1
(4.2) a:max{2p,p+ci} and kl:a_lzmin{i’»p’ercz}’

where ¢, is the Sobolev-Poincaré constant such that ||¢|| < c.||AY?4)||.

Proof. We define F (t) by
EN(t) = E@t) + %HUU)HQ + (u'(t), u(t))

with E(t) given by (2.3). Since |(v/,u)] < (p/2)||v/||* + (1/2p)]||u||?, we observe from the
Sobolev-Poincaré inequality that

1 3
(4.3) §E(t) < Ei(t) < %E(t) with o= rnax{2,o7 p—&—cf} )

Multiplying (1.1) by 2u’ 4+ p~!u and integrating it over €2, we have
d

/ 1 vy _
21t + O + ;(1 + M(t)")M(t) =0,

and moreover, it follows from (4.3) that
d
%El(t) + klEl(t) <0 with £k = a b,

Thus, we obtain that E1(t) < E1(0)e %, and hence, from (4.3) we arrive at the desired
estimate. O
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Proposition 4.2 Under the assumption of Theorem 3.1, it holds that

A2 @2 1+ M)
M@ M@

mi

(4.4) H(t)=p [ Au(®)]* < g

with my = 2amax{pH (0), v~ (p(y + 1)E(0)"G(0) + 1)}.
Proof. 'We define H;(t) by

1 (AY2u/(t), AV2u(t))
2p M(t)

Since |(AY2u!, AY2u)| < (p/2)||AY?u!||> + (1/2p)||A*?ul|?, we observe from the Sobolev-
Poincaré inequality that

1
(4.5) §H(t)<Hl(t)< H(t) with a:max{gmp—&-cz}.

a
p
Multiplying (1.1) by M (t)~(2A4u’ + p~ 1 Au) and integrating it over 2, we have

d

—H(t) + <1 +p

2
¥ ()]

M’(t)) A2 (O] 11+ M)
M(t) M(t) p M)
M'(t) [ Au(@)|® 1 M'()  L|M'(t)]

=—1-(y—-1)M(@)) M(t) M) 20 M(t) 2 M(t)2 °

Since it follows from (3.2) that

M'(t) gl
(4.6) 1+pM(t) 2m7
we have from (3.2) and (3.3) that
d v AR @) 11+ M) 2
|M'(t)] SAu@®)? 1 1[M(1)]
< (e varerbgt o+ 350 )
1 o0+ 1
< o+ 1) <(7+ 1) E(0)"G(0) + ,0) ,

and moreover, we observe from (4.5) that

d y Y
%Hl(t) + mHl(t) < ml(o)
with I(0) =~ (p(y+1)E(0)?G(0) + 1). Thus, we obtain

Hi(t) < max {Hl(O), ;1(0)}

and from (4.5) we conclude the desired estimate (4.4). O
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Proposition 4.3 Under the assumption of Theorem 3.1, it holds that

@I 1+ M@y MR _ ma
M) M) M2 =
with ms = 20 max{pP(0), 1 (6(7 + 1) E(0)ms + p(y + 1)y BO)}.

Proof. We define P (t) by

(47) P = AV (1)1 + TM ()

_ @I | (), v (1)
PO=POY o, S T M

49

Since |(u”,u")| < (p/2)|[u"||*+(1/2p)||u||?, we observe from the Sobolev-Poincaré inequality

(4.8) %P(t) < Pi(t) < %P(t) with o= max{zp, p+ci} .

Multiplying (1.1) differentiated with respect to t by M (t)~!(2u”+p~1u’) and integrating

it over €2, we have

dt M) M) p M)

M'(t) A2 @) | (v —2) L (M'(¢))?

M) M) ;M) :

L M@ WO M@ (W (#), W (1))
20 M(t) M(t) M(t) M)

M(t)?

=—(1—=(By—=1M()")

From the Young inequality and (4.6) (or (3.2)) we observe
d v @I 114+ M@
T T R V1 R V1)

M ()] |42’ ()]

M) M(t)

A MO @O v+ 1 [M@)P [luv'(2)]

20 M(t) Mi(t) 2y M@)?* M)

)

(
(30 17E00 % + 2 500)

1/2, 7 2 Y 7|M/(t)‘2
[AY24/ ()] +27)M(t) e

< 3(y+1)2M(t)

| 2

= p(y+1)

where we used the estimates (3.2) and (3.3), and moreover, we have from (4.8) that

Lyt + Mﬁmt) < mm)

with J(0) =y~ 1(6(y + 1)2E(0)Ym1 + p(y + 1)y~ 1 B(0)). Thus, we obtain
Py (t) < max {Pl(O) : ;J(O)}
and from (4.8) we conclude the desired estimate (4.7). O

Proposition 4.4 Under the assumption of Theorem 3.1, it holds that if ug # 0,

1

(4.9) M(t) > C'e ™t with ky = p ' max{2, v —2}(1 + E(0)")2G(0) ,

where C' is some positive constant.

e+ (13 ) RO | MO v+ Loy B0
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Proof. Multiplying by 2M (t) =2« and integrating it over €, we have

' (1)])2 gl / o (112 i y
;f(pll M 1+ M) >+2<1+pM(t)>|| OIF _ _2=(=2MO" 0

M(1)? M(t) M@ ) M@)?E M(1)?

and from (3.2), (3.3), and the Young inequality we observe

d (@) 1+ M)
dt<P - )

M(t)? M(¥)
o A (14 M7\ @)
< 2max{2,v —2}H1 + M(t)") M(t)% < M) ) M)
< p—l maX{Q,’V _ 2}(1 +E(O)’Y)%G(O)% (1 +M]\(4t()t)’y +p||;(4/((?)|2 )

Thus, we obtain

lw' ()] | 1+ M(t)

Gr o arm SO with ke =g max{2, 0 = 241+ EO))1G(0)*

which gives the desired estimate (4.9). O

Proposition 4.5 Under the assumption of Theorem 3.1, it holds that if ug # 0,
(4.10) u(t)||? > C'e k2t with  ky = kg +ma/p?,
where C' is some positive constant.

Proof. From Equation (1.1), we observe

i M(t) _ —2p u _ M(t) u o
d @ ~ Ta)? (A O~ TagyE @ “”)

e (0 MO
fete (440~ a0 440
d M) | 201+ M@#)") . M) ,
dtH“(t)H2Jr lw(®) | [ Au(t) || BIE u(t)||
_ =2 ult) M(t) y
= e (A0~ .0
1y - MO O
=2 4O~ Tuto O

The Young inequality yields

d M) _ S'@I _ Sllu"®IF M) _ me M()
at Tu@lF =" Tu@F =7 M) WOl = 7 Ju®l?

where we used the estimate (4.7). Thus, we have
M(t
7()2 < cEt
[u(@)

and hence, from (4.9) we obtain the desired estimate (4.10). O
From Propositions 4.1-4.5, we arrive at the following theorem.
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Theorem 4.6 Under the assumption of Theorem 3.1, the solution u(t) of (1.1) satisfies
that if ug # 0,

(4.11) C'e kst < |lu(t)||? < Ce ™t

(4.12) Cle ket < ||AV2u(t)]|? < CeMt,

(4.13) Cle k2t < || Au(t)||* < Ce Mt

(4.14) [AY 20 ()] + ||u” ()]|? < Ce ™t for t>0

with constants ki, ko, ks given by (4.1), (4.9), (4.10), where C and C’ are some positive
constants.

Proof.  (4.12) follows from (4.1) and (4.9). (4.11) follows from (4.12) and (4.10). (4.13)
follows from (4.12) and (3.3). (4.14) follows from (4.12) and (4.7). O

5 Appendix : Global Sovability for v > 1 When v > 1, if the initial energy E(0) is
small, then there exists a unique global solution and the solution decays exponentially. We
intoroduce the function F(t) as

(5-1) F(t) = pl| AV (0 + (1 + M(1)) | Au(t)]*.

Theorem 5.1 Let the initial data [ug,u;] belong to D(A) x D(AY?). Suppose that the
initial energy E(0) is small such that

(5.2) 2542aE(0)271F(0) < 1

with o = max{3p/2, p+ c.}. Then, the problem (1.1) admits a unique global solution u(t)
in the class C°([0,00); D(A)) N C(]0,00); D(AY2)) N CO([0,00); L*()), and moreover, the
solution u(t) satisfies

(5.3) [Au()[? + A2 O + o (O] < Ce™  for >0

with 6 = (4p) =Y, where C is some positive constant.

Proof. Let u(t) be a solution of (1.1) on [0,7]. We define F;(t) by
Fi (1) = PU0) + 5[4V ut) [ + (V20 (0, A 2u(r).

Since |(AY2u!, AY2u)| < (p/2)||AY?u'||> + (1/2p)||A*?u)|?, we observe from the Sobolev-
Poincaré inequality that

1
(5.4) §F(t) <Fi(t) < %F(t) with « = max{3p, p+ci} .

2

Multiplying (1.1) by 2Au’ + p~! Au and integrating it over §2, we have

(6:5) RO+ AU O + 20+ M) Aub] =70 (M) [Au(o)]

We observe from (2.2) and (5.1) that

(5.6) M ()M (t) ™" < 2yM(£)7 | Au(t)|| < 2yp~ 2 E(0) 2 F(t)? .
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Since 2442pE(0)2~1F(0) < 1 (by (5.2)), putting
Ty =sup {t € [0,00) | pu(s) = 2'+*pE(0)*" ' F(s) <1for 0 <s <t}

we see that 77 > 0. If T3 < T, then

(5.7) u(t) <1l for 0<t<Ty and wu(Ty)=1
(5-8) YM (6 M (£) | Au(t)|* < $||Au(t)||2~

Thus, for 0 <t < T4, it follows from (5.4), (5.5), and (5.8) that

%Fl(t) +0F (t) <0 with 6= (4p)7t,
and hence,
-0t 2a —0t
(5.9) Fi(t) < Fi(0)e or F(t) < 7F(0)6 .
Then, we observe
(5.10) lu" (@) < [lp™ (1 + M(6)7) Au(t) + p~ ' (1)|[* < CF(t) < Ce™™

and
w(t) = 292 pE(0)1F(t) < 2542aE(0)2 7 F(0) <1 for 0<t<T)

which is a contradiction to (5.7), and hence, we have that T} > T and || Au(t)|| + || AY 2w/ (t)]|
< C for 0 <t < T. Therefore, by the second statement of Proposition 2.1, we conclude
that the problem (1.1) admits a unique global solution. Moreover, from (5.9) and (5.10) we
obtain the desired estimate (5.3). O
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